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Abstract

The application of fiber reinforced laminated composite structures has been
increasing steadily in many engineering disciplines due to their high specific
strength and stiffness, corrosion resistance, exceptional durability and many other
attractive features over the last few decades. A comprehensive strength and failure
assessment of these structures made of composite materials is extremely important
for a reliable design of these structures and it has been a major focus of many
researchers in this field for a long time. To the best of our knowledge, the majority
of the existing studies based on macro based continuum approach are particularly
focussed on capturing the effective elastic properties and final failure envelop of
the composite material, while the subsequent post-yield inelastic behaviour or the
entire nonlinear response is often overlooked. Composite structures with such
diverse applications can be subjected to complex loading conditions such as
impacts, severe dynamic loads or extreme thermal loads which can lead to a
significant damage or complete failure of these structures. It is therefore essential
to predict the entire nonlinear response and failure of these structures in many
situations for a better design with higher confidence. This problem is quite
challenging, specifically with a macro based continuum approach, as the actual
failure initiates at the micro scale in the form of matrix cracking, fiber rupture or
fiber-matrix interface failure which propagate gradually, accumulate together and
finally manifested as macroscale structural failure. Thus tracking the details on the
entire failure evolution process from microscale to macroscale is necessary for
accurately modelling the structural failure. A detailed micromechanical modelling
approach, where all constituents are explicitly modelled, can capture all these
microscale failure processes and their evolutions in details but such modelling
strategy is not computationally feasible for failure analysis for large structures due
to a huge gap between micro/fiber and macro/structural scales. Thus the analysis of
these structures requires an innovative modelling approach that can represent and
capture the essential features of these microscale failure details, while at the same
time, should be computationally efficient like a macro based continuum model for

undertaking large scale structural analysis.



In this study, a new three-dimensional kinematically enhanced macro-based
constitutive model is developed which is applicable at the lamina/ply scale of these
laminated composite structures. A novel analytical technique is developed for
upscaling the nonlinear response from the fiber/micro scale to the ply scale which
is the key for achieving such precise modelling of composites with feasible
computational resources. The proposed approach utilized a strategy of strain field
enhancements kinematically to account for different rate of deformations in the
local fields within a fiber reinforced composite (FRC) ply. Based on these
considerations, closed-form analytical expressions are derived which can be used
conveniently to express the average macro strain increments of the entire volume
element in terms of strain increments in the local fields and vice versa. This
modelling strategy provides an opportunity to incorporate both fiber and matrix
constitutive responses as well as their interactions into the overall ply response. To
this end, a thermodynamics-based continuum model is developed using damage
mechanics and plasticity theory to capture the constitutive response of the matrix.
This has incorporated two predominant failure mechanisms in the matrix, which
are permanent plastic deformation and loss of stiffness. For the fiber-matrix
interface that includes interfacial debonding, an anisotropic damage model is
developed to account for the directional dependence of the softening response in
FRC ply due to fiber debonding failure. The proposed approach and models are
developed in incremental forms, allowing the applications in both linear and
nonlinear ranges of behaviour. Their verification with available analytical and
numerical approaches together with the validation against a wide range of

experimental data show both features and good potentials of the proposed approach.
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CHAPTER 1: INTRODUCTION

CHAPTER 1: INTRODUCTION

1.1 Background

The use of fiber reinforced composite (FRC) materials has been increasing steadily
in many engineering disciplines over the last few decades since their attractive
features such as high specific strength and stiffness as well as many other properties
are preferred over those of conventional materials such as steel or concrete. These
superior properties are the direct outcome of composing two or more constituent
materials with distinctive properties to form a unique material where certain
desirable characteristics can be achieved. In facts, the basic concepts and forms of
composite materials are found to be existed for centuries with evidences found in
Egypt dated back to 1500 B.C where bamboo shoots glued with laminated wood
were used as reinforcement in mud wall [1], or laminated writing materials were
made from papyrus plant by ancient Egyptians as early as 4000 B.C [2]. On the
other hand, the application of modern composite materials started in early 20™
century when fiberglass in polymer matrix were made for manufacturing high-
temperature electrical components. Since then scientist and engineering
communities around the world have begun to explore the enormous potential of
fiber reinforced composite (FRC) materials and by this time, these materials have
been radically transforming our everyday lives. For example, athletes’ performance
can be effectively enhanced with better sport equipment made of composites
(racquets, surfing board, bikes, etc.), travelling becomes faster, safer and much
more fuel efficient as transport vehicles (cars, boats, airplanes, high speed marine
craft, etc.) built from composites are stronger, lighter, easier to manoeuvre and
more durable than other traditional materials such as steel or aluminium. A plot of
specific strength against specific modulus of various materials including traditional
metal materials as well as advanced fibers and composite materials as shown in

Figure 1-1 which indicates exceptional characteristics of the new materials.
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Figure 1-1: Specific Strength and Specific Modulus of fibers, metal and composites (Data
obtained from [1])

Advanced composite materials consist of fibers, such as glass, carbon/graphite,
aramid or boron, and matrix such as epoxy, polyester or vinyl ester resin systems
are also used for building spacecraft, missiles, military aircrafts as well as
commercial aircrafts applications. Recent developments in the design and
manufacture of new passenger airplanes have made a profound remark on the
significance of FRCs in the aviation industry where the material accounts for more
than 50% of the entire structural weight of an airplane [3]. Figure 1-2 below shows
the rapid increase in usage of composite materials in both commercial and military
aircrafts over the period from 1965 until recently. In the transportation industry, the
use of composites reduces the self-weight of the vehicles which will improve their
fuel efficiency and/or increase their pay load carrying capacity leading to extra
revenue over their service life. In the defence sector, the reduction of self-weight
will allow for bigger engines having more power which will improve the overall
performance such as enhanced operating speed and manoeuvrability of a fighter

plane or naval vessel.
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Figure 1-2: Composite material usage by weight in: (a) Commercial aircraft and (b) Military aircraft [4]

Initial applications of composites in construction industry were limited to non-
critical components such as cladding, railings or decorations. With the
improvement for understanding the material behaviours and reduction in
manufacturing costs, the use of FRC materials has been widely spread across the
construction industry in the last few decades with more load bearing components

such as beams, columns, structural panel for walls or floors, bridge decks, etc. are

11
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made from composite materials. Moreover, with the exceptional stiffness-to-weight
ratios and strength-to-weight ratios compared to tradition metals or reinforced
concrete materials in the construction industry, shell-shaped structures/roof made
of composites are able to span across much greater distances that enable much more
flexibility in the design along with remarkable added aesthetic values as well as

structural efficiency.

The superior corrosion resistance property of FRC materials are also beneficial for
structures located in aggressive environment, e.g. off-shore structures, sub-sea level
applications, etc., where traditional metallic materials are susceptible to corrosion
and require regular maintenance. Other major use of composite materials in
construction industry is retrofitting and rehabilitation of existing infrastructures
where repairs are needed for damaged/degraded structures or upgrades are carried
out to increase the load bearing capacity of an existing structure [5]. In other
specialised fields where weight-reductions play a key role in the overall
performance of the structure, such as construction of larger wind turbines and their
supporting structure, FRC material has established itself as the most feasible option
in the selection of materials [6]. The length of a single blade now can exceeds 70m
and it is increasing rapidly to achieve a higher energy output per unit cost. The use
of composite laminates and some of its other forms such as sandwich laminates has
made it possible to design such large blades having sufficient strength and stiffness
for their efficient operation. Apart from low maintenance costs, aesthetics and other
benefits, the use of these outstanding lightweight materials helps to reduce the
transmitted load on the supporting structural components, which has a cumulative
advantage in weight or material savings leading to a remarkable overall economic

benefit.

With such diverse applications, structural components made of composite materials
can be subjected to highly complex stress scenarios produced by different
combinations of loading such as extreme thermal loading, severe dynamic loadings
or impacts, which may lead to a significant damage or complete failure of these
structures. Due to the composite nature of these materials, their failure
characteristics are quite complex and an accurate prediction of this process is
extremely challenging. Therefore, the analyses of these structure require a reliable
material model to correctly predict the strength and inelastic response of laminated

12
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composites. Subsequently, modelling aspects of laminated composite materials
receives a vast amount of interests from different research communities with
diversified backgrounds and theoretical bases. Various theories and approaches
developed for modelling constitutive response of composite materials will be

briefly discussed in the following section.
1.2  Mechanical response of FRC

In this section, a review of mechanical response of FRC is present. First, the
important aspects of FRC response at structure level are investigated along with the
relevant laminated plate and shell theories. It is then followed by literature review
of some critical characteristics of damage processes occurred within a laminate.
Understandings of these features of FRC structures are essential for the
development of a reliable design approach to ensure safety and efficient of these

structures.

1.2.1 Laminated Plate Theories

There are different types of plate theories which have been developed since the
mid-20th century for modelling flat composite laminates using various kinematic
assumptions for representing the variation of displacements and stresses along the

laminate thickness. In general, these theories can be categorised into the followings:

e Equivalent single layer theories (ESLT):

o Classical plate theory (CPT)

o First order shear deformation theories (FSDT)

o Higher order shear deformation theories (HSDT)
e Layer wise theories (LWT):

o Discrete layer theories

The Equivalent Single Layer theories (ESLT) are displacement-based theories
where some certain type of variations through the plate thickness are taken for the
displacements, which help to express displacements at any point within any layer
with respect to displacement parameters at the reference plane (usually plate mid-
plane) [7]. Based on this, the heterogeneous laminates are mathematically replaced
by a statically equivalent single layer where the stiffness of the laminate is a

weighted average of the layer stiffness through the thickness. Most of the early

13
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works employed the Love-Kirchhoff’s hypothesis used in classical plate theory for
modelling laminated plates. It assumes that a transverse plane normal to the plate
mid-plane before bending remains plane and normal/perpendicular to the plate mid-
plane after deformation and inextensible [8]. This leads to linear distributions of in-
plane displacements along the thickness direction and it does not include any
contribution of the transverse shear deformation which may be acceptable for thin

plate structures.

On the other hand, the effects of transverse shear deformation are significant in
thick plate structures and it is more profound in composite plates as the material is
weak in shear. Thus various types of variations for the in-plane displacements have
been adopted for developing first order [9, 10], or higher order [7, 9, 11-13] shear
deformation theories. In first order shear deformation theory (FSDT), the transverse
shear strains are taken as uniform along the plate thickness whereas this variation
is parabolic for higher order shear deformation theory (FSDT). In general, HSDTs
are more accurate for representations of the transverse shear stress distributions

along the thickness of the plate.

In conclusion, the main advantages of ESLT are their inherent simplicity and low
computational costs. However, these theories may not be adequate when a more
realistic distribution of stresses throughout the plate is needed. For laminated plates,
even in the elastic range having no damage, the transverse stresses are continuous
and the transverse strains are discontinuous at the interfaces between the layers.
Unfortunately, these conditions cannot be satisfied using ESLT as it takes smooth
and continuous distributions of the in-plane displacements throughout the plate
thickness, which lead to continuous transverse shear strain distributions over the

entire plate thickness including the interfaces between the layers.

In certain applications, higher transverse stresses, which are produced at a point in
actual scenario, may cause a localised failure at that point of the structure such as
delamination between layers, joint separations and matrix cracking [8]. Therefore,
a theory that can predict stresses accurately is needed, especially for thick laminate
plates/shells. Among several theories/approaches have been developed, the layer
wise theories have been found to be the most suitable where the displacements for

each layers are modelled explicitly which results in a realistic distribution of

14
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stresses and strain with discontinuities in appropriate locations. Early development
of the layer-wise theories includes the works in [14—18] which can adequately
predict the deformations of laminated composite structures, however, at the
expense of high computational efforts due to a large number of degrees of freedoms
in these formulations. Further studies on plate theories [12, 19-23] employed the
refinement of the through thickness definition of in-plane displacements follows
zigzag functions which gave the desirable strain continuity at the lamina interfaces.
These refined theories helped to improve the model accuracy as well as
computational efficiency at the same time, however the implementations of these

theories are relatively challenging.

1.2.2 Laminated Shell Theories

Besides the architectural aesthetics, the shapes of shell structures are known for
their structural efficiency where the majority of applied loads can be transferred in
the form of in-plane forces by membrane actions which leads to higher load
carrying capacity of the structures. For this reason, applications of composite shell
structures can be seen in many fields ranging from military uses, such as aircraft,
missiles or submarines, to other engineering applications like construction of
liquid-containing vessels or large span dome structures. Many modelling
approaches have been developed for the design of these structures where most of
the theories of shell structures are extension of plate theories with curved
geometrical configurations. Examples of such theory can be found in [24-26] for
FSDT, [27] for HSDT or [28-32] for layer-wise theory of multi-layered anisotropic
shells. To this end, CPT, FSDT, and HSDT shell theories are applicable for thin
shell structures while a thick shell structure needs a discrete layer shell theory or a

refined zigzag theory for an accurate prediction of displacements and stresses.

1.2.3 Failure Mechanism of Laminated Unidirectional FRC

The studies on laminated plate and shell theories discussed in the previous sections
are primarily restricted to the elastic response of composite structures while their
post-yield inelastic behaviour or the entire nonlinear response is often ignored.
Nevertheless, composite structures can be subjected to complex loading conditions
such as impacts, severe dynamic loads or extreme thermal loads which can lead to
a significant damage or complete failure of these structures. For this reason, large

volume t of attentions has been drawn from the research community worldwide to
15
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investigate the governing failure mechanisms of FRC. To this end, the failure of
composites is a complex process which involves several interdependent failures
processes which also depends on loading conditions and the constituent properties.
In general, there are four common modes of failures observed in composites: matrix
cracking (intra-laminar fracture) perpendicular to the loading direction or ply
splitting, fiber/matrix debonding, fiber breakage/failure and delamination between

two adjacent layers or plies (refer to Figure 1-3).

Splitting

__— Delamination

0° microbuckle -8

0°/00° 3 B 90° splitting
delamination [

0°/90°
delamination

0°
microbuckling

Figure 1-3: Schematic representation of different failure modes in unidirectional laminate

under tension [33] and laminate failures at microscopic scale [34]

Amongst these failure mechanisms in FRC, fiber fractures are the least common
failure mode as they process very high ultimate stresses which can be as high as
5171 MPa for IM8 carbon fibers [2]. More common types of fibers such as glass or
boron fibers also display a high strength of 4585 MPa and 3799 MPa respectively
[2]. On the other hand, common matrix materials of advanced composites are
epoxy, polyester or urethane [ 1] which exhibit significant lower strength compared
to fibers and are more susceptible to damage. Figure 1-4 shows typical load
deflection behaviours of polyester resin where nonlinear behaviours of the matrix

material beyond their yielding are clearly observed. The nonlinear post-yield
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response of the resin/matrix usually involves two primary nonlinear effects: 1)
gradual loss of stiffness (damage) and 2) permanent inelastic (plastic) deformations
[8, 9]. These nonlinear responses are caused by the inelastic mechanisms (damage
and plasticity) which occur due to progressive micro-structural changes as the
material is being loaded. For examples, microscopic processes such as void
nucleation, void enlargement, void coalescence and microcracking within the
matrix cause stiffness degradations while frictional sliding and dislocations of

defects are associated with irreversible plastic deformations [10-12].

140
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Figure 1-4: Typical Stress-strain relationship of polyester [35]

Furthermore, microcracking in the matrix, under increasing loads, can be
accumulated or localised and form macro matrix cracking in the ply and their
effects on the macroscopic behaviour of composites are well-documented in many
studies [36—41]. In such situations, a sudden change in the stiffness of composites
can be observed as a result of the cracking process causing the redistribution of

stresses in the local fields.

On the other hand, fiber/matrix interface failures (fiber debonding) also play an
important role contributing to the loss of stiffness and the ultimate failure of FRCs
[34, 42]. Macroscopic responses of composites are primarily influenced by the
bonding strength at the fiber/matrix interface [43, 44]. Subsequently, stresses in the
local fields of the composites may exceed this bonding strength and lead to a

localised separation of the fiber and matrix. Under increasing loads, this will
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progressively grow in the fiber direction and simultaneously induce new cracks in
the matrix towards a direction normal to the fiber [41]. Further fiber debonding
can be initiated from the development of the new matrix cracks and eventually
macro transverse cracking or ply delamination can occurred in the FRC laminate

(Figure 1-5).

Other mode of failure (relatively less common) includes in-plane/translaminar
shear failure, which is extremely rare in unidirectional plies, as longitudinal splits
tend to occur before in-plane shear cracks [34]. In addition, fiber kinking/buckling

failures can be observed under compression loadings.

Ply splitting

90° layer -

- Delamination

___________

0° microbuckle g%

Q°/90° - 90° splitting

delamination [

0°/90°
delamination

0°
= microbuckling

(b)

Figure 1- 5: (a) Matrix cracking (90° splitting) and delamination in a CFRP laminate; (b)
Cross-section of a compression failure in a 0°/90° laminate [34]

In summary, modelling of unidirectional FRC laminates are quite challenging with
complex behaviour of the constituents as well as the macroscopic response in both
linear and nonlinear range. In this regard, it is important that several key aspects
need to be addressed for a reliable modelling strategy. First, effective elastic
properties of the laminates need to be determined from the constituent properties in

order to model the laminate response in the elastic range. When inelastic response
18



CHAPTER 1: INTRODUCTION

of laminate is considered, suitable yielding and failure criteria for the constituents
as well as the laminate are needed to accurately depict both constituents’ response
and the macroscopic behaviour of the laminate under various loading conditions.
Furthermore, the prediction of the macroscopic response should be derived on the
basis of physical interactions between the material constituents for a better
predictive capability of the model rather than based on a curve fitting type
approach. More details review on the constitutive modelling of composite materials

are provided in the next section.
1.3  Constitutive Modelling of Composite Material

There are a wide range of models available in literature dealing with constitutive
modelling of composite laminate. To this end, a brief review of theoretical models

available in literature will be presented in this section.
1.3.1 Continuum Constitutive Modelling

Fibre reinforced composite materials have been traditionally modelled as
homogeneous materials with orthotropic mechanical properties and based on that,
a number of theories have been proposed by various investigators. The
developments of these theories rely on phenomenological observations at
structure/macro scale in order to obtain and use a suitable failure criterion which
will be able to produce results matching with the experimental data. For example,
the well-known Tsai-Hill theory [45] belongs to this group, which has been applied
to unidirectional FRC using Hill’s failures theory for material with low degree of
anisotropy [46] and has subsequently been extended to generalise the theory where
a second order polynomial in tensor form has been used for the failure surface [47].
Nevertheless, the quadratic nature of this failure criterion implies that it is
applicable to materials with identical tensile and compressive strengths only [2].
This limitation has been overcome by Hoffman [48] by adding a linear stress term
to Hill’s criteria to account for different ultimate stresses in tension and
compression for brittle composites [48]. Hashin and Rotem [49] developed a
piecewise smooth function at macroscale level which helped to simulate two simple
failure modes within a lamina: failures due to fiber breakage under the longitudinal
stress, and failures due to matrix cracking under transverse stresses. However, this
model [49] is only applicable for plane stress problems. Hashin [50] extended this
19
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approach to model unidirectional laminates under three-dimensional loading
conditions considering tensile and compressive failure of both fibers and the matrix.
However, the quadratic form of the failure envelop used in these models [49] and
[50] has been chosen on the basis of curve fitting and interpretation of the energy
density which has a quadratic form in terms of stresses [50]. Thus, it lacks a strong
and convincing physical basis. On the other hand, Christensen [51] proposed a 3-D
stress-strain relationship for transversely isotropic material and a strain-based
failure criterion closely related to Tsai and Tsai-Hill theories. He also derived a
stress-based criterion taking into account the effects of hydrostatic pressure on the
failure envelop[52]. Again, the explicit representations of the constituent behaviour
in the derivation of macroscopic response are absent due to phenomenological
nature of the approach. Gosse [53, 54] proposed the well-known Strain Invariant
Failure Theory (SIFT) or the Onset theory where the critical values of dilatational
volumetric strains and distortional shear strains are used as the criteria for detecting
failure initiation of composite lamina, yet the evolutions of failure mechanisms

were not considered in these studies.

In the aforementioned works, the focus was to obtain the final failure envelop which
is needed for the ultimate strength analysis, whilst the whole nonlinear response
after yielding cannot be captured. The post-yield response of fibre reinforced
composites usually involves two predominant nonlinear effects: (i) gradual loss of
stiffness parameters (damage); and (ii) permanent/irreversible deformations
(plasticity) [55, 56]. These nonlinear effects caused by inelastic deformations
(damage and plasticity) which occur due to progressive changes in the structural
form of materials at microscopic scale as the material is being loaded progressively.
For examples, microscopic processes such as void nucleation, void enlargements,
void coalescence and micro-cracks within the matrix contribute to the overall
material stiffness degradations while frictional sliding and dislocations of defects
are associated with permanent deformations [34, 57]. Furthermore, fiber-matrix
interface failures (fiber debonding) as well as ply delamination also contribute to

loss of stiffness in fiber reinforce laminates [34].

When structures are subjected to extreme loading such as severe dynamic loads,
impacts, high temperature, etc., it is crucial to model the progressive failure
processes (due to evolutions of damage and plasticity) in order to correctly assess
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the safety of a structure. Several attempts have been made to model this nonlinear
response with some assumptions where the whole damage and plasticity process is
smeared over the entire lamina/ply and the damage parameter and plastic strains,
commonly defined as internal variables, are estimated at ply level. The models
based on Puck’s theory [58, 59] and Pinho’s model [60—62] are some representative
examples where several failure modes such as fiber failure, matrix failure and inter-
fiber fractures are accounted for and they contribute to the overall ply stiffness
degradation. The actual physical basis of the inelastic deformations of composites
is lacking in these models as they are based on curve fitting technique utilising
experimental test data at ply level. This can produce reasonably good results if the
loading scenario is not that different from those used to get the data utilised for
calibrating these models. However poor results can be produced if the loading
scenario is outside this dataset. Some other techniques based on ply level
information have also been developed where a plasticity model using Ramberg-
Osgood hardening rule [63—66] or a single parameter orthotropic plasticity model
[67, 68] have been used. In some of these studies [64—66], the stiffness degradation
based on a rational damage model has been combined with the plasticity model. On
the other hand, some researchers [69—75] attempted to develop a
thermodynamically consistent model where the damage parameter is taken as an
internal variable and included in the energy potential (e.g. Helmholtz free energy)
of the material. However, the coupling between damage and plasticity is not
considered in these models in [69—75]. Schuecker and Pettermann [56] have
adopted an ad-hoc approach to enhance their damage model with plasticity to
account for shear bands developed in fracture planes, but this approach lacks a
strong physical basis for interactions between these two mechanisms. A more
thermodynamically rigorous approach has been developed by Barbero and Lonetti
[76] but the coupling between damage and plasticity is weak as separate loading

surfaces are used for these two processes.

All the above-mentioned models are based on the continuum approach at macro
scale which depends on phenomenological observations at macroscopic scale to
predict mechanical responses and failures of composites. Although these models
are able to produce reasonable results for simple loading scenarios with good

computational efficacy, they suffer from the lack of physical basis and therefore
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cannot capture well the complex interactions between the constituents (fiber and
matrix) found in many abovementioned situations. These physical interactions of
the constituents can initiate different localised failure modes at microscopic level
such as matrix micro cracks or voids, fiber breakage, fiber-matrix debonding, etc.
even at early loading stage [34]. With the increase of loading, these localised
failures can accumulate and propagate through the entire laminate leading to
possible macro crack formations, ply delamination [71, 75, 77] and eventually a
complete collapse of the structure. Therefore, it is essential that these progressively
accumulated failure mechanisms and their effects on the overall responses of the
composite structure should be captured properly to assess the structural safety and

integrity reliably.
1.3.2 Micromechanics Modelling

With the rapid increase of computational resources in recent times and rising
demands for a reliable material model for composite materials, approaches
involving a detailed micromechanical analysis at fiber scale have quickly gained
their momentum in this field of study. These approaches treat composites as non-
homogeneous solids where the constituents and their physical interactions are
modelled explicitly using finite elements or continuum mechanics based models.
Therefore they require the behaviour of constituents in details. In these studies, the
stiffness of fibers is found to increase slightly at higher tensile loads [78] and strain
rates [79], but this increase is not significant and a linear elastic behaviour of fibers
up to their failure is generally acceptable in most cases. In contrast, plastic
deformations and stiffness degradations are found as predominant causes of
inelastic behaviours of the matrix which need to be correctly captured. Many
researchers have used pressure-dependent yield criteria such as Mohr-Coulomb
[80, 81] or Drucker-Prager [82] to model epoxy resins as the failure of these matrix
materials is sensitive to applied hydrostatic pressure [83]. However, these studies
did not considered the effect of damage. Others [86] had taken a different approach
by using the strain invariant failure theory (SIFT) [53, 54] in the micromechanical
analysis with the use of strain magnification factors to predict the failure behaviour
of composites, however, the definition of damage evolution was not included in
this work. Canal et al. [84] and Melro et al. [85] have incorporated the effect of
stiffness degradation of the matrix in their damage-plasticity coupled models, but
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both models did not include strain-hardening behaviours and require two separate
dissipation potentials for plasticity and damage. In short, to the best of our
knowledge, these available models for matrix are still not adequate yet. In this
respect, the modelling of matrix behaviour to capture essential characteristics of
matrix failure is therefore an important part in the development and application of

micromechanical analysis for FRC.

The micromechanical modelling techniques require explicit modelling of the
material constituents and can produce excellent results. Analyses based on a full
micromechanical model can capture multiple failure modes of the constituents and
simulate their progressions at micro scale with very fine details. However, this
requires a huge computational power which is only feasible for small scale
applications. In this regards, the concept of multiscale modelling approach is an
attractive proposition which attempts to establish a link between the models at the
microscopic scale (fiber size) and the macroscopic scale (structure size), where
crucial information at one length scale are transferred to the next length scale for
simulations [77]. These can be obtained via analytical or computational
homogenisation approaches. For composite structures, these approaches can reduce
computation costs greatly while at the same time giving reliable predictions as
sufficient details of physical interactions of the constituents at microscopic scale
are retained within the models. These critical details can subsequently be used for
predicting the material response at macroscopic scale utilizing a homogenisation
technique. Examples of these (analytical) homogenisation technique can be seen in
[87, 88], where inclusions are assumed to be embedded in infinitely extended
matrix (Eshelby’s assumption) which may not be strictly valid for a composite with
large fiber volume fractions. In addition, the prediction of instantaneous
compliance tensor based on Mori-Tanaka’s model [89] does not satisfy the exact
expression related to local and global inelastic effects, therefore it is not suitable
for inelastic analyses. Hashin and Rosen [90] develop the well-known concentric
cylinder assemblage (CCA) model having hexagonal arrays of identical fiber which
is an extension of Hashin’s earlier work on concentric sphere model [91]. The
model follows the principle of minimum potential energy and complementary
energy, which lead to upper and lower bound solutions for the effective elastic

modulus of composites. In the same study, the concept of random arrangement of
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fibers has been introduced to eliminate these two bounds and obtain a unique value
of E1, G2 and G;3. However, this could not be achieved for G,; and E> which are
having two bounds. This concept of Hashin and Rosen [90] has been enhanced by
Christensen and Lo [92] using three-phase sphere and cylinder models which
helped to produce a unique solution of the effective shear modulus. However, these
models are only applicable within the linear elastic range of composite materials

[92].

By this time, some efforts have been made to model the nonlinear response of
composites based on micro-mechanisms embedded in the macro based continuum
descriptions. Sun and Chen [93] have derive a three-phase 2-D representative
volume element (RVE) where fibers belong to one phase which is idealised with a
square shape and the matrix is divided into two phases which are idealised with two
rectangular shapes. A linear elastic behavior is used for fibers whereas a plasticity
based model with no damage is used for the matrix. Aboudi [94, 95] has proposed
a four-sub-cell RVE, popularly known as method of cells (MOC), which is based
on displacement compatibility and traction continuity conditions at the interfaces
between sub-cells in order to obtain the links between stresses and strains in each
sub-cell and the equivalent homogenised material. Subsequently, the method
(MOC) has been extended for modelling composites having irregular fiber
configurations and it has been renamed as generalised method of cells (GMC)
where a finite element analysis is necessary for modelling a large number of
repeating sub-cells within the RVE. This method has been refined further by
Pindera and Bednarcyk [96] to improve the model efficiency but the computational
cost become very high with the increasing complexity of nonlinear effects in local
fields[97]. The GMC has also been used by other researchers to investigate the
inelastic response of fibrous composites under off-axis tensile loading [98] or rate-
dependent behavior of epoxy composites[99]. On the other hand, Huang [100-102]
developed a bridging micromechanics model which has been combined with
classical laminate theory to simulate behaviors of multilayered composite
laminates. Shokrieh et al. [79] examined the strain-rate effects on mechanical
responses of composite laminates under dynamic loadings using Huang’s model.
Although Huang’s model considered the effect of plasticity, it did not include the
effect of damage. Santhosh and Ahmad [103] attempted to predict the nonlinear
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behaviour of unidirectional fibre reinforced composites made of polymer matrix
where the plastic deformation and temperature dependency have been accounted
for without having any stiffness degradation due to damage. Tabiei and Aminjikarai
[104] have considered both damage and plasticity for predicting the response of
unidirectional composites under impact loads. They have used Goldberg’s
viscoplasticity model [105] to account for the rate dependent properties of resin
whereas the damage evolutions in fiber and matrix are based on Weibull
distribution functions. Although both damage and plasticity have been included in
their model, the effects of these two dissipation processes have been included in the

model discretely and having no coupling between them.
1.4 Research Objectives

Based on the above observations, it can be concluded that there is a need for
development of an efficient constitutive model capable of accurately predicting the
inelastic response of unidirectional FRC ply at an affordable computational cost.
This is the main aim of the present investigation. In particular, this model should
possess the responses and interactions of different constituents (matrix, fiber and
interfaces) and should cover a wide range of ply responses under different loading
conditions that can lead to the activation of all essential mechanisms of failure at
the fibre scale. In addition, the model should have minimal computational demands
to ensure that it can be used for large scale structure modelling and at the same
time, it can capture sufficient details of the physical interactions between the
material constituents (fiber and matrix). In this study, the fiber is assumed to behave
elastically while two primary inelastic processes are considered for the matrix:
damage and plasticity. Moreover, as the influence of the fiber/matrix interfacial
failure process on the response of FRC material is profound, its effects should be
properly taken into account in order to capture the ply response accurately. On those
basis, three primary objectives are identified in the present investigation which are

explained in details as follows:

Objective 1: Development of an analytical model for upscaling the nonlinear
response from the fiber/micro scale to the ply scale and vice versa in order to
achieve such a high precision modelling tool for fiber reinforced composites with

feasible computational resources. In most of the existing models, the micro scale

25



CHAPTER 1: INTRODUCTION

analysis is carried out with the involvement of a local finite element or other
numerical model which poses significant challenges from the computational aspect.
In this regard, a micromechanics-based macro constitutive model is an attractive
proposition where the behaviour of constituents and their interactions at micro scale
are retained within the model which will provide a solid physical basis for the
proposed model. The response of these constituents will be homogenised to
establish the macro constitutive response of the ply. On the other hand, a model
based on continuum damage mechanics and plasticity theory will be used to capture
the inelastic response of constituents, particularly matrix, where the effects of the
irreversible processes such as permanent plastic deformations and progressive
damage mechanism together with the pressure dependent responses cannot be
neglected. The development of the coupled damage-plasticity model is linked to

the second objective presented below.

Objective 2: The focus of this objective is to develop a coupled damage-plasticity
constitutive approach for engineering materials using damage mechanics and
plasticity theory, based on the principles of thermodynamics of solids. This model
will help to predict the response of the constituent materials in FRC since inelastic
response of the matrix/resin involves both permanent deformation and stiffness
reduction due to plasticity and damage processes. The coupling technique between
damage and plasticity should be sufficiently generic for it to be applicable to a
variety of different material behaviour. In particular, it will be shown that these
mechanisms and the corresponding proportion of energy dissipations can be
controlled or specified to follow the material behaviour observed in experiments.
The evolution of the underlying dissipative mechanisms (damage and plasticity)
will be controlled with the use of loading functions while the explicit links between

these mechanisms are established.

Objective 3: This objective builds on Objectives 1 and 2 where the continuum
damage model developed in Objective 2 is incorporated in Objective 1 to capture
the response of unidirectional fiber reinforced composite ply in nonlinear range.
The combination of all kinematic enrichments to capture the difference in the
deformation of different constituents and also their responses in a thermodynamics-
based approach will naturally lead to macro homogenised stress and internal
equilibrium conditions that governs the behaviour of the FRC. In addition, the
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effects of fiber/matrix interfacial imperfection in ply constitutive response, which
is essential when the ply nonlinear behaviour is dominated by fiber debonding, will
also be accounted for and included in a fiber interface equivalence (FIE) block
Consequently, all three primary failure processes occurred within a FRC ply, which
are damage and plasticity in the matrix as well as fiber debonding failure, will be

effectively considered in this Objective.
1.5 Thesis Overview

This thesis is broadly divided into five Chapters. Apart from the Introduction
(Chapter 1), the main body of work is included in three Chapters (Chapter 2 to
4) where three research articles (two already published and one to be submitted
soon for publication) produced by the candidate and his colleges are presented.
Minor developments based on these major ones are in the Appendix. The remaining

of the thesis is organised as follows:

Chapter 2 (Journal Paper 1): A Kinematically Enhanced Constitutive Model
for Elastic and Inelastic Analysis of Unidirectional Fiber Reinforced

Composite Materials.

A micromechanics-based constitutive model that relies on the behaviour and
interaction of both fiber and matrix components are developed in this paper. Both
fiber and matrix are represented by different constitutive responses and their
interactions are accounted for through a set of internal equilibrium conditions at
their interfaces. The differences in the response of fiber and matrix are represented
by the enrichment of strain fields and based on this a novel technique is developed
to upscale the inelastic response of the constituents (fiber and matrix) to the macro
scale (ply scale). It is noteworthy that the model formulation are conveniently
derived in incremental form which helps the proposed model accommodating both
linear and nonlinear behaviour of composite material. Subsequently, numerical
examples are provided to demonstrate the application of the proposed model for
both elastic and inelastic range and the model predictions are validated with

experimental data as well as results obtained from some benchmark theories.
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Chapter 3 (Journal Paper 2): A Thermodynamics-based Framework for

Constitutive Models using Damage Mechanics and Plasticity Theory.

In this paper, a generic framework for coupling damage and plasticity is proposed
which focuses on the driving mechanisms behind the coupling of the two processes
(damage and plasticity). It will be shown that these mechanisms and their
corresponding dissipations can be controlled or specified to follow the material
behaviour observed in experiments. In addition, it will be demonstrated that the
evolutions of these dissipation processes can be controlled within the proposed
framework and different dilative and contractive responses under different loading
conditions can be accurately modelled. The detailed formulation of the proposed
generic framework for coupling damage and plasticity is provided along with
discussions on some of its attractive features. Several aspects of numerical
implementation of the proposed framework will also be presented. Finally, the
applications of the proposed framework for different material models are also

illustrated through a number of examples.

Chapter 4 (Journal Paper 3): A Kinematically Enhanced Constitutive Model
for Unidirectional Fiber Reinforced Composite laminae with Imperfect Fiber

Interface.

This paper focuses on the fiber/matrix interface failure which plays play an
important part contributing to the loss of stiffness and ultimate failures of FRCs.
To this end, macroscopic responses of composites are significantly influenced by
the bonding strength at the fiber/matrix interface while other characteristics such as
fracture energy or stiffness of the interface are of less importance. Subsequently,
stresses in the composite exceeding this bonding strength can lead to a localised
separation of the fiber and matrix which, under increasing loads, continuously grow
in the fiber direction and simultaneously induce matrix cracking in the direction
normal to the fiber. Further fiber debonding can be initiated from the development
of matrix cracking and eventually macro transverse cracking can be formed in a
FRC ply. Thus, in this paper the kinematically enhanced constitutive model for
predicting the response of unidirectional FRC ply, which is presented in Chapter
2, is further enhanced with a thermodynamics-based formulation and extended to

include the effects of fiber/matrix interface failure. Applications of the proposed
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model are illustrated in a number of examples and its performance is demonstrated

by comparing the results to other sources obtained from literature.
Chapter 5: Conclusions and Future Works

This closing chapter provides a summary of important outcomes and contributions
of the thesis. Potential applications of the research as well as possible future works

are also recommended.
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Abstract
A constitutive model with an enhanced strain field is developed in this study for

predicting the behaviour of unidirectional fibre reinforced composite materials. The
different deformation modes introduced in the enhanced strain field take into
account of both the variation of strains and internal equilibrium conditions across
the fibre-matrix interfaces in unidirectional composites. This opens rooms to
accommodate the difference in the responses of fibre and matrix and allows both
fibre and matrix to be represented separately by their own constitutive responses.
The additional deformation modes and internal equilibrium conditions lead to a
combination of both upper and lower bound solutions on different components of
the stress/strain tensors, resulting a homogenised macro response that compares
well with experimental data and sophisticated homogenisation approaches in the
literature. In addition, the key feature of the proposed approach is that the macro
homogenised behaviour can be written in terms of incremental responses of both
constituents and their interactions, facilitating the applications in both linear and
nonlinear regimes of behaviour of both fibre and matrix. In parallel with this, a new
coupled damage-plasticity model is also developed for the matrix behaviour and
validated against experimental data of two resins, before being used in the proposed
approach. The performance of the model and its promising features are
demonstrated through verification with existing benchmarking models and

validation with experimental data in both elastic and inelastic regimes.

Keywords: unidirectional fibre reinforced composite; micromechanics; kinematic
enrichment; constitutive modelling; nonlinear behaviour; damage mechanics;

plasticity theory.
1. Introduction:

Applications of fibre reinforced composite (FRC) materials are increasing steadily
in many engineering disciplines over the last few decades due to their high specific
strength and stiffness along with exceptional durability and many other features.
Due to the composite nature of these materials, their failure behaviour is quite
complex when subjected to extreme loading conditions and an accurate prediction
of this process is quite challenging. Therefore, the analyses of these structure
require a reliable material model to correctly predict the strengths and responses of

fibre reinforced laminated composites. In the literature, the modelling of laminated
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composite materials and structures has received a vast amount of interests from
different research communities with diversified backgrounds and theoretical bases.
For instance, a group of researchers considered FRC as homogeneous materials
with orthotropic mechanical properties. From this perspective, several theories
have  been  proposed  where phenomenological  observations  at
structure/macroscopic scale are used to obtain a failure criterion which produces
results by matching with the experimental data. Some representative samples of
these models are found in [1-7] where the focus was to obtain the final failure
envelop which is needed for the ultimate strength analysis. However, the entire
nonlinear post yielding response of the composite material could not be captured
with these models. In the actual loading situation, the post-yield response of
composites usually involves two predominant nonlinear effects occurred within the
material which are: 1) gradual loss of stiffness (damage) of the constituents and 2)
permanent inelastic (plastic) deformations [8, 9]. These nonlinear effects are caused
by inelastic mechanisms (damage and plasticity) which occur due to progressive
micro-structural changes as the material is being loaded. For examples,
microscopic processes such as void nucleation, void enlargement, void coalescence
and microcracking within the matrix contribute to overall material stiffness
degradations while frictional sliding and dislocations of defects are associated with
permanent deformations [10—12]. Furthermore, fibre-matrix interface failures
(fibre debonding) and ply delamination also contribute to the loss of stiffness in

fibre reinforce composite laminates[11].

By this time, several attempts have been made to model the nonlinear response with
an assumption that the entire damage and plasticity process is smeared over the
entire lamina/ply and the damage parameter and plastic strains are estimated at ply
level. Some important models based on these continuum-based approach can be
found in[9, 13-31]. Although these models have good computational efficacy, due
to their phenomenological nature (lack of physical insights of the actual failure
mechanisms), these models dependence on curve fitting technique utilising
experimental data for their calibrations[32, 33]. On the other hand, with a rapid
increase of computational resources in recent days, approaches involving a detailed
micromechanical analysis at fibre scale have quickly gained their momentum in

this field of study. These approaches treat composites as non-homogeneous solids
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where the constituents and their physical interactions are modelled explicitly using
finite elements and continuum mechanics-based models. Representative examples
of such models can be found in [34—40]. To this end, analyses based on a full
micromechanical model require explicit modelling of the material constituents and
thus they can capture multiple failure modes of the constituents and simulate their
progressions at micro scale with very fine details. However, these techniques
require a huge computational power which may be feasible for small scale

applications only.

In this scenario, the concept of multiscale modelling approaches is an attractive
proposition which attempts to establish a link between the models at the
microscopic scale (fibre size) and the macroscopic scale (structure size), where
crucial information at one length scale is transferred to the next length scale for
simulations[32]. For composite materials, these approaches can reduce
computation costs greatly while at the same time give reliable predictions as
sufficient details of the physical interactions of its constituents at microscopic scale
are retained within the models. This can be achieved by considering the composite
materials as non-homogeneous solids comprising of fibre and matrix phases and
utilizing certain homogenisation techniques to capture the overall behaviour of
these materials. Such attempts are made in [41-44] where different approaches are

used to determine mechanical properties of composites in elastic range.

By this time, significant efforts have been made to model the nonlinear response of
composite materials by embedding micro-mechanisms within a continuum model.
Sun and Chen[45] have derive a three-phase 2-D representative volume element
(RVE) where fibres belong to one phase which is idealised with a square shaped
block or cell and the matrix is divided into two phases which are again idealised
with two rectangular shaped cells. In this work, a linear elastic behavior is used for
fibres whereas a plasticity based model with no damage is used for the matrix.
Aboudi[46, 47] has proposed a RVE consisting of four square and rectangular
shaped cells or sub-cells. This is popularly known as method of cells (MOC), which
is based on displacement compatibility and traction continuity conditions at the
interfaces between these sub-cells in order to establish links between stresses and
strains in each sub-cell and the homogenised material. Subsequently, this method
(MOC) has been extended for modelling composite materials having irregular fibre
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configurations and it has been renamed as generalised method of cells (GMC)
which uses a large number of repeating sub-cells within the RVE. This method has
been refined further by Pindera and Bednarcyk[48] to improve the model efficiency
but the computational cost become very high with the increasing complexity of
nonlinear effects in local fields[49]. Further improvements of GMC were
introduced in the high fidelity generalised method of cells (HFGMC) proposed by
Aboudi and Arnold[50]. The frameworks of GMC and HFGMC have been used
extensively to investigate the inelastic response of fibrous composites under off-
axis tensile loading[51], rate-dependent behavior of epoxy composites[52], effects
of imperfect bonding along fibre/matrix interface[53] or the response of
unidirectional composite under large deformation [54]. Huang[55-58] developed
another model known as bridging micromechanics model which is combined with
classical laminate theory to simulate behaviors of multilayered composite
laminates. Shokrich et al.[59] examined the strain-rate effects on mechanical
responses of composite laminates under dynamic loadings using Huang’s model.
Although Huang’s model considered the effects of plasticity, it did not include the
effects of damage due to micro-cracking, which is essential in modelling failure.
Santhosh and Ahmad[60] also attempted to predict the nonlinear behaviour of
unidirectional composites made of polymer matrix where plastic deformation and
temperature dependency have been accounted for without any stiffness degradation
due to damage. On the other hand, Tabiei and Aminjikarai[61] have considered
both plasticity and damage mechanisms for predicting the response of
unidirectional composites under impact loads. They have used Goldberg’s
viscoplasticity model[62] to capture the rate dependent properties of resin whereas
the damage evolutions of the matrix and fibres are based on Weibull distribution
functions. Although both damage and plasticity have been included in this model,
the effects of these two dissipation mechanisms have been treated separately
without considering any coupling between them.

In this study, a new three-dimensional kinematically enhanced constitutive model
for unidirectional FRC capable of simulating the nonlinear response at ply level is
proposed. The model relies on the enrichment of strain field with respect to
different modes of deformation to take into account the important physical
interactions of material constituents at fibre scale. In this sense, the enrichment

provides an opportunity to introduce both fibre and matrix constitutive responses
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and also their interactions. A novel analytical technique is developed for upscaling
the nonlinear response from the fibre/micro scale to the ply scale which is the key
to achieving such precise modeling of composites with feasible computational
resources. Actually, this specific task encounters significant computational
challenges in most of the existing models due to the involvement of a local finite
element or numerical model. A thermodynamics-based coupled damage-plasticity
model is used for the constituents to account for their plastic deformations and
progressive damage mechanism. This has also helped to derive a single dissipative
potential capturing all energy dissipation mechanisms which is convenient for
implementing the model. It is noted that the proposed formulation is applied to
modelling at the constitutive level of the composite materials in the current study
and its applications can be extended to full scale finite element model at structural
level in future investigations. The structure of this paper is organized as follows.
Firstly, mathematical derivations for the proposed constitutive model for
unidirectional FRC ply is presented. Secondly, a thermodynamically consistent
coupled damage-plasticity formulation is developed to model the constituents’
behaviours in the proposed kinematically enriched constitutive model. This is
followed by numerical examples to demonstrate the application of the proposed
model for both elastic and inelastic range in which the model predictions are
validated with experimental data as well as results obtained from some benchmark
theories.

2. Mathematical Formulation

Figure 1a shows a typical cross-sectional view of a unidirectional fibre reinforced
composite ply having a uniform distribution of fibres or fibre bundles within the
matrix. A representative portion of the material (Figure 1a) shown separately in
Figure 1b (magnified) is considered for the development of the proposed model.
Without changing the fibre volume, a further idealisation of the fibre geometry is

made (Figure 1c) to facilitate the formulation.
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Figure 1: (a) Cross-section of a unidirectional FRC and the UVE; (b) Idealised unit
cell; (c) Idealised unit cell element (F: Fibre block; M-1, M-2, M-3: Matrix blocks).

Thus the idealised volume element as shown Figure lc will finally be used for
deriving the present model where the size of this volume element is normalised to
unity in all three directions. This unit volume element (Figure 1c¢) is now divided
into four material blocks where one of them represents the fibre (F) and other three
blocks for the surrounding matrix (M-1, M-2 and M3). The length of these material
blocks along fibres (axis-1 which is perpendicular to both axis-2 and axis-3) is unity

where the dimensions of their cross-sections can be calculated with the matrix
volume fraction (f) as follows: y1 =z1 =y 1=fand y> =z, =1—-4/1-f.

The geometric representation of the proposed unit volume element (UVE) may
appear similar to that of Aboudi’s MOC[46, 63] and few other models (e.g.,
Robertson and Mall[64]), however their actual model derivations are based on quite
distinctive approaches. For example, Aboudi[46, 63] has started with a bilinear
variation of the three displacement components within the four individual material
blocks which give a non-uniform variation of strain components in any individual
material block. However, it should be noted that in Aboudi’s model, any
increase/decrease in normal stresses of the composite is always accompanied by
increase/decrease in shear stresses[64] which is not strictly correct in all cases. On
the other hand, Robertson and Mall[64] have started with the strain components
having constant values within a material block which is similar to the present
approach to have a computationally efficient model. They enforce the traction
continuity conditions through normal stresses only at the interface between two

adjacent material blocks which is quite different to the current approach and MOC
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where the traction continuity across the interfaces of the four materials block is then
enforced in a volume average sense of all stress components acting at the interfaces.
On the other hand, Robertson and Mall’s model upholds a condition of identical
transverse shear stresses in all four material blocks and equal to the macroscopic
one. Subsequently, the same authors proposed a simple approach to develop their
model using viscoplastic theories, but the relationship between stress/strain
components of the different material blocks is established using elastic material

properties which is not valid in the inelastic loading range

Conversely, Aboudi’s method of cells has gradually been enhanced to GMC by
Paley and Aboudi[65] and high fidelity generalised method of cells (HFGMC) by
Aboudi and Arnold[50] for better accuracy, but these models need a detailed
numerical model similar to that of finite element technique for the analysis of the
representative volume element . The main difference between the two approaches
is that the displacement continuity and traction continuity in GMC or HFGMC are
enforced in an average sense at the interfaces whereas FE technique requires
displacement continuity to be met at discrete points based on nodal
displacements[32]. In addition, the equilibrium condition in FE technique is
achieved by using virtual work method while equilibrium condition in Aboudi’s
approach is satisfied through set of equations which are based on volume average
of the subcells. Although GMC is favourable over the standard FE analysis in terms
of model efficacy[66], but GMC suffers from the same problem and this is simply
its computing cost that has not reached the practical level for its applications in real
structures.. The approach in the present study is based on the enrichment strategy
proposed in [67—-69] for constitutive modelling of localised failure, which is
formulated in incremental form and hence can naturally cover both elastic and

inelastic ranges of behaviour.

In the present formulation, any variable possessing superscript 1, 2, 3 and 4
corresponds to material blocks M-1, M-2, M-3 and F, respectively. The
homogenised or global average strain rate vector € of the UVE (Figure 1¢) can be

written in terms of strain rate vectors of the four material blocks as:

4
&= f(l')((':(l')
Z; (1)
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() _ [ iy LD (i) (i) (t)]T
where ¢ _[811 580 5€33 V12 V23 5V 13

2)

and the volume fractions of the four blocks for a unit volume element

(y1+y2)(zl+22)=1 are.
f(l) :y222 ,f(Z) :yZZl ,f(3) :y122 ,f(4) :ylzl (3)

The constitutive relationship of the material blocks may be expressed in the

following generic form:
6" =D& (i=1104) (4)

where D () is the tangent stiffness of a material block and the incremental stress

i

vector 6 is defined as:

iy _ [ ) (i) (i) _ (i) (i) _(i) ]T
c _[611 ’622 ’633 ’112 ’TZ3 ’Tl3

6))
It should be noted that the behaviour of any material in its inelastic range is
nonlinear where the total stresses cannot be obtained from the total strains directly
and it needs an incremental approach for solving this problem. In this study, the
strains are imposed incrementally on a material and the stresses produced within
the material are evaluated iteratively in order to capture the nonlinear behaviour

precisely.

At an interfacial plane of two different materials, the in-plane strains (and their
rates) are found to be continuous due to displacement compatibility whereas the
corresponding stresses are discontinuous due to change of material properties. On
the other hand, the out of plane (or transverse) stresses are continuous due to
equilibrium of stresses which leads to discontinuous transverse strains. Based on
these considerations, an equal axial strain along the fibre direction is taken into
account for the four blocks, which leads to unequal axial stresses in these segments.
In order to satisfy the equilibrium condition of normal stresses (o'} =o\};

o)) =04")inthe transverse directions (axis-2 and axis-3 as shown in Figure 1¢),
the normal strains in the transverse directions should be unequal (&l =&y ;

e} # &) which are imposed by using kinematic enrichments. The shear strains

follow the same basis of the normal strains.
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723

Figure 2: Kinematic strain enhancement of an out-of-plane shear component.

In order to explain the abovementioned interfacial strain discontinuities, the
deformation of two material blocks (fibre and matrix block M-2) subjected to an
out-of-plane shear stress component (z23) is taken as a sample case which is
illustrated in Figure 2. The deformed shapes of the two blocks due to the applied
shear stress are represented by dashed lines. As the matrix is usually having a lower

stiffness, it is expected that shear deformation/strain in the matrix block is higher

than that of fibre (7, > 7). Consequently, the difference between these strains

7, ., (Figure 2) is taken as the component of kinematic strain enhancements for

this mode of deformation. This will help to derive analytical expressions which can
be used to express strain rates of the individual material segments in term of the

average strain rates of the entire volume element conveniently.

On this basis, the strain rates of the matrix blocks can be defined in terms of strain

rates of the fibre block and the corresponding kinematic strain enhancements as

follows:

¢ = 1N, (6)
£ =) LN, Es (7
e —g™ +N2p1§2 +N3ll2§3 ®)

Where Ez = [72_12 ,? 222, }72_23 ] and .53 =[73_13 ,73_23 ,g 3_33] are the rates Of kinernatic
strain enhancements, and N, and N; are dependent on the direction of the

interfacial planes 2-2 and 3-3 (Figure 1c) respectively (please see Appendix). In

42



CHAPTER 2: JOURNAL PAPER 1

Equation (8), p 1 and p» are used to control the proportion of strain enhancements

in block M-1, which may be expressed as:

a 0 0 a 0 0
pi={0 B Of;p=|0 1 0

0 0 1 0 0 p 9)
where the default values of parameters o and £ are 1.0 but they can be adjusted
depending on the material and behaviour. Further explanations and physical
implications of o and £ can be found in subsequent sections. Using Equations (1)-
(6) and (8), the strain rates of the four material blocks can be expressed in term of

the homogenised strain rate and enhanced strain rates, as primary variables, as

follows:

¢V =g+ NLK % + N3 KL 8 (10)
¢ =¢+NLK %, -N3K 25 (11)
£ =¢-N,K, % +N;K, &, (12)
¢ =¢-N,K,% —N;K, %, (13)

In the above equations, the matrices Ki, Kz, K3, K4 contain p1, p2 and volume

fractions of the different material segments (refer to Appendix for details). Now the
vectors corresponding to the kinematic strain enhancements need to be eliminated
from the above equations and to achieve this, the Hill-Mandel’s condition[41] for
virtual works is applied to the unit volume element (Figure 1c¢) and can be written

as:

4
oTi::Zf(’)o(’)Ts(’) (14)
i=1
where 6 is the macro or average stress of the unit volume element.

Substitution of ¢ as given in Equations (10)-(13) in the above Equation (14) and

rearranging the obtained expression, we obtain:

(GT— DT _ D) g _ ) g _ (B G(HT e

— f(l)G(l)TNzKl +f(2)6(2)TN2K1 —f(3)6(3)TN2K4 —f(4)6(4)TN2K4 é~2
1 nr 2 2)T 3 )T 4 Hr =3
+ f( 'gD N:K, _f( )g® N;:K; +f( ) N:K, _f( Vg N:K; s, (15)
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In order to satisfy the above equation for any arbitrary values of the primary

variables £, €,, and €, the following conditions are required:

4
6=> 16"
i=l

(16)
f(l)G(l)TNzKl +f(2)6(2)TN2K1 —f(3)0(3)TN2K4 —f(4)0(4)TN2K4 =0 (17)
f(l)(,(l)TN3I(2 +f(3)6(3)TN3K2 —f(z)G(Z)TN3K3 —f(4)6(4)TN3K3 =0 (18)

The homogenised stresses or macro stresses of the UVE are expressed in terms of
local stresses of the individual material blocks and their volume fractions in
Equation (16) while the traction continuity across interfaces 2-2 and 3-3 (Figure
1c) is enforced by Equations (17) and (18) respectively. For the implementation of
the model in the inelastic range of loading, the above Equations (16) to (18) are

expressed in rate forms by replacing the stresses in terms of their rates or increments

as follows:
4 . .
6=) [e" (19)
i=l
f(l)G(I)TNzKl +f(2)6(2)TN2K1 —f(3)6(3)TN2K4 —f(4)6(4)TN2K4 =0 (20)
f(l)G(I)TN3K2 +f(3)6(3)TN3K2 —f(2)6(2)TN3K3 —f(4)6(4)TN3K3 =0 (21)

For a given strain increment, the traction continuity conditions in Equations (20)
and (21) will be iteratively utilised to update the strain enhancements, local stresses
within individual blocks and eventually the macro stresses of the UVE. A further
detail on this process is provided later. Substituting Equations (10) to (13) and (4)
into Equations (20) and (21), we can express the strain enhancements in terms of

macro strain increments as follows:

HEH

. = &€

£ P, (22)
P [An An ] [B,

{PJ{AN AZJ {BJ (23)
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In the above equation, the matrices A1, A2, A21, A2 and vectors By, B, are
functions of volume fractions of the material blocks and their material properties

(refer to the Appendix for detailed expressions).

Substitution of strain enhancements as given in Equation (22) into Equations (10)
to (13), we can express the local strain rates of four material blocks (Figure 1c)

exclusively in terms of the macro strain rates of the UVE as follows:

¢V =(I+N,K,P, +N;K,P, )¢ (24)
¢ =(I+N:K P, —N;K;P; )¢ (25)
¢ =(I-N,K.P, +N;K,P, )¢ (26)
¢ =(I-N,K.P, —-N;K;P; )¢ (27)

Thus the above equations will help to resolve a macro strain increment imposed on
the UVE into local strain increments in four blocks. In fact, this resolves the strain
increments at an integration point within a structural element into strain rates of the
fibre and surrounding matrix (Figure 1c) when a progressive failure analysis of a
structure is carried out incrementally. The matrix blocks on the right-hand side
(Equation (24)-(27)) play the role of strain concentration factors and depend on the
responses and states of all individual blocks. The local strain increments can be
used to update the stresses within individual material blocks using their constitutive
relationships (Equation (4)) along with a suitable stress return algorithm [70] due
to nonlinear nature of the problem. In the present study, a thermodynamically
consistent coupled damage plasticity model is applied for the constitutive
modelling of the individual blocks (details will be provided later). Using the stress
increments of the individual material blocks, the macro stress increment of the UVE
can be obtained using Equation (19). Thus the incremental relation between the
macro stresses and macro strains of the composite material can be obtained by
substituting Equations (4) and (24) to (27) into Equation (19) and it can be

expressed as:
6=Ds¢ (28)

where the tangent stiffness matrix of the UVE or the composite material is:
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4
D=> /DY +fUDUNK P+ DVNKL Py + /P DY NK P — P DY N; K P
=
_f(3)D(3)N2K4P1 +f(3)D(3)N3K2P2 —f(4)D(4)N2K4P1 —f(4)D(4)N3K3P2 (29)

The constitutive relationship of the composite material as presented in Equation
(29) is defined explicitly in terms of tangent stiffness matrices of the four
constituent material blocks and their volume fractions. The first term in (29)
represents the volume averaged stiffness of the four blocks following the rule of
mixtures for stiffness components, which is, in fact, the upper bound (Voigt)
solution. It is enhanced with the other terms that occur due to the kinematic
enrichments of the constitutive structure, resulting in “softer”” behaviour that is also

closer to the exact solution.

Compared to the HFGMC that needs a detailed numerical model similar to finite
element technique to perform analysis on the volume element, the kinematic strain
enhancements in the proposed approach can offer a more computationally efficient
strategy. In particular, the formulation of HFGMC starts with the definition of three
displacement components within the representative volume element, which needs
a detailed numerical model (e.g. finite element analysis). The involvement of this
numerical analysis at all material or integration point within each iteration of the
nonlinear structural analysis will require substantial computational resources,
especially in the analysis of large scale structures. On the other hand, the
formulation of the proposed approach starts with the definition of strain
components of four material blocks where strain components of three matrix blocks
are defined in terms strain components of the fibre block and kinematic strain
enhancements. This has helped to perform the analysis on the volume element
analytically, which is computational much more efficient that the numerical
analysis used in HFGMC. Therefore it offers a more computationally efficient
strategy in order to achieve a practical level of computing costs for large scale
structural applications while adequate level of detail interactions between the
constituents are retained within the model. Moreover, in the proposed approach, the
homogenization is performed at the constitutive level for all four material blocks,
resulting in a macro stress-strain relationship that possesses both responses and
volume fractions of the material block and this is valid for both linear and nonlinear
behaviour, thanks to the use of rate forms of stress-strain relationships. Thus, the

incorporation/implementation of the new approach in a structural scale Finite
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Element Analysis will simply involve the integration of the constitutive equation
in rate form, like any classical constitutive model, making it straightforward as
there is no need to modify the structure of the Finite Element package. In our
opinion, compared to HFGMC, these advantages will help to improve the
computational efficiency, while not sacrificing much the predictive capability of
the model, as demonstrated in the numerical examples. However we also believe
that both HFGMC (relatively more accurate, but also more computationally
demanding) and the proposed approach (computationally efficient, but relatively
less accurate than HFGMC) have their own advantages and disadvantages and their

applications depend on the requirements of the problem.

It is also worth mentioning here that level of material nonlinearity such as stiffness
degradations due to damage and/or plastic deformations can vary from one material
constituent block (Figure 1c) to another block as a result of unequal strain
increments. Therefore, tangent stiffness matrices of the constituent matrix blocks
are not necessarily identical in the inelastic loading range and they are varied in
their own course of deformation or loading. More discussions will be provided in
Section 3 dealing with numerical examples on inelastic analyses. Also, it should be
noted that Equation (29) cannot be readily used for getting the macro stress
increments directly from the macro strain increments as the tangent stiffness
matrices D " (i =1 to 4) are progressively changed even within a load increment
at the structural level i.e., strain increment at an integration point. This problem is
commonly solved iteratively using a stress return algorithm [70] which can be
applied to individual material blocks to update their stresses but these updated
stresses may not satisfy the traction continuity conditions (Equations (18) and (19))
at the interfaces 2-2 and 3-3 of the UVE (Figure 1c). It needs another level of
iterations based on a stress return algorithm applicable to the UVE in order to
satisfy these interfacial traction continuity conditions within a tolerable limit. Thus
Equations (18) and (19) need to be employed for the derivation of the stress return

algorithm applicable to the UVE which is presented in the following section.
2.1 Stress Return Algorithm for the UVE

Due to the nonlinear nature of constituent responses, and the fact that strain

increments in numerical analysis are not infinitesimal, the interfacial traction
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continuity conditions (Equations (17) and (18)) are not automatically satisfied.
Thus the left-hand sides of these equations will produce nonzero values which may

be defined as traction residuals and these equations can be rewritten as follows:
r, =/ OK'Ng" +fOK'N'¢?® - fOKN'¢® — fOKINg* (30)

s =f(1)K§N3TG(1) _f(2)K3TN3TG(2) +f(3)K§N3TG(3) _f(4)K3TN3TG(4) (31)

where r, and r; are the traction residual vectors corresponding to 2-2 and 3-3

interfaces, as shown Figure 1(c).

A Newton-Raphson based iterative scheme is adopted to reduce the value of these
residuals to a tolerable limit. For this purpose, a Taylor series expansion of the
above equations is performed which may be expressed (neglecting higher order

derivatives) as follows:

new old 2 ar.f (i)
r; =r; + Z— o6
i 0" (32)

where j = 2, 3. In order to satisfy the interfacial traction continuity, the new value

hew

of these residuals should be zero (r;"" = 0) which can be utilised to rewrite the

above equation as follows:
SOKINIG " + f KNS - fOKINI& - fOKINIS ™ =i (33
f(l)KgNg&r(l) _f(z)KgNgé‘o.(z) +f(3)K§N§&F(3) —f(4)K§N§50'(4) =—r3"ld (34)
The above stress variations 56 (i=1 to 4) in the material blocks can be expressed

in terms of corresponding strain variations Jg '’ using the generic constitutive

relationship (Equation (4)) as follows:
o =D g™ (35)

Now the strain variations 8¢ ‘"’ in the above equations can be expressed in terms

of iterative strain enhancements 5%, and 5%, with the help of Equations (10) to

(13) as follows:

eV =N,K 0%, + N; K ,0%; (36)
e =N,K 68, —N;K;5%; (37)
e =—-N,K,8%, + N;K,5%; (38)
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58(4) =—N2K45§2 —N3K35§3 (39)

It should be noted that this iterative process for obtaining 5¢ ‘"’ (i = 1 to 4) starts
from the previously converged step (referred to as the “zero” iteration) where & ‘"’
(i =1 to 4) are obtained with the use of Equations (10) to (13). Therefore,
subsequent iterations are required to achieve traction continuity which follow the
same operations in the “zero” iteration but without the appearance of &€ (Equation

(36) - (39)) as it has been expended in the initial (or “zero”) step.

Substituting Equations (35) to (39) into Equations (33) and (34), the iterative strain

enhancements can be expressed in terms of traction residuals as follows:

{552 }_[An A }1 —r, "
0¢; A 5 Axn —1‘301d (40)

where A11,A12,A 7 and A 2 are same as those given in Equation (22).

The iterative stresses of the block are then updated using any classical stress return
algorithm followed by the computation of iterative macro stress using Equation
(19). By using these updated stresses in the blocks and Equation (33) - (34), the
traction residuals are checked against a given limit/tolerance. If traction residuals
are not less than this tolerance, the iterative process is repeated until the required

tolerance is achieved.

The flowchart in Figure 3 depicts the overall procedure for calculating macro stress
increment from a given macro strain increment. In order to have a simple
representation of the flowchart, the iterative process is not shown in Figure 3.

However, this is explained in the following steps.

1. Resolve the macro strain increments imposed to the material/UVE into local
strain increments of the four material blocks using Equations (24) to (27).

2. Use a stress return algorithm to update the stresses within these material
blocks due to the strain increments found from step 1.

3. Use the stresses found in step 2 to calculate the traction residuals (Equations
(30) to (31)).
a. If|r: ||/|r! | <tol " (i=2,3), go to step 4. r/ are defined as follows:

r;=fPKINIs6 + fPKINTs6 W
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ri=f*KIN]sc® +fPKIN]s "
b. If |[r, || /||r/ || > tol " (i=23), perform the following operations:

- Calculate variation of strain enhancements 68, and O€3 using
Equation (40).
- Use stress return algorithm to update the stresses within these
material blocks due to €, and Jg;
- Go to the beginning of step 3.
4. Update the macro/homogenised stresses of the material. Repeat step 1 to 4

for all the macro stain increments required for an analysis.
* The tolerance used in this study is: tol = 10,

It should be noted that step 2 and step 3 in the above procedure can be referred to
as stress updating scheme at outer level i.e. at the level of the composite block
(Figure 3) where an iterative process is implemented to obtain a converged
solutions. This process typically requires 10-20 iterations for an imposed macro
strain increment with a relatively small size in the order of 10”. The interfacial
traction continuity (Equations (30) - (31)) is satisfied in each iteration and this
process also helps to update the enhancement strain rates and adjust the strain
increments of the individual material blocks. Subsequently, the stress increments
in these material blocks are updated in step 4 which is referred to as the stress return
algorithm at the inner level (Figure 3). In addition, the stress return algorithm for
the individual blocks is used to ensure the updated stresses of the material blocks
are on their updated yield surface in case of inelastic loading. As can be seen, the
whole procedure above is written in the incremental form, facilitating the use of
any constitutive model for the individual matrix/fibre blocks. This requires a
suitable mathematical derivation for a coupled damage-plasticity model to analyse
inelastic responses of each individual material block, which are described in details

in the following sections.
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Given macro strain
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Figure 3: Flowchart for stress return algorithm.

2.2 Modelling Inelastic Response

As discussed in preceding sections, nonlinear responses of unidirectional FRC are
caused primarily by the inelastic behaviours of the matrix which are consequences
of two major irreversible energy dissipation processes, such as plasticity and
damage. As the plastic behaviour of some matrix material including metal matrix
such as aluminium are pressure dependent [71], a simple plasticity model such as
von Mises plasticity model cannot be used. In this situation, the Drucker Prager
plasticity model is a suitable option and its nonlinear (parabolic) form is a good
alternative which is adopted in the proposed constitutive model. Since the
deformation of matrix and/or fibre material is nonlinear with many coupled
processes such as plastic deformation and cracking, the combined use of damage

mechanics and plasticity theory for such models is essential. In this sense, a proper
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coupling of plastic deformations with damage mechanisms and its numerical
implementation in a convenient form is usually a challenging task. This is achieved
in the present study by developing an elegant model following the basic concept
described in Einav et al [72] and further illustrated in Nguyen et al [73]. The benefit
of this approach is that it needs the definition of only two potentials (energy and
dissipation potentials) and the model gives a single loading surface which is really
convenient for its numerical implementation. The enhancement made in the present
formulation will better control the plastic flow directions, including both dilation
and compaction that earlier coupled damage-plasticity models under the same
thermodynamic framework [72, 73] do not have yet. The general thermodynamic
framework of Houlsby and Puzrin [74] is used for the proposed formulation. On
the other hand, the inelastic behaviour of fibres is usually not significant and it has
negligible contribution to the overall inelastic responses of composite materials.
Thus a linear elastic model is often used to simulate fibre response which is also

adopted in the present formulation.

As the change of temperature is not considered in the present problem (i.e., the
isothermal condition is satisfied), the Helmholtz free energy potential is written in
terms of two strain parameters (volumetric and equivalent shear strains) and three

internal variables (damage, plastic volumetric and equivalent shear strains) as:
1 > 3 2
\IIZ(I—D) EK(EV —OlV) +EG(8S _aS) (41)

where D is the damage variable, o » is the plastic volumetric strain, as is the

equivalent plastic shear strain, K is the bulk modulus and G is the shear modulus.
The total volumetric strain ¢, and the total equivalent shear strain &5 are defined

in terms of strain tensor ¢; and deviatoric strain tensor e; as:

2
By =85 BTG5 = —6j v /3 (42)

The Helmholtz free energy can be used to get the pressure p and deviator stress g

as follows:

52



CHAPTER 2: JOURNAL PAPER 1

o
P=o =(1-D)K(ey —ar) (43)
oY (44)

=(1-D)3G(&s —as)

q:
Es

Also, the generalised stresses ¥ v , ¥s and ¥ p corresponding to v, o s and

D can be obtained from the Helmholtz free energy as follows:

oY
)?V = — :(I—D)K(FJV —OZV):p (45)
ay
oY (46)
Ts =— =(1-D)3G(es —as )=¢q
oas
o 1 3 2 2 47
?D :¥:7K(8V —OZV)2+*G(85 _aS)ZZ p 2+ q 2
oD 2 2 2K(1-D)* 6G(1-D)

The second law of thermodynamics is related to the rate of energy dissipation o
and the law states that ¢ cannot be negative (i.e.®=0). For rate-independent
behaviour considered in this study, the dissipation o is a first order homogeneous
function in terms of rates of internal variables. For a tight coupling between

different dissipative processes, it can be expressed in the following form:

D=\¢; +d5 +d, + frodv + fs¢s (48)

where @y, ¢ s and ¢p are components of the dissipation corresponding to
plastic volumetric strain, plastic equivalent shear strain and damage but they are
different from @ , , ® ¢ and ® , . The dimensionless parameters £, and fs used
in the above equation are functions of stresses which are expressed along with the
dissipation components ( ¢y, ¢s and ¢p) in alignment with the parabolic Drucker-

Prager yield criterion (y=¢° + fp—k) as follows:

:p—a\/q2 +fip

v 49
f T (49)
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q-b\q* +fp (50)

Ss = 7i
dv = kay (51)
s =k (52)

P[5 7
rNa’ + Bp

where S and k are functions of internal variables (please see Section 2.2./ for more

b (53)

details), a and b are model parameters which are used for adjusting the proportion
of dissipations corresponding to plastic volumetric strain and plastic equivalent
shear strain respectively which will lead to control the direction of plastic flow as
needed. These two parameters may be combined into a single parameter for the

entire plastic deformations as:

o 4B =1 (54)

Similarly, the user-defined parameter r; in Equation (53) is to adjust the proportion

of dissipation corresponding to damage and having a relationship with 7, as:

rp2 +r7 =1 (55)

The dissipative generalised stresses using the dissipation function (48) are then:

o0 oD Ody v ¢y
Xv = = = +frv (56)
oy opy ddr | JpZagrrgr | Jodr
0D 0D O¢s s y 0ps (57)
FY "0y " ogs ods | gz rglagr | Jods
_ D _ o0 0gp _ bo o¢» (58)
£ oD  0¢p oD \/¢V2 + 4l oD

The above equations along with the Equations (51) — (53) show that the generalised
dissipative stresses are functions of the rate of all internal variables which ensures

a strong coupling between the different dissipation mechanisms. Since the
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dissipation components (51) — (53) are homogeneous first order functions of the
corresponding rate of the internal variable, Equations (56) — (58) can be used to get

the loading function in terms of dissipative generalised stresses as:

* Z—V_ 2 xs ~ 2 1o 2_
e R e B o R

This is in fact obtained through the Legendre transformation of the dissipation
potential (50). The evolution of plastic deformations (plastic flow rules) and
damage can be obtained from this loading function by taking its derivatives with
respect to the corresponding generalised dissipative stress. These may be expressed

with the help of Ziegler’s orthogonality condition (i.e., ¥ » = ¥ rand y; = ¥, ) and

Equations (45) — (46) as follows:

sy fagi+pp
OZV—ﬂ, =21
8)(;/ k

[ bVa +pp ©1)

(60)

813 k
. Loy ri(g? + 62
oo arila’+pp) (62)
8;([) kZD

where 1 is the non-negative common multiplier. It can be noted that the above
procedure will give a non-associated plastic flow rule. Finally, using Equation (59)
and with the help of Equations (49) — (54) and (45) — (46) along with the Ziegler’s
orthogonality condition, the parabolic Drucker-Prager yield criterion in true stress

space can be described conveniently in terms of pressure p and deviator stress g as:

y=q"+pfp—k=0 63)

The direction of plastic flow can be controlled by adjusting the ratio between

plastic volumetric strain and plastic equivalent shear strain which can be obtained

with the help of Equations (60) and (61) as:

02_,/:—8)/*/87(1/ =£ (64)
as oy Joys b
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In the present study, the yield function (Equation (63)) is utilised to obtain the

above ratio for the convenience of numerical implementation as:

a_ dw_ B

b djog 2q (63)

where ¢ is a user defined parameter which will help to get the values of @ and b
using Equations (54) - (55). When ¢ = 1, the direction of plastic flow vector
generated by the model is same as that obtained directly from the associated plastic

flow rule. In contrasts, non-associated flow rules can be produced by taking ¢ # 1.

2.2.1 Thermodynamic admissibility of the model

The general condition for thermodynamic admissibility of the proposed technique
requires non-negativeness of the dissipation rate function (48). The conditions
needed to satisfy @ =0 can be derived from the general definitions of functions
and parameters defined in Section 2.2. Thus, by substituting Equations (49)-(53),
(60)-(62) into Equation (48) and makes use of the yield condition (Equation (63)),

the dissipation rate function @ is expressed as:
@:2}{1/# +b 41 +(%+%J—(a2+b2)JZO (66)

Recall that A>0, a2+b2=rp2 and rp2+rd2 =1, the above expression can be

rewritten as:
pa+ qb+rd2\/% >0 (67)

It should be noted that in the above expression, gb and r,/k are always non-negative

while the term pa can be negative, e.g. when the material response is governed by
dilative behaviour (a < 0) under compression (p > 0). Thus, Equation (67) can be

rewritten as:
|pa|£qb+rd2\/; (67)

Furthermore, the ratio between a and b given in Equation (65) can be used to further

reduce Equation (67) to:
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~ 2q(qb+rd2«/?)3cS 2q(qb+rd2\/z) (68)

pbp pbp

Thus, the above condition implies restrictive bounds for the parameter ¢ which must
be met in the selection of ¢ to ensure thermodynamic admissibility of the proposed
formulation. Since the proposed damage-plasticity model involves parameter ¢ that
controls the dilation behaviour, the restriction (68) on the value of this parameter is

needed and this condition is met for the examples in the manuscript.

2.2.2 Tangent Stiffness:

The coupled damage-plasticity formulation presented above is now implemented
for its applications. The above formulations produce a nonlinear (parabolic)

Drucker-Prager yield surface applicable for a pressure-dependent material as:

y=q"+pp-k=0 (69)

The different terms used in the above equation can be defined as follows:

I ; 3
P :?1: %a q:\(?’Jz = ESUSU; SU:GU—gl]p, ﬁ=3(ﬁy_ﬁ)a

(70)
k= feo fuo

Where g, is the stress tensor, s;; is the deviatoric stress tensor, d;; is Kronecker delta,

I; and J> are stress invariants, f, is the uniaxial yield strength in compression and

fu 1s the uniaxial yield strength in tension. The value of f, and f;, will be changed

progressively with the growth of plastic deformation and damage which are

represented using the following functions for their evolutions.

for=(1=D)( feo +0. (1= ), £ =(1=D)(f:0 +0, (1=¢""*")) (71)
where D is the damage variable, ¢ , is the accumulated plastic strain with its rate is

defined as &, =,/ %o‘c 7@y (ay is the rate of plastic strain in tensorial form), fi

and f: are initial yield strengths, and O;, Q., b: and b. are material constants with
subscript ¢ and ¢ indicating tension and compression, respectively. The damage
variable D admits an initial value of zero and is activated at a certain threshold
depending on the plastic deformation. It starts increasing during the failure
progression and can have a maximum value of 1 corresponding to a complete

failure. The damage growth progressively reduces the values of k and f leading to
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contraction of the yield surface (Equation (63)). On the other hand, in pre-peak
regime, a strain hardening effect due to plastic deformations is adopted which leads

to expansion of the yield surface with the growth of effective plastic strain ¢, .

The plastic flow rule as presented in Equations (60)-(61) provides the plastic strain
increment in terms of volumetric and shear components but it is expressed in
tensorial form for the convenience of model implementation as:

8)/* 8}(;/ 80'11 +8y* 8}(5 80'11

(72)
aNq®+fp Sy DN +Bp 3 8J2J

=1 2

k 3 k 243J, 00

On the other hand, damage evolution is given in the following form:

* 2 2
D:Zay zzzrd (q +ﬁp) (73)
oD ky p

Similarly, the stresses are expressed in tensorial form with the help of Equation

(41) as:

- 8‘{’ _ 8‘{’ 881/ " 8‘{’ 885
" 0e; 0Oy Og; Ocs Ogy

=(1-D)(Ke* 8y +2Ge; )=(1-D) Cyu (e —aw )  (74)

Thus, the incremental stress tensor can be written as:

Oj

Gy =(1-D)Ciu (éu —tu )_(I—D)

(75)

The consistency condition for the yield function, y=y (o, ,¢,, D), in true

stress space, can be written as:

. . ~
S L L iy
7 00 o o€, e oD (76)

where € » is the accumulative plastic strain increment and it is given as:

et "
¢, = 2d,a, =4, |22 P (77)
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Using Equations (72), (73), (75) to (77), the non-negative multiplier 1 can be

obtained as:

A=Muy éu (78)

where

o)
(l—D)TC,W

y
. . - - (79)
S TR S 2 P S S R
661:/ ! 661:/ 661:/ 1—D8)(D 68,, 386,:/ 661:/ 8D8)(D

Finally, the incremental stress-strain relationship can be written as:

Mkl:

. o O o P
G :{(I—D)CW —(1-D)Cyu M o7 _l—jDM" o éu =Cpy éu (80)

In summary, the followings parameters are required by the proposed model: i) for
composite model: £, « and £ ii) for each material constituent (fibre and matrix): ,
v, fio, feo, O Qe by, be, 1a, ¢, €pe Where gy 1s the critical value of accumulated plastic
strain used to activate the damage process (please see Section 2.2.2 and Section 3

for more discussions).

2.2.3  Stress Return Algorithm

If a strain increment is imposed at a point within a structure, the stress state of that
point needs to be updated. If the size of strain increments is infinitesimal, these
updated stresses can be computed explicitly using the tangent stiffness (Section
2.2.1) following a numerical technique such as forward-Euler scheme. However,
the strain increment cannot be restricted to infinitesimal size in actual structural
applications and the updated stresses based on above procedure may lie outside the
yield surface significantly which can lead to erroneous solutions. Therefore, these
stresses need to be corrected so as to return to the new yield surface and this can be
achieved by a technique such as backward-Euler scheme. This stress return
procedure will not be required unless the updated trial stress based on elastic

response lie outside the yield surface (i.e. material is yielding). In the case of
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yielding, the new yield surface can be obtained using its Taylor expansion

considering it first order terms as:

trial

@ =0 (81)

+—AD
ab

trial @/
+——A¢g,
o€,

yn+l =ytrial + Ao_re

i
4

where Ao ;e is the stress return increment which is normal to the trial yield surface.
Using Equation (75) and substituting Agy =0, as it has already been used for

moving from the current stress point (0 ;) to the trial stress point (

trial _
i =

o o; +Acy), Ao’ it can be expressed as:

trial

) O jj
Ao =gt g =[—(1—D)c,.,.klmk, s AD} (82)

y y (I_D)

It should be noted that this stress return algorithm is different from the full
backward-Euler scheme where Ao ;* are recalculated so as make it normal to the

new yield surface (y*'!) by applying an iterative scheme (see Crisfield [70] for more
detail). By substituting Equations (72), (73), (77) and (82) into (81) and it can be

rearranged to get the multiplier A4 as follows:

trial

A= Y _
trial tria trial
) o . G oy 83
¥ (l—D)C,-,-k,@/ L O ¥y @/i 20" —@i@} (83)
0o dou (1-D)dyp O, \ 30x; Oxi oD Oxp
With these, the final updated stresses can be obtained as:
n rial re rial ay* Gij ay*
o/ =0 +Acl =0, —(1-D) Cys AL - AL (84)

oo u (I—D) a}(D

Now the coupled damage-plasticity model is ready for its application to the matrix
blocks to simulate their inelastic responses. It should be noted that the outer stress
return algorithm for the composite UVE (see Section 2.1) is first carried out which
gives strain increments in each material blocks. Subsequently, the stresses in the
matrix blocks due to these strain increments are updated by employing the stress
return scheme described in this section. The coupled damage-plasticity model along

with the stress return algorithm are applied to two resin materials (8551-7 and
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Epoxy) to model their nonlinear responses which are shown in Figure 4. The model
parameters for these materials are provided in Table 1. The stress-strain response
of these resins under three different loading configurations (tension, compression,
and shear) produced by the proposed model is presented in Figure 4 along with the
corresponding experimental data reported by Kaddour and Hinton[20]. The
correlation of these results (Figure 4) demonstrates an excellent capability of the
present model in capturing the inelastic response of pressure-dependent materials
such as epoxy resin. In this example, s takes an initial value of zero (damage effect
is turned off) until the damage process is activated when the accumulated plastic
strain has reached a critical value (gpc = 1.07% and 1.47% for 8551-7 resin and
Epoxy resin respectively) then 7, is set to 0.93 in both cases. It should be noted that
the rate of softening of the stress-strain curves (Figure 4) can be controlled by
specifying the damage parameter 4. For example, higher values of »; associated
with higher loss of energy due to damage process leads to more abrupt failure
(steeper descending curve), whereas lower values of rq indicate lower energy

dissipation due to damage, resulting in gradual loss of stiffness and a lower rate of

softening.
Table 1: Model Parameters for 8551-7 Resin and Epoxy Resin
E v Jo Seo O O by be c
(GPa) (MPa) (MPa) (MPa) (MPa)
8551-7 4.08 0.38 30 40 90 90 100 50 1
Epoxy 3.2 0.35 60 70 25 50 450 350 1
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Figure 4: Responses of resins under uniaxial tension, uniaxial compressions, and
in-plane shear: (a) 8551-7 Resin; (b) Epoxy Resin. Experimental data is provided
in [20].

3. Results and Discussions:

In this section, the capabilities of the proposed model are demonstrated through
numerical examples of FRC lamina which include determination of elastic
properties in the linear range and inelastic response in the nonlinear range. At first,
we will look at how well the model performs in predicting effective elastic
properties of unidirectional composites. The results produced by the proposed
model are validated against published experimental results as well as theoretical
results produced by other reliable techniques. The good performance of the

proposed model in the elastic domain will provide confidence in the model’s
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capability when predicting the inelastic behaviour of unidirectional composite ply

which will be discussed in subsequent sections.
3.1 Longitudinal and Transverse Elastic Modulus:

As can be seen in the model formulation, the proposed approach does not take into
account the relative sliding between matrix and fibre in the fibre direction. A direct
consequence is that the longitudinal modulus E; predicted by the proposed model
follows the upper bound solution (Voigt model), which can be considered as the
acceptable behaviour of unidirectional composites under this loading mode. On the
other hand, the variations of other effective elastic properties of a unidirectional
Glass/epoxy lamina (refer to Table 2 for material properties of its constituents)
predicted by the proposed model are plotted against fibre volume fraction and

compared with existing solutions for a demonstration of its capabilities.

Table 2: Material Properties of the constituents of a Glass/epoxy lamina[66].

Engineering Epoxy Glass
constant
E (GPa) 5.35 113.4
v 0.22 0.35

The transverse modulus of the same FRC predicted by the proposed model for
various fibre volume fraction is presented in Figure 5 along with the predictions by
some well-regarded classical theories [42, 43, 75, 76]. As shown in Figure 5, the
results predicted by the model are in good agreement with these theories. They are
in between the upper (Voigt) and lower bound solutions (Reuss), as a consequence
of better assumptions and kinematic enhancements of the proposed approach. For
instance, the transverse loading in direction 2 will allow to have same transverse
normal stress in matrix blocks M-1 and M-2 and the fibre block (

1 2 4 . .
652) = Géz) =G§2 )). On the other hand, the transverse normal strain of M-3 is

same as that of the fibre block F (8;23) =€§; ') generating different transverse

normal stress in M-3 and F due to their different material stiffness values. These
phenomenon will lead to deviation of the actual behaviour of the lower bound

solution. This is also supported by experimental data which is shown later where
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the transverse modulus are found to be slightly higher that the lower bound solution
[77].

140 w
—— Current Model
120 | — Upper Bound (Voigt) 1
Lower Bound (Reuss) A
100t Mori-Tanaka /_P"}
CCA+ / /@’ [ii
80 || —*~Self-Consistent , @ /i

40} e o .
> A

0 0.2 0.4 0.6 0.8 1
Fibre Volume Fraction

Transverse Young Modulus E2 (GPA)

Figure 5: Transverse modulus £ — (other results obtained from [66]). Material

properties are given in Table 2. Enhancement control parameters o = =1

It should be noted that a default value of the strain enhancement control parameters
o and p is taken as 1.0 to produce results given in Figure 6. In order to show the
influences of a and £ on the prediction of elastic modulus of the same composite,

the values of these parameters are varied from 0.8 to 1.4 as illustrated in Figure 6.

120

100

80

60

E, (GPA)

40

20

O/ﬂ:o_g, 1.0,12, 1.4 /ﬁ:o_s, 10,1214

0 0.5 1 0 0.5 1
Fibre Volume Fraction Fibre Volume Fraction

Figure 6: (a) Effects of ff on transverse modulus; (b) Effects of o on in-plane shear

modulus. Material properties are given in Table 2

Thus a and S can be utilised to control the performance of the model to have a better
predictions of the composite elastic modulus. For an example, this is illustrated by

adjusting £ to improve the predictions of transverse modulus £ of a unidirectional
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Boron/epoxy lamina (material properties of the constituents are given in Table 3).
The results obtained by taking £ = 1.0 (default value) and § = 0.8 are plotted in
Figure 7 along with the experimental data and some commonly used theoretical
predictions. Figure 7 shows that the results produced by the proposed model with
the use an appropriate value of f is in well agreement in comparisons to test data

and other benchmark models.

Table 3: Material Properties obtained from [77].

Engineering Epoxy Boron
constant
E (GPa) 414 414
v 0.35 0.2
40 T T T T T =
---Model-A 7
357fM0del-B //
Experimental Data 7
-—-Lower Bound (Reuss) e
30) ---Hashin CCA Model /// A
Halphin-Tsai Model /// 7

E,(GPA)

00.45 0.5 0.55 0.6 0.65 0.7 0.75
Fibre Volume Fraction

Figure 7: Transverse modulus £ (Model-A: f = 1; Model-B: = 0.8) -

experimental data and other theoretical results obtained from [77].

3.2 In-plane Shear and Transverse Shear Modulus (G12 and G23)

The in-plane shear modulus G2 (or G13) and the transverse shear modulus G:; of
the same Glass/epoxy lamina used in Section 3.1 are predicted by the proposed
model. These results are presented with numerical results predicted by five
benchmark theoretical models in Figure 8 which show a very good predicting

capability of the model for both in-plane and transverse shear modulus.
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Figure 8: (a) In-plane shear modulus G;2; (b) Transverse shear modulus G23

(other results obtained from [66]).

On the other hand, a similar lamina with a slightly different material properties (as
given in Table 4) is analysed. The in-plane shear modulus predicted by the proposed
model are compared with the experimental results as well as theoretical results in
Figure 9. A very good correlation between the present results with the experimental

data can be seen.

Current Model
Experimental Data
25— Lower Bound (Reuss)
Elastic Solution (Hashin CCA Model) and
Halphin-Tsai Model

157

10+

Transverse Shear Modulus sz and 613 (GPA)

0.45 0.5 0.55 06 0.65 0.7 0.75
Fibre Volume Fraction

Figure 9: In-plane shear modulus G;: (other results obtained from [77]).
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Table 4: Material Properties obtained from [77].

Engineering constant ~ Epoxy Glass
G (GPa) 1.83 30.19
v 0.3 0.2

3.3 Inelastic Response

The proposed kinematically enhanced model for unidirectional FRC ply is ready to
be extended to inelastic analyses with the use of the coupled damage-plasticity
model presented in Section 2.2 for modelling of nonlinear behaviours in matrix
blocks. In this study, the nonlinear responses of a composite lamina made of Boron
fibres (fibre volume fraction of 0.47) and Aluminium 6061T0 matrix are examined
(refer to Table 5 for their elastic properties). The inelastic stress-strain predictions
made by the present model will be verified with those produced by other benchmark
models to demonstrate its performance. According to Davidson and Davis [71],
mechanical properties of Aluminium 6061 are dependent of hydrostatic pressures
(e.g. ultimate stress can be increased up to 60% at higher pressure in certain cases).
This pressure-dependent behaviour can be captured by the proposed coupled
damage-plasticity model with the use of the parabolic Drucker-Prager yield
criterion (see Section 2.2). Model parameters required by the coupled damage-
plasticity model for the Aluminium 6061T0 matrix are calibrated from the actual
uniaxial tension test data of Aluminium 6061T0 [45] as shown in Figure 10. Based
on that, the model parameters estimated for this matrix are: f;o= 45 (MPa), f.o= 47
(MPa), O; =41 (MPa), Q. =44 (MPa), b; =150 and b. = 155. These correspond to
an excellent correlation of the model results with the experimental test data (see

Figure 10).

Table 5: Material Properties.

Engineering Aluminium Boron
constant 6061
E (GPa) 68.3 379.3
v 0.3 0.1
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Figure 10: Uniaxial tensile stress-strain curve of Aluminium 6061T0:

Experimental data vs model predictions.

Subsequently, these nonlinear responses within the matrix blocks (responses at the
micro scale) can be transferred to a higher scale (macro/ply scale), with the help of
the proposed micromechanics based model (Section 2), which can produce overall
nonlinear responses of the ply. For this purpose, the nonlinear response of a Boron-
Aluminium composite lamina reported by Robertson and Mall[64] is used. It should
be noted that information on the plastic volumetric dilation/contracting behaviour
of the matrix is not provided by Robertson and Mall[64], and a non-associated flow
rule is used in this study where the parameter ¢ (Section 2.2) for controlling the
model behaviour is taken as 12.5 to have a good prediction. On the other hand, the
fibres are assumed to behave elastically up to the rupture in this study, which is
quite common and generally accepted in literature. In addition, it is assumed that
the pre-peak response of the composite ply is governed by plastic deformations of
the matrix with no damage. The damage is activated while modelling the post-peak
behaviour of the composite as its response is dictated by the failure and post-peak
behaviour of in matrix. For the damage modelling, the parameter »4 (Section 2.2)
controlling the proportion of damage is taken as 0.59 and this is activated when the
effective plastic strain ¢, within a matrix block reaches its critical value ¢,.=0.014
corresponding to the uniaxial peak stress of the matrix. Based on these assumptions
and model parameters, the inelastic response of the composite ply under transverse
tensile loading along direction 2 (Figure 1) is simulated by the proposed model and

the stress-strain responses are illustrated in Figure 11a.
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Figure 11: Inelastic responses of Boron/Aluminium 6061TO (a) Transverse

uniaxial tension (b) In-plane shear.

It can be seen in Figure 11a that the uniaxial tensile response produced by the
proposed model agree well with the predictions made by Robertson and Mall[64]
as well as MOC[46, 63]. Furthermore, the proposed model has the capability of
simulating the strain softening behaviour of the stress-strain curve after its peak
stress by activating damage coupled with plastic deformations (Figure 11a).
Similarly, the nonlinear response for the in-plane shear of the same composite ply
predicted by the proposed model is plotted in Figure 11b along with that of
Robertson and Mall[64] as well as MOC[46, 63] which shows a good correlation
of the present results with others. These indicate that the proposed models are able
to provide reliable and accurate solutions for capturing inelastic responses of
unidirectional ply, which properly accounts for the adequate level of coupling
between damage and plastic deformations occurred progressively. It should be
noted that the effect of fibre debonding is not taken into account yet in the proposed
model. Its incorporation requires adding more kinematic enhancements to the
current scheme to account for the displacement jumps at the fibre-matrix interface

and is a subject of our on-going study.
4. Conclusions

We developed a generic approach for modelling fibre reinforced composites at the
ply level. The proposed approach possesses the material and geometric details on
the constituents and their interactions, which is applicable in both linear and

nonlinear ranges of behaviour. In particular, inhomogeneous stress in the material
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due to differences in fibre and matrix material behaviours is represented by
different responses of four material blocks characterising fibre and three matrix
zones. The interactions between the blocks are taken into account through
equilibrium conditions across their boundaries. A homogenisation technique is
developed in an incremental form that links the response of the fibre and matrix
blocks to produce a macro-mechanical stress-strain relationship. Thanks to the
stress inhomogeneity that represents the composite nature of the material
behaviour, the resulting effective elastic properties produced by the model agree
well with classical models and experimental data in the literature. In addition, the
incremental form of the formulation facilitates the application of the proposed
approach to inelastic analysis, as it allows the use of any kind of material model for
matrix and fibre. In conjunction with the development of the composite model, a
thermodynamics-based model that couples damage with plasticity is also developed
for its constituents (fibre and matrix). It is shown that the macro failure response of
the composite can be captured well due to the use of appropriate models for the
constituents and their intrinsic coupled behaviour in the proposed formulation. We
acknowledge that the effects of fibre-matrix debonding and fibre distribution on the
mechanical responses of unidirectional composites have not been accounted for yet

in the proposed approach. These effects will be addressed in our next papers.
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5. Appendix

Expression for K 's :

Ki=pi—(fipi+ f21) (85)
Ko =p:-(fip2+ f51) (86)
Ks = fips + fil (87)
K, =fip + /o1 (83)

Normal matrices in direction 2 and 3:
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[0 0 0] [0 0 0]
010 0 00
0 00 0 0 1
N2 = s N3 =
1 00 0 00
0 0 1 010
000 1 00
- - - - (89)
Detailed expressions of matrices in equation (22):
A= f(l)KlTNzTD(I)NzKl +f(2)K1TN2TD(2)N2K1 +f(3)K4TN2TD(3)N2K4
+ KN, DYNLK, (90)
An=fVK I N DUNGK, - fPK N, ' DPINGK - O KL N, DUINGK,
+f YK N DYNK, 2
An = UK NS DYNLK - K N DPNLK, - K, N DN K,
+ KNS DYNLK, (92)
An = UK N DUNGK: +f 2K N DPNGK + K N, DN K,
+/YK:"N ' DYNSK, (93)
B = /YK/N, D - VK'N,' DV - fPK,N,’D? + fPK,'N,' DY (94)
B, =f(4)K3TN3TD(4) —f(l)KzTN3TD“) +f(2)K3TN3TD(2) —f(3)K2TN3TD(3) (95)
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Abstract
In this study, a generic formulation for constitutive modelling of engineering

materials is developed, employing theories of plasticity and continuum damage
mechanics. The development of the proposed formulation is carried out within the
framework of thermodynamics with internal variables. In this regard, the complete
constitutive relations are determined by explicitly defining a free energy potential
and a dissipation function. The focus is put on the rigour and consistency of the
proposed formulation in accommodating the coupling between damage and
plasticity, while keeping its structure sufficiently generic to be applicable to a wide
range of engineering materials. In particular, by specifying the coupling between
damage and plasticity in the dissipation function, a single generalised loading
function that controls the simultaneous evolution of these dissipative mechanisms
is obtained. The proposed formulation can be readily used for either enriching
existing plasticity models with damage, or for the development of new coupled
damage-plasticity models. The promising features and the applications of the
proposed formulation for describing the behaviour of different engineering

materials are discussed in details.

Keywords: Constitutive modelling; thermodynamics; damage mechanics;

plasticity theory; coupled damage-plasticity; concrete; rocks; ductile; brittle

1. Introduction

Computer simulations of the mechanical response of structures, by means of a
numerical technique, such as finite element method (FEM), play a key role in many
modern civil and mechanical engineering applications. The accuracy of analysis of
any numerical simulation, however, depends on a constitutive model, capable of
adequately capturing the material behaviour under complex loading scenarios.
Theories of plasticity and continuum damage mechanics (CDM) have been widely
used for the development of constitutive models in order to describe the inelastic
behaviour of materials. At the macroscopic scale, inelastic behaviour can be
observed as the reduction in strength and stiffness as well as the occurrence of
residual strains. The observable macroscopic behaviour of materials is mainly
governed by several underlying microscopic dissipative mechanisms. These

dissipative mechanisms are the direct result of progressive, irreversible changes in
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the material microstructure. Examples of such changes are closure or expansion of
micro-voids, micro-crack initiation and coalescence, frictional sliding between the
two surfaces of microcracks, dislocation of defects in the crystal structure of metals
and so forth. From a phenomenological perspective, the effects of all underlying
mechanisms which cause the occurrence of residual deformations (e.g. frictional
sliding, dislocation of defects, etc.) can be represented by a plastic strain tensor as
a macroscopic variable. Similarly, the effects of all mechanisms giving rise to
strength and stiffness degradation may be accounted for by a damage variable,
which can be a scalar or a tensor of higher orders. In general, for any constitutive
model, a set of internal variables is required for a complete description of inelastic
behaviours of not only the current state but also the previous history of

deformations [1-10].

Nomenclature

Y Helmbholtz free energy potential

() total dissipation rate function

D ,  dissipation rate function corresponding to volumetric plastic deformation
D ¢  dissipation rate function corresponding to shear plastic deformation

® p  dissipation rate function corresponding to damage

D scalar damage variable

K bulk modulus

G shear modulus

€,  total volumetric strain

&g total effective shear strain
Oy, volumetric plastic strain

Os  effective shear plastic strain

€, accumulative plastic strain

€ ,.  critical value of the accumulative plastic strain
0j; stress tensor

S;  deviatoric stress tensor

J,  second invariant of the deviatoric stress tensor
A first invariant of the stress tensor

€ strain tensor

e, deviatoric strain tensor
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plastic strain tensor

non-negative multiplier
Kronecker delta

elastic stiffness tensor

tangent stiffness tensor

mean pressure
deviatoric stress

generalised stress tensor

generalised mean pressure
generalised shear stress

conjugate damage energy
generalised dissipative stress tensor
generalised dissipative mean pressure
generalised dissipative shear stress

conjugate dissipative damage energy

yield function in true stress space
yield function in generalised dissipative stress space
function representing the effect of ¢ in total dissipation

function representing the effect of € in total dissipation

function representing the effect of D in total dissipation
function of stresses and internal variables
function of stresses and internal variables

dimensionless function of stresses and internal variables

dimensionless function of stresses and internal variables

dimensionless function of stresses and internal variables
dimensionless function of stresses and internal variables
dimensionless function of stresses and internal variables
dimensionless function of stresses and internal variables
dimensionless function of stresses and internal variables

dimensionless function of stresses and internal variables
dimensionless function of stresses and internal variables

dimensionless function of stresses and internal variables

ultimate stress (Von Mises model)

ultimate stress in tension (parabolic Drucker-Prager model)
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S

ultimate stress in compression (parabolic Drucker-Prager model)

H material parameter determining the rate of expansion of the yield surface
H ¢ the value of parameter H in tension

H, the value of parameter / in compression

k material shear strength (Von Mises model)

a parabolic Drucker-Prager material parameter

ﬁ parabolic Drucker-Prager material parameter

p.  initial yield pressure under isotropic compression

b initial yield under isotropic decompression (expansion)

() material parameter controlling the shape of the yield surface (geomaterials
model)

y material parameter controlling the shape of the yield surface (geomaterials
model)

p back stress (geomaterials model)

M slope of the final failure envelope (geomaterials model)

During the course of inelastic deformation of engineering materials, plasticity and
damage processes normally occur together and one influences the evolution of the
other. Hence, constitutive models which take only one of these two mechanisms
into account may not adequately represent the observed behaviour of materials.
Formulations based merely on plasticity theory [11-19], for instance, generally
suffer from limitations in capturing the stiffness reduction due to damage growth
[11], although they may be successful in modelling the overall stress-strain
response, by explicitly defining some kind of hardening/softening rules for the yield
function. Elastic-damage models [20-27], on the other hand, can successfully
capture the material stiffness reduction due to damage processes, yet they may be
criticised for their inadequacy in properly modelling the residual strains due to
plastic deformations, which may only be included into these models by means of
some empirical definitions [20]. Hence, a combination of both plasticity theory and
CDM is necessary for the development of a realistic and rigorous constitutive

model.

Significant efforts have been made during the past few decades to construct coupled
damage-plasticity models by specifying the interaction between the two dissipative

mechanisms. One of the existing approaches for coupling damage and plasticity is
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to employ two separate loading functions pertaining to damage and plasticity. In
this approach, the two inelastic mechanisms are linked through the constitutive
relations and the plastic yield function is expressed in the effective stress space,
associated with the undamaged state of the material [8, 28-51]. In these models,
hardening rules are usually introduced to control the evolution of the yield function,
while a softening rule controls the evolution of the damage function, and their
coupling results in an overall hardening or softening behaviour, owing to the
combined effects of both damage and plasticity. Nevertheless, due to the use of two
separate loading functions, it is usually difficult to correlate these two surfaces with
the experimentally obtained yield envelope and its evolution to failure, especially
in multiaxial loading scenarios. In particular, the coupling between damage and
plasticity can only take place if the inner loading surface (usually the plastic yield
surface) evolves and hits the outer one, after which the two surfaces evolve

together.

In another class of coupled damage-plasticity models [9, 52-59], the above-
mentioned issues associated with employing two loading surfaces are alleviated by
explicitly defining the damage growth as a function of plastic strain. In these
models, the role of the damage function is to only determine the onset of the
inelastic regime, while the overall inelastic behaviour relies on the yield function
and its flow rules. A physical interpretation of these models is that plasticity can be
considered as an active mechanism of deformation and energy dissipation followed
by damage as a passive mechanism, that is, damage can occur only after some
plastic deformation has already taken place. Such models have shown great success
in modelling the deformation and failure of a wide range of materials. Nevertheless,
the concept of active and passive mechanisms can be used to assess the
characteristics of such models for further improvements. For instance, in quasi-
brittle materials, such as rocks and concrete under tension, energy dissipation
processes usually begin with the development of micro-cracking as an active
mechanism, followed by frictional sliding between the newly created crack surfaces
(passive mechanism). In compression, on the other hand, experimental
observations from geological materials [60-67] suggest that plastic dissipation due
to micro-crack closure and the subsequent frictional sliding takes place together

with the initiation of new micro-cracks, where the stress condition is favourable.
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Another example is grain boundary sliding in metallic materials which can be
inferred as an active plasticity mechanism, followed by the stiffness degradation
due to debonding process (damage) as a passive mechanism [68]. In our opinion, it
is always better to have these features reflected in the constitutive model, in
addition to the requirements on its ease of implementation and adequate predictive

capability.

Furthermore, it is essential for any constitutive model to conform to the principles
of thermodynamics. Although the requirements for the thermodynamic
admissibility of a constitutive model can be applied upon completion of its
development, a more rigorous and consistent approach is to build a constitutive
model within a well-established thermodynamic framework. Keeping all these
aspects in view, the development of a generic thermodynamic approach for
coupling damage and plasticity by addressing the interaction between these two
dissipative mechanisms, as well as controlling the contribution of each of these
mechanisms in the total dissipation, is desired. This study is an attempt towards this
goal by further developing the results of our previous works [68-70] that are based
on a thermodynamic framework proposed earlier by Houlsby and Puzrin [71].
Emphasis is put on the coupling scheme of the proposed formulation so that a single
plastic-damage loading function can be obtained to describe both yielding and the
ultimate failure of a material. The evolution rules for both damage and plastic
strains appear naturally during the derivation of the model from only two scalar
thermodynamic functions (i.e. the free energy potential and the dissipation
function). In addition, the degree of contribution of each of these dissipative
processes can be controlled on the basis of the observed behaviour of materials.
This will allow for a more convenient and easier implementation and calibration of
models, particularly, under multi-axial loading. In addition, dilative and/or
contractive behaviour of engineering materials can be conveniently specified in
cases of either enhancing an existing material model or when developing new

material models.

The outline of this paper is as follows; in section 2, a complete presentation of the
proposed formulation for coupling damage and plasticity along with a detailed
discussion on some of its promising features, are provided. In Section 3, the
applications of the proposed formulation for enhancing the currently existing
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material models as well as constructing new material models are demonstrated

through a number of numerical examples.

2. A New Formulation for Coupling Damage and Plasticity

The framework of generalised thermodynamics by Houlsby and Puzrin [71, 72] is
adopted in this study to ensure the thermodynamic consistency of the model. A
detailed discussion on the development and different features of the proposed
formulation is provided in this section. The generic formulation provides a
consistent and robust scheme for coupling damage and plasticity and allows for
adequately simulating various aspects of material behaviour including dilation,

compaction and non-associated flow.

2.1. Thermodynamic-based formulation

In the formulation presented in this section the notation appropriate for triaxial tests

is used, with the total volumetric strain being defined as ¢, = —¢,; and the total

equivalent shear strain aseg =,/2/3e; e, , where e,=¢,+06,¢,/3 and J; is the
Kronecker delta. Similarly, the plastic volumetric strain is denoted as oy =—a
and the equivalent plastic shear strain is represented by s =+/2/3e/ e/ , where

el =oy;+9, o, /3. In addition, the hydrostatic pressure and the deviatoric stress are

defined as p=-1,/3=-0,/3 and g=./3/, = \/3/2 s;S; » respectively, where

7

=GP

For isothermal processes, the Helmholtz free energy potential is the same as the

elastic strain energy and may be written as:
1 > 3 2
\PZ(I—D) EK(EV —(XV) +EG(8S —(Xs) (1)

where K is the bulk modulus and G is the shear modulus, and D is a scalar damage
variable controlling the strength and stiffness degradation of the material [23, 24].
Despite the popularity of this type of isotropic damage formulation used in several
well-regarded models [e.g. 8, 26, 46, 47, 57, 58], it has been pointed out [29, 73,

74] that this formulation cannot capture well the change in the Poisson’s ratio due
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to material deterioration. This is acknowledged as a shortcoming of the proposed
approach, and this isotropic damage formulation is adopted here due to the
simplicity in both the formulation and the physical interpretation of damage. The
resolution of this problem may be the use of tensorial damage [29], or non-linear

elasticity coupled with scalar damage [73, 74].
The stresses, p and g can be obtained from the Helmholtz free energy as follows:

oY

p=88V={1—D)K(gV—aV) 2)
q:aq’=0—zn3G@¢—aS) (3)
883

The generalised stresses X, , X and X, associated with internal variables ay,
os and D, can also be obtained as:

_ oY
Zv =———=(-D)K(ev —ay )=p )
8ay
oY
Zs =———=(1-D)3G(&s —as ) =¢q (5)
8055
_ oY 1 2 3 2 p2 6]2
=——=—Kler -« +=Gles —a = + 6
7o === Kler—ar) 36l —as) T

In order to specify the coupling between damage and plasticity the following form

of the dissipation rate function is proposed:

D=\¢) +0: +dp + frdv + fss 20 (7)

where ¢, ¢s and ¢p are homogeneous first order functions in the rates of the internal

variables (d,, , dy and D), representing the effect of each dissipative mechanism

on the total dissipation rate function, ®. The dimensionless quantities £, and f; are
functions of stresses and internal variables, which are responsible for controlling
the direction of plastic flow vectors in the true stress space by moving the centre of
yield surface in the dissipative stress space (Fig. 1). The physical meaning of these
functions will be clearer when the formulation of yield surface will be considered

in the dissipative stress space (Equation 17). The generic forms of these functions
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along with the dissipation components (¢, ¢s and @p) used in the above equation

are expressed as follows:

s _p-aVJE(p.q.D.c,) ®)
" F(p.a.D.g,)
_q_b\/E(paanaep) (9)
5T F(p,q,D,ep)
¢V :F( P9, D, &p ) ay (10)
¢5 :F(p’q’Dvgp)dS (11)

F(p,q,D,¢,) xp .
¢D: (p q p)ZDD (12)
\/rdE(p’ q’D’gp)

where € p is the accumulative effective plastic strain the rate of which is given as

€, =1/2dgdg/3~ In addition, bip,q,D,gp) and F(p, q,D,g,,) are functions of

stresses and internal variables and define the form of the yield function in true stress
space. Throughout the remainder of this paper, these functions are simply referred
to as £ and F for notational convenience. Functions a and b are used to control the
energy dissipation due to plastic volumetric strain and equivalent shear plastic
strain and also to control the direction of the plastic flow vector in the stress space
(see Section 2.2 for more details). In addition, the function 74, in Equation (12),
controls the activation and evolution of damage processes. Further discussions on
the role of the functions a, b and r; and their relationship will be provided later
when deriving the evolution rules for the internal variables. Considering the
definitions given in Equations (8) —(12), the general condition required for

thermodynamic admissibility (® = 0) can be given as (see Appendix A):
|pa|£qb+rdF (13)

The above condition imposes some restrictions on the selection of model
parameters and on the definition of generic functions when their explicit definitions
are to be specified for constructing a material model. The further details illustrating
the proof of thermodynamic admissibility of the constitutive models used in this

study are provided in Appendix A.
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The expression of the dissipation rate function as provided in Equation (7) offers
some advantages over the existing models which employ similar expressions for
the dissipation potential [68-70]. It facilitates to control the direction of plastic flow
vector in the stress space for better simulations of dilative and contractive
behaviour. Furthermore, the existence of a single generalised yield function which
controls the simultaneous evolution of damage and plastic deformations arises as a
consequence of expressing the dissipation rate function in the form of Equation (7).
Within the framework of generalised thermodynamics, the yield function in
generalised dissipative stress space (not true stress space) can be derived by
performing a Legendre transformation on the dissipation rate function. Since the
dissipation rate function is a homogeneous first order function in rates, this
transformation is a degenerate special case of Legendre transformation [71, 72].

Using Equation (7), the generalised dissipative stresses [71] are defined as follows:

P oD _ oD O¢y _ o ‘1, Oy (14)
" oar ogy dar | [grglagl | )0dr
O N bs L | 9s (15)
as 0ps 0ds | g gl g2 ods
ob 0D O¢p D 0o
10 =22 ¢p 4 ¢ (16)

oD 0¢p oD (92 +¢2 +¢2 oD

It is inferred from the above equations and Equations (10) — (12) that the
generalised dissipative stresses are functions of the rates of all the internal
variables. This is a consequence of expressing the dissipation function in the form
of Equation (7), instead of using the usual additive form in earlier studies [8, 9, 46],
in which dissipative stresses are dependent on the rate of their associated internal
variable only. Material models constructed based on the proposed formulation will
benefit from possessing a single loading function, which is obtained from the
Legendre transformation of the dissipation function, instead of two separate loading
functions corresponding to damage and plasticity, had the additive form of the
dissipation potential been used. Equations (14) — (16) can be used to obtain a single

generalised loading function as:
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(Y (s
4 _[am/am ij +[8¢5/60k5

o¢p /0D

fs j2 +(“J2 ~1<0 (D)

As illustrated in Figure 1, the above loading function represents an ellipsoid with

0dy O0ds

its centre at the point ( £} P

af‘Sa

Ay as

, 0) in the generalised dissipative stress

space (Y, xs, xp). The radii of this ellipsoid are also denoted by /=0dgy /ey,

m=0¢s | Octs and n=0¢p | D (Fig. 1).

s

0¢s
Is dag
/
v
09,
Xp da,

Figure 1: Geometric interpretation of the yield potential in generalised dissipative

stress space

With the evolution of internal variables upon yielding, the size of the loading

surface and its position in generalised dissipative stress space will vary, however,

its centre will always remain in the (yy, xs) plane (Equation (17)). The evolution of

plastic strains and the scalar damage variable can be determined using this loading

function and by taking its derivatives with respect to the corresponding generalised

dissipative stresses. Therefore, by making use of Equations (4), (5), (8) — (12) and

(17), the evolution rules are derived as:

.oy ( as E
ar = A2 =2z{ ZJ

Oy v F
.oy by E
0552/16)} =21 \/_
ox s F?
.oy’ . E
=i _,;
6}(9 F2}(D
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where 4 is a non-negative multiplier. In deriving the above equations, a constitutive
postulate (i.e. v =xr and Xs =Xs) equivalent to Ziegler’s orthogonality
condition [71] is invoked. It is deduced, from Equations (18) - (20), that the plastic
flow vector is always normal to the loading surface in the generalised dissipative
stress space, regardless of the plastic flow being associated or non-associated in
true stress space. Furthermore, by making use of Equations (4) — (6) and
substitution of Equations (8) — (12) into Equation (17), the general form of the yield
function in true stress space can be given as:
y=(a®+b* +r, JE-F* =0 1)

As can be seen in Equation (21) for the yield function, a, b and rq will affect the
initial shape and size of the yield surface. As these functions a, b and 7, are also
involved in the evolution rules for plastic strains and the scalar damage variable
(Equations (18) — (20)), they will have effects on the evolution of the yield surface.
It should be noted that the evolution of the yield surface in a damage-plasticity
model is governed by both damage and plastic strains. In this sense, the functions
a, b and ry will have both direct (Equation (21)) and indirect (Equations (18)— (20))
influence on the evolution of the yield surface. In order to simplify the calibration
procedure of the initial yield surface against experimental data, the effects of model
parameters on the initial the yield surface, and its evolution need to be separated.
In other words, the calibration of the initial yield can be independent from its
evolution. For this purpose, the following conditions are imposed to eliminate the
direct effects of a, b and 74 on the initial size and shape of the yield function in true

stress space:
a’+b’=r, and ry+r, =1 (22)

By imposing the above conditions, the functions a, b and r; will only control the
evolution of the yield surface and not its initial size and shape in true stress space.
Accordingly, a user input with 4 = 1 implies that damage is the only active
dissipative mechanism and no plastic deformation will take place, whereas the
reverse is true when 7, = 1. For all other cases (0 <4< [/ and 0 < r, < 1), damage
and plasticity occur together, while 4> r, (or r, > rq) indicates that damage (or
plasticity) is the dominant mechanism. Therefore, in order to control the coupling

between damage and plasticity, the model requires only one input parameter 74 (or
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rp). Similarly, for controlling the direction of plastic flow vector in stress space,
only one parameter a (or b) is needed. Finally, by imposing the condition of
Equation (22) on Equation (21), the general form of the yield in true stress space is
expressed as:
y=E-F =0 (23)

The explicit form of the yield function can be determined by specifying the
functions £ and F which in turn are defined on the basis of the specific
application and the problem to be solved. Further discussion on the various forms
of these functions £ and F is provided in Section 3. In addition, it is important
to examine the proportion of energy dissipation due to damage and plasticity
relative to the total dissipation rate (defined as Rp and Rp, respectively). Since for
rate independent material behaviour, the dissipation potential is a homogeneous
first-order function in terms of the rates of internal variables [71], by making use

of Euler’s theorem for homogeneous functions, the dissipation function can be

written as:
CD:;@O'(V +ic_bds +a£D=;(V0'cV + x50 + xp0p =Py +Og + D, 20 (24)
ooy, oog 0

where @,, ®; and @, are the dissipation rate functions corresponding to plastic
volumetric deformation, plastic shear deformation and damage, respectively (note
that they are different form functions @», ¢s and ¢p in Equation (7)) . As the
functions @,, ®s and @, can be written explicitly in term of stresses (see Appendix

B), the ratios between the dissipation rate due to plasticity or damage and the total

dissipation rate can be obtained as follows:

@, __ nE (25)
) rdx/E+ pa+qb
O, +®;  pa+gb (26)

) 7, \/E + pa+ gb
Also, the expressions of @, and ®s(Appendix B) can be used to obtain the ratio
between the dissipation rates associated with volumetric and shear components of

the plastic deformations ( R p) as:

@y, _pa (27)
O, gb
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In order to facilitate the calibration of model parameters, the total dissipated energy
during the entire course of deformation are calculated and compared with the
experimentally measured total dissipation. This can be achieved if the total
dissipation rate function can be expressed as an integrable function in terms of the
rate of one internal variable. For instance, the total dissipation rate function can be

expressed as a homogeneous first order function in term of «a ; as (see Appendix

B):

o= rd\/E-}—ﬁl-}—q as ZF(as)ds (28)
b b

The final form of r(OCS) is determined by specifying the function E. The above

discussion is further clarified through an example, given in Section 3.1, for a one-
dimensional Von Mises model, where an explicit form of the total energy

dissipation (fracture energy) is obtained by integrating the dissipation rate function.

2.2. Controlling the direction of plastic flow vector

As discussed previously, the evolutions of plastic strains (Equations (18) — (19))
can be controlled by functions a (or b) and 74 (or ), where the relationship between
these functions is given through the conditions of Equation (22). In this regard,
Equations (18) and (19) can be used to give the ratio between the rates of plastic

volumetric strain and equivalent shear plastic strain as:

ar _a (29)

As mentioned earlier, the plastic flow vector is always normal to the loading surface
y* in the generalised dissipative stress space. However, it is normal to the yield
surface y in p-g stress space only if the flow rule is associated, where it will satisfy

the following condition:

a_o/op (30)
b d/oq

In order to control the ratio between the plastic volumetric strain and the equivalent
shear plastic strain rates for simulating non-associated flow, a dimensionless

function ¢ can be introduced as:

a ay/ap (31)

=c
b 0y/oq
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where the flow rule is associated if ¢ = 1, and it is non-associated if ¢ # 1. By
making use of the conditions of Equation (22) functions, a and b can be expressed

in term of ¢ as follows:

2

a=+ C }"p
RNE, @
dy/op
b= d
et (202 63)
C
dy/oq

Thus, a and b can, in general, be determined indirectly by defining the function c.
Following the sign convention adopted in this study (compression is positive),
positive values of a@ (a > 0) correspond to plastic compaction, whereas negative
values of a (a¢ < 0) indicate plastic dilation (see Equations (18) and (19)).
Furthermore, a = 0 implies pure plastic shear deformations (no plastic volumetric
deformation), which is commonly observed in metals. The role of the function ¢ in
modelling the material behaviour and its influences on the plastic flow direction is

illustrated by providing an example in Section 3.

2.3. Tangent stiffness tensor

In this section, the formulation of the tangent stiffness tensor C'.

it 1 presented as it

may be necessary for integration of the rate equations if an explicit integration

scheme is used. The stress tensor can be given, by making use of Equation (1) as:

¥ 0¥ e, OFa ) .
e =a&;;+§&;; —(1-D) (K&* 8, +2Ge; )=(1-D) Cyu (64 —cu)  (34)

From the above equation, the incremental stress tensor can be determined as:

dtf/‘ :(I_D)Czjfk/ (ék/ —adu )—%D (35)

Furthermore, Equations (18) and (19) can be used to obtain the incremental plastic
strain tensor O ij , which can be written as:

oy [ay* oy s &y Oys j (36)

d,“ =ﬂ. =i
7 Oxv 0oy Oys 0oy

96



CHAPTER 3: JOURNAL PAPER 2

The consistency condition can now be written by utilising the yield function of

Equation (23) as:

L) P (37)

y=——0,; +——¢, +
Y e, 1 e, 7 D

i
where the rate of effective plastic strain € , can be obtained using Equation (36)

as:

¢, = %dydy _ i |2 oy (38)
3 3 6;(17 6;(17

Therefore, the non-negative multiplier Ais obtained, by making use of Equations

(20) and (35) — (38), as:

A =M, ékl (39)

where

(I—D)a? C[jkl
M, = . g . . . (40)
(1-D) o~ Oy oy 0, 0Oy Oy \/25y oy 0y Oy

oo i

+ —
Oy ©0o0,;1-D oy, 0e¢,\30x; 0x;, 0D 0y,

i

Finally, the incremental stress-strain relationship is expressed as:

. o' o, ', ¢ .
6; =|(1=D)Cy, —(1-D)Cy, ox My - 1—/D My B }61{1 = Cij €n (1)

st

where Cl;kl represents the tangent stiffness tensor.

2.4. Stress Return Algorithm

Numerical implementations require the stress state be updated for a given strain
increment. For infinitesimal increments in strains, stresses can be updated explicitly
using the tangent stiffness or a forward-Euler scheme. However, in practical
applications, the strain field within a structure is not uniform and hence, strain
increments at material points (e.g. Gauss points in FEM) may not be infinitesimal
throughout the body and consequently, the updated stresses may lie outside the
yield surface. Unless the stresses are corrected and returned onto the yield surface,
the forward-Euler scheme may give rise to erroneous values for stresses at the

material point which in turn may result in a divergence in numerical scheme applied
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for satisfying equilibrium equations at the structural level. Hence, a form of
backward-Euler scheme is adopted here to return the stresses to the yield surface
following an elastic trial predictor. Returning procedures, which involve returning
the trial stresses onto a new yield surface (in cases of hardening or softening), are
activated only if the trial stresses lie outside the yield surface. To this end, the new
yield surface is approximated at the trial stress values using a first order Taylor

expansion as follows:

trial trial

a trial

66p

; Oy
n+l trial re
= y" + L Ao)
Y Y 0o ;; Y

g

+ a—yAD
oD

P

As the strain increment has been utilised to move to trial stress values, the return

stress increments, Ag;’, in the above equation can be obtained as:

trial

. O ..
Ao_‘r'e _ 0_7+1 _ O_trml _ |:_ (1 _ D)CUHA(ZH _ —UAD:| (43)

Y Y (1—D)

This stress return algorithm is slightly different from a full backward-Euler scheme
in which ,,~ are calculated as normal to the new yield surface (ynH) by applying

an iterative scheme. By substituting Equations (20), (36), (38) and (43) into

Equation (42), the non-negative multiplayer A4 can be obtained as follows:

trial

A= N N trial " " trial « |trial (44)
o, . .
K (1-D)C,, Y % | 2y
do,; oc,, (1-D) oy, o, \ 3 0x; Oy oD o,

Therefore, the final updated stresses can be obtained as:

. . * O.. *
ot =g A =g (1= D) Gy 2D Ty (45)
oo, (1-D) &,

3. Applications

In this section, the applicability of the proposed formulation for modelling the
inelastic behaviour of a wide range of materials is discussed and its promising
features are demonstrated through some numerical examples. In each case, the
model predictions are validated against experimental data available in the literature.

In what follows, firstly, the features of the proposed formulation are illustrated
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through coupling damage with the Von Mises plasticity model, which is widely
utilised for modelling the behaviour of pressure independent materials. Secondly,
the influence of the plastic flow direction on the material response is investigated
through the development of a coupled damage plasticity model for pressure
dependent materials based on the parabolic Drucker-Prager yield function. Finally,
through constructing a new model for cohesive frictional geomaterials, it is
demonstrated that the proposed formulation can also facilitate the development of

new elastoplastic damage models.

On the other hand, it should be noted that the focus of this paper is on the
development of a thermodynamic-based formulation at the constitutive level and
the issues related to material stability of the model in solving Boundary Value
Problems are not considered in this study. The enhancements of the proposed
models using nonlocal theory or viscous regularization for effectively dealing with
the issues related to solution of boundary value problems will be the next step of
developments. Our experience with these kinds of regularisation [8, 9, 32, 70, 81,
82] showed that these techniques can be readily added to obtain discretisation-

independent numerical solutions.

3.1. Coupling damage with the Von Mises plasticity model

The yield function of the classical Von Mises model in the (p - ¢) stress space can

be written in the following form:

y=y3J, k(D ¢,)=q—k(D, ¢,)=0 (46)
The exclusion of pressure (or the first invariant of stresses /;) in the above
expression indicates its pressure independency. In order to incorporate the effects
of plastic deformations and damage in the model the shear strength, & is defined as
a function of two internal variables, namely, the scalar damage variable, D and

accumulated plastic strain, ¢, as:

k:(l-D)(fy+Q(1—e'H” )) (47)

where £, and Q are the initial yield and the ultimate stresses, respectively, and H is
a material parameter which determines the rate of expansion/contraction of the
yield surface. It can be seen from Equations (46) and (47) that the evolution of the
yield surface is governed by evolutions of damage D and equivalent plastic strain
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&p, where the evolution of ¢, is defined by Equation (38). Comparing Equation (46)
with the generic form of yield function as stated by Equation (23), it can be inferred
that E = ¢ and F* = k for von Mises yield function. Therefore, the flow rules can
be obtained by making use of Equations (18) — (20) as follows:

i, = 22& (48)
k
g = 22—1’ Ve (49)
k
D=2j"1d4 (50)
kZD

In addition, the plastic flow rule in the tensorial form can be derived using Equation

(36) as:

=

o

o' i avads bdg 3 ol 51
=il 2————+2 (51)
X i k3 k 237, 0oy

The stress-strain response produced by the above model definitions is illustrated in
Figure 2. The effect of different levels of damage activity, for different values of
rq4, can also be observed in Figure 2. Also, the model parameters used are: Young’s

modulus = 200000 MPa, Poisson’s ratio (v) = 0.3, f, = 250 MPa, O = 50 MPa and
H = 1000. It should be noted that the incompressibility condition (&, =0) of the

Von Mises model can be accounted for by setting @ = 0. In Figure 2, the curve
associated with 7, = 0 indicates a pure plastic deformation of the material without
having any damage, while for other cases, where the damage and plastic
deformations evolve together (0 < r; < 1), the effect of damage is observed as

reduction in the ultimate stress and the softening behaviour (Figure 2).

In general, the strain hardening behaviour of ductile metals (e.g. steel) under
uniaxial tensile loading is accompanied by an insignificant reduction in stiffness
immediately after the initial yielding. For these materials, softening behaviour is
observed after the ultimate stress is reached followed by complete failure of the
material. This behaviour can be replicated by making use of the enhanced Von
Mises model, introduced here, by controlling the degree of activation of damage

and plasticity. For instance, damage can be switched off during the strain hardening
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process, where no considerable stiffness reduction is observed (Figure 3(a)), by

setting 7 = 0 (see Equations (48) — (50)).
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Figure 2: Stress-strain response of a coupled damage-plasticity model based on

Von Mises model under uniaxial stress condition for various values of rq.
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Figure 3: (a) Effects of different values of rq on the stress-strain response of steel
under uniaxial tension (b) Corresponding values of rq for activation of damage

mechanism at a critical value of plastic strain gy = 4.5x10°7,

The softening behaviour, however, can be modelled through activation of damage
by using a value of r4 greater than 0, once the accumulated plastic strain reaches a
critical value &, (Figure 3(b)). As illustrated in Figure 3 (a), higher values of r4
correspond to more brittle behaviour with steeper slopes in the post-peak response.
Furthermore, the stress-strain response of Aluminium Alloy 6082 under uniaxial
tension [75] can be adequately captured by the proposed model as illustrated in

101



CHAPTER 3: JOURNAL PAPER 2

Figure 4. The model parameters used for this analysis are: Young’s modulus =
30000 MPa, Poisson’s ratio (v) = 0.3, f, =40 MPa, Q = 85 MPa, H = 50, and ¢, =
0.48 and ra= 0.97.
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Figure 4: Stress-strain response of Aluminium Alloy 6082 under uniaxial tension.

Damage is activated at a critical value of the plastic strain gpc = 0.48 and rq = 0.97.

As discussed earlier in Section 2, the calibration of model parameters can be
facilitated by calculating the total energy dissipation during the course of inelastic
deformation and also by comparing the calculated and experimentally measured
total dissipated energy. The explicit analytical expression of the total dissipation
for the enhanced Von Mises model under uniaxial stress condition is provided in

Appendix C.

3.2. Coupling damage with the parabolic Drucker-Prager plasticity model

Figure 5 illustrates a typical yield surface of plain epoxy resin which has a parabolic
shape in its initial and final yielding states [76]. In this section, based on the
coupling scheme of the generic formulation, the parabolic Drucker-Prager model is
enhanced by coupling this pressure-dependent plasticity model with damage. In
addition, the non-associated flow and inelastic volumetric deformations (dilation
and compaction) are successfully modelled thanks to the coupling scheme of the

proposed generic formulation.

The parabolic Drucker-Prager yield function can be expressed in terms of pressure

p and deviatoric stress ¢ as:

y=3J2+%11—ﬂ(D,ep)zqz—ap—ﬁ(D,ep)zo (52)
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Figure 5: Parabolic Drucker-Prager yield function applied to plain epoxy resin

[76] where ¢ =+ \/gq is the octahedral shear stress (Circles indicate experimental
data points).

The parameters a and f in the above expression are given as:

B=f,f, anda=3f,-1,) (53)

where f., and f;, are the uniaxial yield stress in compression and tension,
respectively. It is assumed that, f., and f;, will vary progressively with the evolution
of plastic deformation and therefore their dependency on the damage variable and

accumulated plastic strain can be defined as:

f, =0~ D)(fco + Qc(l —e e )) and f, = (1—D)(f,0 +Q,(1—e'H'*’” )) (54
where fio and f-o are initial yield stresses, and Oy, Q., H;, H. are material constants
with subscript ¢ and ¢ corresponding to tension and compression, respectively. The
growth of damage will progressively reduce the values of a and £ leading to the
contraction of the yield surface (Equation (54)). On the other hand, the growth the
effective plastic strain ¢, will give rise to the expansion of the yield surface. By
comparing Equation (52) with Equation (23), it is deduced that £ and F can be
defined as: £ = ¢ — p and F? = B. With these expressions of £ and F, the

flow rules can be obtained using Equations (18) — (20) as follows:

_9j a\q® - ap (55)

4
k
dg = 2 b\/q2 —ap (56)
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DzziM 57
B

Furthermore, by making use of Equation (34), the plastic flow rule is obtained in
its tensorial form as:

i, ald’ —ap (‘5a)+2b\/q2—ap 3 o, (58)

a. =12 =

7 doy B 3 B 2\/3 J, 00,

3.2.1. The effect of ra and c on the model response

The stress-strain response of the coupled damage-plasticity model based on the
parabolic Drucker-Prager yield function, for uniaxial loading, is illustrated in
Figure 6. The parameters used for this analysis are: young’s modulus = 35000 MPa,
Poisson’s ratio (v) = 0.18, fio =5 MPa, foo = 10 MPa, Q; = 15 MPa, Q. = 30 MPa,
H, =2000, H. = 2000. The effect of r; on the material behaviour is also shown in
Figure 6, where r4 varies from 0 (no damage activation) to 0.18. As can be observed
in Figure 6 a higher value of r4leads to a higher level of damage activity gives rise

to a lower ultimate stress with a more significant softening behaviour.

20 3 ooed
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Figure 6: Effect of rq on the stress-strain response of a material under uniaxial

loading based on the associated flow rule.

The direction of the plastic flow vector in stress space is indicative of the level of
contribution of the volumetric and the shear plastic strains to the total plastic
dissipation. In addition, dilational and/or contractive modes of deformation give
rise to different directions of the plastic flow vector in stress space. The reverse

scenario is, however, pursuit here as the model response is controlled by the
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direction of the plastic flow vector in stress space. The variation in the model
behaviour due to changes in the direction of plastic flow vector (different values of
the parameter c) is illustrated in Figure 7. Cases with ¢ > 1 correspond to larger
plastic volumetric strain rates, with the plastic flow vector being more inclined
towards the p axis in the (p — g) stress space, compared to that in the case of
associated flow (¢ = 1), and the reverse is true for cases with ¢ < 1. In addition, a

higher value of ¢ gives rise to more dilational behaviour, as illustrated in Figure 7
(b).

(a) (b)
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Figure 7: (a) Effect of ¢ on the stress-strain response of a material under uniaxial
compression (rq = 0.07), (b) Effect of ¢ on the total volumetric strain and

equivalent shear strain under uniaxial compression (rg = 0.07).

3.2.2. Behaviour of concrete under uniaxial cyclic loading

The nonlinear responses of concrete materials under cyclic tensile and compressive
loading [77] are predicted by the proposed model and the results obtained are
presented in Figure 8. The model parameters used for the tensile loading are:
young’s modulus = 31700 MPa, Poisson’s ratio (v) = 0.18, /= 3.48 MPa, fio=3.48
MPa, foo =10 MPa Q; = 0 MPa, Q- = 15 MPa, H; = 0, H. = 1000 and r; = 0.14.
Figure 8 (a) shows a reasonable agreement between the model prediction and the

experimental data.
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Figure 8: Behaviour of concrete under cyclic loading: (a) uniaxial tension
(experimental data obtained from [77]); (b) uniaxial compression (experimental

data obtained from [78])

In addition, Figure 8 (b) compares the model prediction with the experimental data
from cyclic compressive loading on concrete [78]. In this case, the model
parameters used are: young’s modulus = 31000 MPa, Poisson’s ratio (v) = 0.18, f’
=27.6 MPa, fin=3.48 MPa, fco = 12 MPa, Q: =0 MPa, Q. = 38 MPa, H; = 0, H.
= 1600 and r; = 0.28. Figure 8(b) also shows a very good agreement between the
model predictions and the experimental data which indicates a successful

performance of the proposed model.

3.2.3. Dilation of unconfined concrete under uniaxial compression

The dilative or contractive behaviour of material models constructed following the
proposed generic formulation can be controlled by appropriately defining the
parameter ¢ (or functions a and b (see Section 3.3)). The experimental results of an
unconfined concrete specimen under uniaxial compression [79] is used to
determine the variation of parameter ¢ with respect to the equivalent shear strain &,

as illustrated in Figure 9.
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Figure 9: Evolution of ¢ for unconfined concrete under uniaxial compression.

The nonlinear response of the concrete specimen is predicted by the proposed

model using material properties as; young’s modulus = 35000 MPa, Poisson’s ratio
(v) =0.18, ff=2.4 MPa, and f.= 32 MPa [78]. The model parameters used are: fi
=2.4 MPa, foo=10 MPa, Q; =0 MPa, Q. =29 MPa, H; = 0, H. = 2600 and rq =

0.17 along with the values of ¢ as indicated in Figure 9. The comparison between

the model prediction and experimental data, as illustrated in Figure 10, highlights

the capability of the proposed model.
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Figure 10: (a) Stress-strain response of concrete under uniaxial compressive
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3.3. Development of an elastoplastic damage model for cohesive-frictional
geomaterials

In laboratory experiments, inelastic deformation of cohesive-frictional
geomaterials such as rocks, hard clays, etc., is observed as a reduction in stiffness
and strength as well as the occurrence of residual strains. The failure process begins
with a relatively uniform distribution of micro-cracks throughout the material
followed by localisation of microcracks within a band which finally leads to the
formation of a macro-crack and then shear sliding of the two faces of the
macroscopic fracture. A common strategy for modelling such failure process is to
employ a yield function or a plastic potential, which controls the evolution of
dissipative processes (damage and plasticity), for the states before the formation of
the final macro-fracture, and a separate failure function to describe the shear sliding
between the two faces of the macro-fracture [36]. In this section, specific
definitions of the functions £ and F', in the generic formulation, are given so that
a single-surface yield function in true stress space is obtained. This yield surface is
then transformed to a final failure function as the scalar damage variable grows
from zero to one. This is a promising feature of this model which facilitates
capturing the brittle and ductile responses as well as the brittle-ductile transition,
without any need for separately introducing hardening/softening rules. It is also
demonstrated briefly that the features of proposed generic formulation facilitate the

modelling of dilative and contractive responses of cohesive geomaterials.
3.3.1. The yield function

In order for the model to be capable of capturing the inelastic volumetric
deformation of the material under isotropic compression (or expansion), it is
required that the yield function have a closed envelope in the principal stress space.
Hence, a single-surface yield function with a tear-drop shape in true stress space
[4] is derived following the structure of the proposed generic formulation. In this
regard, the damage is incorporated in the model formulation in such a way that the
initial yield function is transformed gradually into a linear frictional failure function
as the damage variable grows from zero to unity. To this end, the functions £ and

F in Equations (8) — (12) are defined as follows:
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2

£ (l—D)(p—p)(P - mw(l"p)) + qT (59)
((l—ﬂmjpﬂ(l_p)m .
p.tp, 2

F=p-(1-D)w(p-p) (60)

In the above expressions, 0 <@ <1 and 0 <y <1 are materials parameters while pc

and p; represent pressures at initial yield under isotropic compression and
expansion, respectively. The parameter M represents the slope of the final failure
envelope in true stress space. By making use of the above definitions and the
general form of the yield function, given by Equation (23), the yield function in

true stress space is obtained as:

2

_ (1-D)(p-p) { q 2_120 (61)
’ (=] Ly mlp—a-pyo(p-p)
p+p, 2 ‘

In the above expressions, parameter p represents the pressure at the intersection

of the final failure envelope and the initial yield surface and it can be calculated by

considering the yield condition under isotropic compression as:

(4-y)pep+ypl
2(pc+p)

p= (62)

In addition, for y = ® =1 and p; = 0 the yield function of Equation (61) is the same
as the modified Cam-Clay. Figure 11 illustrates the evolution of the yield surface
with damage growth and the transformation of the initial yield surface to the final

failure surface when the damage variable is one.

Final Failure envelope

q (MPa)

initial yield\D = 0

P
p (MPa)

Figure 11: Evolution of the yield surface with damage growth.
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3.3.2. Dilative and contractive responses with non-associated flow rules

For any point (stress state) on the initial yield surface y in true stress space p-¢,

there exists an elliptical loading surface y* in generalised dissipative stress space

Xy — Xg which can be expressed by making use of Equation (17) as:

y*Z[XV—(P—G\/;)r*-[XS—(q—b\/;)]z—Fz—rdE:O (63)

These loading functions in dissipative stress space are analogous to the concept of
plastic potential in conventional plasticity. As illustrated in Figure 12, the flow
vectors in true stress space are defined as normal to the corresponding elliptical
loading function in dissipative stress space. Furthermore, functions a and b,
appeared in Equation (63), can be defined in terms of true stresses which helps to
predict the directions of flow vectors in true stress space. Possible definitions of

these functions are proposed as follows:

2
q
a=*.r|1- (64)
p{ MZFZ}
qz
b=|r (65)
p M2F2

Following the sign convention of compression positive, the plus and minus signs
used in Equation (64) correspond to plastic volumetric contraction and dilation,
respectively. Hence, a dilative or contractive response at any point on the yield
surface can be simulated by choosing the appropriate sign of parameter a. For
instance, Figure 12 (a) — (¢) illustrates the directions of flow vectors on the initial
yield surface of Bentheim sandstone corresponding to confining pressures (o,) of
30 MPa, 120 MPa and 300 MPa . For any positive value of parameter a, the model
behaviour is contractive, whereas the model exhibits dilational behaviour if a

negative value of a is chosen (Figure 12).
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Figure 12: Initial yield loci in dissipative stress space (y*) and in true stress space
(v), with directions of flow vectors for Bentheim sandstone at the onset of
yielding under triaxial loading at (a) 30 MPa, (b) 120 MPa and (c) 300 MPa

confinement

In order to set a criterion for appropriately choosing the sign of parameter a, the

pressure at the intersection of the final failure line and the initial yield locus, i.e. p

(Equation (62)), is defined as the critical pressure. Any point on the yield surface
with a pressure below the critical pressure (p < p) corresponds to dilative response
and softening behaviour, where the parameter a is negative. If, on the other hand,
this pressure exceeds the critical pressure (p > p), the model exhibits compaction
and hardening or ductile behaviour where parameter a will be positive. The model
behaviour at the intersection of the initial yield surface and the final failure line (p
= p) is perfectly plastic (brittle-ductile transition), as shown in Figure 13. It is also
important to note that regardless of the sign of a, the dissipation rate function, as

given in Equation (7), is always positive (see Appendix C).
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Figure 12: (a) Brittle, brittle-ductile transition and ductile responses and (b)
Dilation/softening and compaction/hardening regions with their transition for

Bentheim sandstone (p~400 MPa, p;= 10 MPa, M =1.45, ® = 0.6 and y = 0.8)

4.1.1 Behaviour and validation of the proposed model

A series of experimental data of Bentheim sandstone [80] is used to assess the
performance of the model. A number of yield points (Figure 14) corresponding to
different confining pressures are used for the calibration of initial yield parameters,

1.e. pe, pr, M, @ and y.
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Figure 14: Calibration of the model parameters (p.~400 MPa, p: =10 MPa, M
=1.45, w=0.6 and y = 0.8)

Figure 15 illustrates the performance of the model with the same level of activity
for damage and plasticity processes, i.e. ¥« = 1, = 0.5. It is expected, however, that
the contributions of damage and plasticity in energy dissipation vary for different
levels of confining pressure. In the dilation/softening region (see Figure 13 (b)),
under low confining pressures, damage is the dominant mechanism of the inelastic
deformation, while at medium to relatively high confining pressure, the dominant
mechanism of deformation and energy dissipation is plasticity. At significantly
high confining pressures, however, damage is envisaged to be the dominant
mechanism again. The dominance of the damage dissipation at significantly high
pressures in granular materials can be attributed to phenomena like grain crushing
[5, 6,81, 82]. Model predictions, in general, show a reasonable agreement with the
experimental data (Figure 15). However, as can be seen in Figure 15 (b), the model
prediction does not closely follow the experimental data in the brittle/softening
region. The main reason for this deviation is that the material behaviour, produced
by the model, is compared with that of the specimen without considering the size
effect of the specimen used for recording the experimental data. The size effect of
a structure (or a specimen) on the nominal strength and post-peak behaviour is a
well-known issue and it is more profound when the material undergoes softening
[see e.g. 83]. The issues of localised failure and size effects can be resolved by
using a regularisation technique which is not considered in this study as this is not

the primary focus of this investigation.

113



CHAPTER 3: JOURNAL PAPER 2

400 - (a)
300 MPa
350 A Y
'/" > = R ko
5250 - P Gaah A 180 MPa
o ‘
= 200 1 ceteter 120 MPa
o150 - 7 90 MPa
#
100 4 /# .
1" - Experiment
50 4 /¢ ..
[ —Model prediction
0 T T T 1
0 0.02 0.04 0.06 0.08
Volumetric Strain (g,)
300 -
b
(®) 120 MPa
250 4 GGt St S SRS SN
200 A /‘/.,,r*' 300 MPa
~~ L2
< o
% 1504 4 ¢ 30 MPa
~ /f / *
S 100 1 ¢
s0 -~ Experiment
2 —Model prediction
0

0.00 001 002 003 004 0.05
Axial strain g,

Figure 15: Model validation against experimental data of Bentheim
sandstone [79], (a) pressure-volumetric strain (b) differential stress-axial

strain with vy = r, = 0.5

4. Discussions and Conclusions

A thermodynamically consistent generic formulation for constructing constitutive
models for engineering materials is proposed in this study. The focus of the study
is to obtain a rigorous and consistent method for coupling damage and plasticity for
a range of engineering materials. As a result, a general form of the total dissipation
rate function is developed which can be conveniently transformed to get a single
generalised loading surface for both yield and failure states. This single loading
surface governs the simultaneous evolutions of both damage and plasticity where
the coupling between these two mechanisms is effectively specified through a

model parameter without imposing any restrictions to the model. In addition, the
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inherent features of the generic formulation also facilitate the modelling of the

inelastic dilative and contractive behaviour of materials.

It is shows that the proposed generic formulation possess good potentials in
enhancing existing as well as developing new constitutive models. Despite the
impression that a large number of parameters is needed for the model, it should be
noted that the majority of these parameters are in fact used for defining the yielding
behaviour of three different types of materials in a generic form utilising functions
E and F. Since the yield points in stress space are usually obtained from
experiments (see the example of porous rocks in Section 3.3), these parameters can
be readily calibrated. It is to be noted that these parameters are independent from
the remaining small number of parameters used for defining the failure evolutions,
which facilitates the calibration of the remaining parameters for the inelastic
behaviour. For defining the inelastic response, besides the elastic modulus and the
Poisson’s ratio, the proposed formulation requires two mandatory parameters
which are 74 (or r,,) to specify the proportion of energy dissipation due to damage
(or plasticity), and a (or b) to control the direction of the plastic flow vector. Besides
these mandatory parameters, an additional set of 3 to 4 parameters are needed to
control the hardening and softening processes of metal (Figure 4) and concrete
(Figure 8) while the failure of porous rock (Figure 13) does not need any additional
parameters. We also acknowledge that all models used in this work are relatively
simple, as they are just used for the purpose of illustrating the applicability of the
proposed generic approach. In this sense, future focus on a particular material
and/or behaviour may help to identify shortcoming of the approach for further

developments and improvements.
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Appendix A: The general condition for thermodynamic admissibility

The general condition for thermodynamic admissibility is derived from the premise
of strictly non-negativeness of the dissipation rate function, given by Equation (7).
This condition can be derived by making use of the general definition of functions
and parameters appearing in Equation (7), and defined through Equations (8) — (12)
as well as the flow rules of Equations (18) — (20) and the yield condition, as given
by Equation (23). For convenience these Equations and definitions are also repeated

here:

The dissipation potential
D =1¢; +d5 +6, + frdy + fsps 20 (A-1)

Definition of functions

fV:p—a\/E(p,q,D,Sp) (A-2)
F(psansgp)
S:q_b\/E(p,q,D,gp) (A—3)
F(p,q, D,gp)
¢ =F(p,q.D,¢,)cr (A-4)
¢S :F( p9Q9D98P )aS (A_S)
F(p,q,D, YD .
¢D — (p q 8P)ZDD (A‘6)
\/rdE(p,q,D,ep)
Flow rules
gy = i 48 (A7)
oxv F?
.oy [ by E
L o (A-8)
ox s F?
poi ¥y ek (A-9)
Ox o F?x»p

The yield function in true stress space
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Substitution of Equations (A-2) — (A-9) into Equation (A-1) and making use of
Equation (A-10), results in:

O=2i\a +b +r, +(ﬂ+q—b)—(a2+bz) >0 (A-11)
F F
Since j > 0 the non-negativeness of the term in the parentheses is required, i.e.

V@ +b7 +r, +(%+q—;)—(a2 +b2)20 (A-12)

Since F >0, recalling the condition of Equation (22) (a’ + b* = r,and r, + ra = 1)

and, the above expression is reduced to:

pa+gb+r,F =0 (A-13)

In the above expression, the second and the third terms are always non-negative.
The first term, however, can be negative when the model behaviour is dilative (a <
0) under compression (p > 0). The following general condition is therefore required

to be satisfied for thermodynamic admissibility:

\pa |<qb+r,F (A-14)

It should be noted that the expression at the right-hand side of the inequality in the

above condition is always non-negative.

In the case of the Von Mises model, due to incompressibility constraint, i.e. ov=a
= 0, the condition of Equation (A-14) is always satisfied. For the case of the
enhanced Drucker-Prager model, in which an additional parameter ¢ is used to
control the direction of the plastic flow vector in stress space, no general proof can
be given for thermodynamic admissibility. However, by making use of the general
condition of Equation (A-14), some restriction is put on selecting the parameter ¢
for modelling the dilational behaviour under compression. In this regards,
parameter a in (A-14) can be substituted for form Equation (31) to give the

following restrictive condition on c:
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< gb +r,F
B oy /op (A-15)
9y /0q

p

Considering the Drucker-Prager yield function, as stated by Equation (52) the

above condition can be rewritten as:

~ 2q(qb+;;,\/g)écS 2q(qb+rd\/5) (A-16)
pba pba

This condition imposes a restriction on the direction of the flow vector and is met

for the example presented in the manuscript.

In the case of the new geomaterial model it is required to demonstrate that the model
conforms to the condition of Equation (A-14) for modelling the dilative behaviour
under compression. To this end, parameters a and b in (A-14) are substituted for

from Equations (64) and (65) to give:

2 2
q q
p\/rp£l— MzeJ Sq\/rp s +r,F (A-17)

Comparing the above expression with the yield function of Equation (61), the above

expression can be rewritten as:

p\/rp((l—D{gp_p))z Sq\/rp(l_((l—Dl(lp_p))zJ_H,dF (A-18)
where
a=UENee=pe Ly gy (A-19)
p.+p 2

Functions F and A are always positive or non-negative, therefore, (A-18) can be

rearranged to give:
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(0=DXp-p)Y) .,

A q\/rp[l ( y ) j+Fd (A-20)
—p<

mr (-D)pyr,

In the dilation regime the term (p - p) is always negative See Figure Al, while the
right-hand side of the above expression is always positive. Therefore, it is deduced
that the model follows the general condition for thermodynamic admissibility as

stated by Equation (A-14).

g=0
b>0

p<0
a <0

q<0
b<0

Figure Al: Sign determination diagram for volumetric and shear dissipation rate

functions
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APPENDIX B: Energy dissipation potential as a function of stresses and (5CS
Using the definition of ¥ v, ¥ s and ¥ p, Equation (24) can be rewritten as:
(DZZVG'V +%Sa's +}(DDZO (B'l)

Substitutions of Equations (18) — (20) into Equation (B-1), gives:

= ;(Vz/la‘/_ ;(Szzi 2/1— (B-2)
F? F? F?

Recalling the constitutive postulate of ¥, =X , and X, = X, and using Equations

(4) and (5), the above expression can be rewritten as:

cpzpz,ia‘/_ q2l£ 2k (B-3)
F? F>

Therefore, the following expressions for the dissipation rate functions

corresponding to each internal variable can be obtained, using Equation (B-3), as:

aVE

Oy =p2i (B-4)
F?
JE
(DS —q2ﬂ.b— (B—S)
F?
. I"dE
CDD = 21; (B—6)
From the above equations, the following ratios are defined:
Ds gb
=S B-7
D> N E (B-7)
() a
= P (B-8)
(DS Qb

Substituting the above ratios into Equation (24), the total dissipation rate function
@ can be expressed in terms of @ and stresses as:
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o=Pg, sy 1V E g (e, VE g (B-9)
gb gb gb gb
Since s =ysCs and x, =X, =¢, it follows that:
CDS ZQO.CS (B—IO)

Thus, substitution of Equation (B-10) into Equation (B-9), the expression of the

total dissipation rate function, @, in terms of & s and stresses are obtained as:

q)z(ﬁl+q+rd ﬁ}o‘cs (B-11)

b b
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APPENDIX C: Energy dissipation aspects of Von-Mises materials under

uniaxial loading

. . . Ay .
Asay =0 inthe Von-Mises material model, €] = a; — ES = ; and thus dg

can be written as:

2 2
dsngéy‘-’éy‘-’ =\/§ozl-jozij =¢, (G-

Furthermore, using Equations (47) and (48), the relationship between D and €,

is expressed as:

b _D_rig
Er as  byp

(C-2)

For the case of uniaxial stress, the pressure p and the deviatoric stress g are

given as follows:

p:_%,{s}:{%a ~Vio Vo 0 0 of, (C-3)

Ul U ENEIE SR (C-4)

Using Equation (7) and Equations (C-3) and (C-4), X » can be expressed as:

2
q G+3K
Xp=T-—"— where T= C-5
" (1-py 18KG (¢3)
Substitution of Equation (C-5) into Equation (C-2) gives the following
relationship:
D _ &
: 2
€p quiz (C-6)
(1-D)

From the yield function, given by Equation (46), ¢ can be obtained as:
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—-He
g=k=0-D)f, +ol-e"") (€7)
Thus, the following expression can be derived by making use of Equations (C-6)
and (C-7):

1 1

TR ) )

Integrating both sides of Equation (C-8) with results in the following expression:

) /—(1 e (f +Q( ~Hz, )Tl/z%_'_ c (C-9)

—0.50He "7

The integration constant C is calculated for the following cases:

Case 1: Evolution of damage and plasticity together at yielding (see Figure 1 for
ra = 0.5 and 0.25)

For the case of damage being initiated at the onset of yielding together with plastic
strains, the expression of C can be obtained by using ¢, = 0, D = 0 as the initial
conditions which are substituted into Equation (C-9) to give the following

expression for the constant C:

_ ——(f TI/Z

Y SQH (C-10)

Case 2: Only plasticity occurs at yielding and damage initiates when €,>¢€,. (see

Figure 2(a))

In the example provided in Section 3.1, damage is not initiated (v = 0) until
£,>€,.(= 4.5><1073). Hence, the initial conditions are: D = 0, ¢, = 4.5x10 which

are substituted into Equation (C-9) to obtain the integration constant C as follows:

oo )
C:2_b_Tfy+Q1_e _ngc (C—ll)
—0.50QHe

In order to obtain the explicit expression of D in term of the accumulated plastic

strain, &p, Equation (C-9) is rearranged to give:
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12
7 _He 1/2 1
D=1-025—4\f +0l-e ——+C| =1-M (C-12)
L’T(' ( )) ~0.50He "
1/2 T
where: M =0.25 r—d(/y +Q(1—e_[k” )T ;—H:‘-’-C
bT —0.50He "

It is critical to note that the expression of D in Equation (C-12) is defined only for
Ep 6(8 pe € pf) where ¢, is the effective plastic strain at the onset of damage
initiation, and ¢, is the effective plastic strain at failure. By substituting Equation

(C-12) into Equation (C-8), D can be expressed explicitly in term of € , as:

_Ja -D) . _1n % v
R M R B

where: N=r—d M
bT ~He, \P'?
y+Q1—e

Now the total dissipation rate function can be expressed as:

D = XD D+ X sQs (no volumetric plastic strain) (C-14)

Substituting (C-5), (C-7), (C-12) and (C-13) into the above equation, gives:

2
(I)=XDD+qép=[XDN+q]ép={T q2N+q}a’p

Dl s ob- ™))

= 3 N+M (fy + Q(l —e )) £, (C-15)

- _T(fy 4 Q(l _e ))ZN - M(fy + Q(l —e ))}p

<

Thus, the total energy dissipated during the entire deformation process (or the total
fracture energy) can be calculated by integrating both sides of Equation (C-15) with
respect to &. In addition, the damage dissipation rate ratio Rp, given in
Equation (25), can also be defined as a function of ¢, by making use of Equation

(C-7) as:
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ool o]

R, =

The above equation provides the explicit link between the proportion of energy
dissipation due to damage and plasticity. With the expressions given in Equations
(C-12) and (C-16), the variation of Rp and D with respect to ¢, are plotted for
different values of 74 in Figure B1 (Case 1) and Figure B2 (Case 2).

(a) (b)
| T T "[ T 1 1 T T T 7
| ‘,f".‘.'l‘
08| I 08|
{1 Il
/| I
0.6 | 0.6 i
= [ r,. =097,0.88,0.75,0.59
o { | Q d
= r, =097,088,0.75,059 /||
04f ° /] 1 0.4}
L 7__7_,,//& ‘ ;’
02+ : \ ] 02} /)
= L e S //i"‘
e ) g oM R P
0 : ol— : :
0 2 4 6 8 0 2 4 6 8
¢ x107 ¢, x107

Figure B1: Von Mises material model under uniaxial tension (Case 1: damage is

activated simultaneously with plasticity)

() (b)
1 : ‘ 1 :
0.8} 0.8
r=0.97,0.88,0.75,0.59
0.6 0.6
= Q
K r=097,0.88,0.75,0.59
0.4} 0.4t
0.2} 0.2t
% 2 4 6 8 % 2 4 6 8
£ x10° 8, x10°

Figure B2: Von Mises material model under uniaxial tension (Case 2: damage is

activatedat ¢ , = 4.5 x10 ).

134



CHAPTER 3: JOURNAL PAPER 2

As 1illustrated in Figures B1 and B2, a higher level of damage activation (by
assigning a larger r4) associates with a higher proportion of damage dissipation rate
Rp and a faster damage growth compared to a lower level of damage activity (lower
ra). Furthermore, Figures Bl(a) and B2(a) show a sharp increase in damage
dissipation rate at sufficiently high plastic strain which indicates a complete
disintegration of material towards the end of loading procedure where damage is

the dominant mechanism of energy dissipation.
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Abstract

In this study, the evolution of fiber debonding, degradation of matrix modulus and
failure of fibers in unidirectional fiber reinforced composite (FRC) ply is analysed
using a thermodynamics- and micromechanics-based constitutive model possessing
the mechanical responses and interaction of different constituents. The combination
of all kinematic enrichments to capture the difference in the deformation of
different constituents and also their responses in a thermodynamics-based approach
naturally leads to macro homogenised stress and internal equilibrium conditions
that governs the behaviour of the FRC. As a consequence, the overall ply
constitutive behaviour consists of four material blocks: one is used to represent the
fiber constituent and other three are for matrix. In addition, the effects of
fiber/matrix interfacial imperfection in ply constitutive response, which is essential
when the ply nonlinear behaviour is dominated by fiber debonding, is also
accounted for and included in the fiber block. This overcomes a vital drawback of
many existing constitutive models where a perfect bonding condition at the
interface of fiber and matrix is assumed. The performance of the proposed model
is demonstrated through several examples using experimental data available in
literature as well as numerical results obtained from other studies using detailed

micromechanical analyses or homogenisation techniques.

Keywords: fibre reinforced composite, unidirectional, constitutive modelling,

nonlinear behaviour, damage, plasticity, fiber debonding.

1. Introduction:

The use of unidirectional fiber reinforced composite (FRC) has become
increasingly common in many engineering disciplines and distinctive fields such
as aircraft/aerospace, defence or construction industries. Its superior properties in
term of strength, stiffness and lightweight are favoured over many conventional
materials such as steel or aluminium. However, failure behaviour of FRC is quite
complex and highly nonlinear which has imposed serious challenges for the
material to be used as the primary components and structures. To overcome this
difficulty, significant volume of research has been dedicated to gain the
understanding of the fundamental mechanisms behind the nonlinear response of

composite materials.
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Extensive literature survey suggests clear attributions of material properties of the
composite constituents (i.e. fiber and matrix) as well as their bonding
characteristics at the interfaces to the macroscopic behaviour of composite ply [1—
6]. Due the immense difference in stiffness between fiber and matrix, the latter may
exhibit extremely large deformations before the ultimate fracture while the
response of the former one usually is much stiffer and more brittle in nature. To
this end, the macroscopic response of FRCs is characterised by the governing
source of deformation that is whether it is controlled by either fiber or matrix [7].
In facts, the deformations in fiber and matrix in a FRC ply are varied significantly
under different loading direction which explains highly anisotropic behaviour
observed in FRCs. For example, deformations of FRCs loaded longitudinally in
fiber direction are controlled by fiber properties whereas matrix and the interface
deformations prevail under transverse tension/compression. In this regard, linear-
elastic behaviour of fiber [8, 9] leads to linear elastic response of FRC ply in fiber
direction under the dominance of fiber response. On the other hand, nonlinear
behaviour of FRC plies in transverse direction is a direct result of nonlinear
deformations due to the inelastic processes taking place within the matrix as well
as due to fiber debonding failure mechanism occurs at the interface of fiber and
matrix. These two primary sources of nonlinearity are widely recognised by many
researchers as the essential elements in any modelling approaches/theories dealing
with nonlinear response of FRC. To this end, matrix constituents are manufactured
primarily from aluminium, ceramic or polymer resin and for such materials, loading
beyond elastic domain leads to the activation of two irreversible energy dissipation
mechanisms: (i) the gradual loss of stiffness (damage) and (ii) permanent inelastic
deformation (plasticity) [6, 10, 11]. In facts, closer examinations of microstructural
changes in various materials reveal that irreversible deformation mechanisms such
as void nucleation, void growths and coalescence along with microcracking are
responsible the stiffness degradations [12—-14] while dislocations of defects,
frictional sliding and twining are associated with plastic deformations [6, 15-17].
At macroscopic scale, the impacts of matrix cracking on the macroscopic behaviour
of composites are well-documented in many studies [4, 18-22] where sudden
change in stiffness of the composite can be observed as a result of cracking process
causing the redistribution of stresses in the local fields. Furthermore, experimental

evidence also suggests that the progression of these microscopic mechanisms can
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be profoundly influenced by the nature of deformations induced under different
loading conditions. For examples, Aps et al [23] explored the effects of yielding
and failures of polymer composite due to cavitation-inducing cracking in matrix
where an interesting link between the initiation of cavitation and dilatational
behaviour was presented. On the other hand, crack-closure effects in matrix under
hydrostatic compression were examined in [24, 25]. In addition, the rate-dependent
characteristic of polymer matrix, commonly observed when the material is
subjected to dynamic or impact loadings, was also investigated numerically and

experimentally in several studies such as those found in [26-33].

On the other hand, fiber/matrix interface failures (fiber debonding) also play an
important part contributing to the loss of stiffness and ultimate failures of FRCs [2,
13]. Macroscopic responses of composites are primarily influenced by the bonding
strength at the fiber/matrix interface [34, 35] while other characteristics such as
fracture energy or stiffness of the interface are of less importance [36].
Subsequently, stresses in the local fields of the composite may exceed this bonding
strength and lead to a localised separation of the fiber and matrix which, under
increasing loads, will progressively grow in the fiber direction and simultaneously
induce new cracks in the matrix towards the direction normal to the fiber [4].
Further fiber debonding can be initiated from the development of the new matrix
cracks and eventually macro transverse cracking can be formed in the FRC ply.
Numbers of investigators have devoted to investigate the aspect that influences the
debonding process as well as its development in FRCs. For instance, the effects of
fiber spatial distribution on the sensitivity of interfacial failure which is more likely
to occur in region with higher fiber density due to higher local stresses compared
to that in region having less fibers [37]. Furthermore, numbers of studies [38, 39],
both analytical and experimental, also reported more profound impacts of
interfacial damage on the macroscopic behaviour of composite materials, are
associated with higher fiber volume fractions. In such cases, the debonding
behaviour is magnified by larger area of debonded interface which proportionates
with the fiber volume, i.e. larger contact area between fiber and matrix.. In addition,
the connections between the fiber size as well as its shape and the failure behaviour

of composite were also examined in numbers of studies [37, 40—43].
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Complexity in modelling of constituent behaviours and progressive failure
mechanism in composite materials pose a great challenge in predicting the response
of composites. Many experts have attempted to tackle this problem and the majority
of them have very distinctive research background and disciplines with very
specific needs and agendas. As a result, there are large numbers of different
approaches used to solve this problem which involves vast variation of length scales
at which the material descriptions are given. For instance, a detailed
micromechanical analysis of FRC failures can be carried out at fiber length scale
(microscopic scale) [44—47]. The behaviours of each fiber, the surrounding matrix
as well as the fiber/matrix interface are modelled explicitly based on continuum
mechanics and the overall characteristics of the composites can be obtained using
finite element technique. The result is a rigorous analysis of failure mechanisms
and their progression along with detailed insights of the stress/strain fields in the
composite. In addition, important information such as fibers size, shape and the
distribution of fibers, which can affect the macroscopic behaviour of composite,
can be included in the micromechanical analysis for more realistic representation
of the homogenised material response. However, the shortfall of such approach is
that it cannot be implemented in large structures due to the huge computational

costs involved.

On the other hand, some researchers have attempted to capture the behaviour of
FRC using material descriptions and properties observed at macroscopic scale.
Examples of models based on such approach can be found in [11, 48—65] where
composites were considered as homogeneous anisotropic materials. Nonlinear
response of composites is subsequently captured by using continuum models in
which damage or plastic strains variables are characterised at ply level. In this
sense, macromechanics models have an advantage over a full micromechanics
analysis in terms of computational efficacy, however they are generally perceived
as lack of strong physical basis for the development failure mechanisms,
subsequently lead to their dependency on experiment data and curve fitting

technique for model calibrations [8, 66].

To that end, multiscale approach is an appealing alternative concept which utilises
detail descriptions of the materials in both microscopic and macroscopic scales [8,
67, 68] to offer a balance between computing powers and model details. The
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strategy here is to perform detailed micromechanical analyses only at integration
points within a structural element, the resulted material responses are then used to
comprise the overall structural response accordingly with the help of finite element
analyses. Despite several promising features and improvements in modelling
efficiency, enormous amount of computational power is still needed for the
simulation and the approach is ineffective for failure analyses of large structure.
Alternatively by utilising this concept, however, the full micromechanics analyses
at integration points are replaced by more efficient homogenisation technique
where only the most important failure mechanisms at fiber scale are retained [69—
84]. Therefore, adequate level of details can be obtained in the model for accurate
predictions of material behaviour without the need of a detail finite element

analysis.

Recently, an analytical technique is developed by Vu et al [85] for upscaling the
nonlinear response from the fiber/micro scale to the ply scale in order to capture
the inelastic response of unidirectional FRCs. In this model, the physical
interactions between fiber and matrix are accounted for by incorporating the
kinematic strain enhancements into the analytical expressions of the strain fields in
fiber and matrix, thus, the relationship between local/micro and
homogenized/macro stress and strain fields were established. The inelastic
behaviours of the material constituents, particularly matrix, are modelled by using
a coupled damage-plasticity formulation in order to capture plastic deformations
and progressive damage mechanism within the matrix. In this paper, the
kinematically enhanced constitutive model for predicting the response of
unidirectional FRC ply is extended to include the effects of fiber/matrix interface
failure. First, mathematical formulations of the proposed constitutive model are
introduced with a new thermodynamics-based approach. This is then followed by
illustrations of model applications to number of examples and the results are

compared to other sources obtained from literature to demonstrate its performance.

144



CHAPTER 4: MANUSCRIPT 3

2. Kinematically Enhanced Multi-phase Constitutive Model for
Unidirectional FRC Ply

2.1 Basis of kinematic enrichments

The constitutive model for unidirectional FRC adopted in this study is developed
in a generic form based on thermodynamics principles and the procedures for
plasticity-based models in [86]. The multi-phase nature of the approach, which
include fibre and different matrix phases corresponding to different stress states in
the matrix, together with the incremental form allow the employment of the
approach in both elastic and inelastic stages of behaviour. While the basis, in terms
of kinematic enrichments and idealised configuration of a unit volume element
(UVE), is similar to and based on our previous works [85], the thermodynamic
formulation in this paper allows connecting all these ingredients in a rigorous and
consistent way. In addition, improvements in modelling fibre-matrix interfacical
debonding is also included to cover a wide range of loading conditions in which
interface failure plays a key role in the behaviour of the material. All these were

missing or not addressed at length in our previous work [85].

Before the assembly of all ingredients in a thermodynamic formulation for
constitutive models of unidirectional FRCs, a basis on the kinematic enrichments
to represent the difference in strain distributions and mechanical responses in both
matrix and fibre is needed here, following our earlier work [85]. For this purpose,
a typical cross-section of a unidirectional FRC ply with a uniform distribution of
the fibers or fiber bundles within the matrix, as shown in Figure 1a, is analysed and
a magnified portion of the material is also shown separately in Figure 1b.
Subsequently, this unit volume element (UVE) is further idealised and partitioned
into four rectangular material blocks where the fiber is represented by one block
(F) and other three blocks (M-1, M-2 and M3) are used for the matrix Figure 1c¢).
The dimensions of these material blocks are normalised to unity in all three
directions (axis-1, axis-2 and axis-3 as seen in Figure 1c), thus from the given

matrix volume fraction (f), volume fractions of these blocks can be computed as:

f O =yza P =z f =piza fP =y (1)
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where and . The strain rate (or increment) vectors of the four material blocks can
be used to obtain an expression for the average (homogenised) strain rate vector of

the UVE (Figure 1c) as:

4
f';:Zf(l)g(l)
i=1

()
where ¢ (") = [81(1') ,8;2') ,83(3') ’71(2’) ’7;3’) ’71(3’) 3)
In the above expression and throughout this article, any variables having the
superscript (7)) with i = 1, 2, 3 and 4 are corresponding to material blocks M-1, M-

2, M-3 and F, respectively.

2 b
I
—_ ;
M-2 P M1
a
000 E
l —» F M-3
|
21 b 22
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Figure 1: (a) Cross-section of a unidirectional FRC and the UVE; (b) Idealised unit
cell; (c) Idealised unit cell element (F: Fiber block; M-1, M-2, M-3: Matrix blocks),
after [85].

The strain rates of the matrix blocks are defined in terms of strain rates of the fiber

block as well as the corresponding kinematic strain enhancements as follows:

é(l) =£(4) +N2u1§2 +N3u2§3 4
£ =g 4N, %, (5)
£ =g LN, E, ©)

where % =[}72_12 L ,}72_23] and %; =[;73_13 V323 ,33_33] are the kinematic strain
enhancements defined in rate form, N> and N3 are operational matrices correspond
to €, and 5, p1 and paare used to specify the proportion of ¥, and ¥, allocated

to the strain rates of material block M-1. The readers may refer to [85] for more
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detailed descriptions and explanations on these model parameters. To this end, the

generic form of the constitutive relationship for the material blocks is given as:

6" =D& (i=1t04) (7)
where D is the tangent stiffness of a material block, and 6" is the stress increment

vector.

2.2 A thermodynamics-based formulation

Due to the multi-phase nature of the model that includes four different material
blocks representing fibre and three matrix phases under different deformation, the
Helmholtz free energy for isothermal process can be written as volume-averaged

energy, in the following form:
4 . )
\I" = z f(l)q"(l) + ClTAl +C2TA2 +C3TA3 +C4TA4
= ®)
where f @) represents the volume fraction of block (i) (see details in the preceding

section), and ¥ is the corresponding Helmholtz free energy potential of that block.
The first three constraints in (8) are related to the three strain enrichments (4-6)

described in the preceding section:

Cl = 8(1) — (8(4) + N2“1§2 + N3H2§3) =0

©))
C2 28(2) —(8(4) +N2§2) =0 (10)
C3 28(3) —(8(4)+N3§3)=0 (11)

while the last constraint Cy links the strains in the four blocks with the macrostrain
&

4
Cy :S—Zf(l)s(l) =0
i=1 (12)
In this sense, the strains in the four blocks and the enrichment strains & and &3

are considered as internal variables of the macro model represented by the
relationship between macro strain € and macro stress 6. In a similar way, the macro

dissipation potential takes the following form:
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4
D= Zf(l)q)(l)
i=1 (13)

where ) are the dissipation potential of the individual block (i).

Following the procedures established beforehand in [106] for the derivation of a
model from the Helmholtz and dissipation potentials, from the Helmholtz free
energy, the true stresses and generalised stresses associated with corresponding
internal variables, which as mentioned are strains in the four blocks and enrichment

strains, are:

o= - Ay

oe "
Lo =" aila =" i.f((1>) A+ /Oy (15)
Ao = _ai\(g) =% Z\j—g)) Ay +/PA, (16)
o = aig = Zi(j)) A+ DAy (17)
A = _% = Zj(:) FA A+ Ay + DAy (18)
Xz, :_%:(sz)r AN, A (19)
xg, = _ST\I; = (N3ma)" A +N3T A, (20)

From the dissipation potential (13), we obtain the following dissipative generalised
stresses associated with their corresponding rates of internal variables, which in

fact do not appear in the dissipation potential. As a consequence, we have:

L
m = =
& a: (21)
oD
A2 = =0
SRS (22)
oD
Xe®» =73y =
0% (23)
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oD
T =@y = 0
0 (24)
Az, = a%i) =0
2
0%, (25)
As, = 6%13 =0
3
0%, (26)

The Ziegler’s orthogonality conditions [106] in the forms, Xga) =L

Y@ =A@ s Lg® =X Agd =A@, Ag, =Xz, » and Jg, =Yg, lead to:

A= f(l)c—f(l)c(l) (27)

A, = f(z)c—f(z)c(z) (28)

Aj = f(3)6—f(3)6(3) (29)

4
f(4)6(4) - f(4) ot 4) - f(l)6 _ f(l)c(l) n f(2)6 _ f(2)6(2) n f(3)6— f(3)6(3) n f(4)6
@ (30)

(N2l11)T A= —NzTAz 31

(N3N2 )T A =-Ny"A, (32)
From Eq. (30), we obtain the volume-averaged form of macro stress o:

f(l)c(l) " f(2)6(2) n f(3)6(3) n f(4)6(4) :( f(l) n f(2) n f(3) n f(4) 6=¢ 3
Using Eqgs. (27) to (29), (31) to (32) we obtain the following conditions:

ulTNzT( g — f(l)(,(l))z —NzT( g f(z)(,(z)) (34)

uzTN3T( g — f(l)(,(l))z —N3T( O — f(3)o(3)) 35)

These equations (34) and (35) can be combined with the one expressing the macro
stress (33) as volume-averaged stress to obtain the following internal equilibrium
conditions across the boundaries of the blocks. In particular, (33) and (34) lead to
the traction continuity in averaged form between blocks (1, 2) and (3, 4), e.g. the

interface indicated by line a-a in Figure lc:
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f(l)G(I)TNz[IH _(f(l)lll +f(2>1ﬂ+f(2>c(2)TN2 [1—(1'“)"1 +f<2)1)]

_ Oy, (f(”m +f(2)I)—f(4)c(4)TN2 (f(”ul +f<2>1):0 a6

And in a similar way, (33) and (35) lead to the internal equilibrium condition
between blocks (1, 3) and (2, 4), e.g. the interface indicated by line b-b in Figure

lc:

FRONOLN ["2 —(f(l)llz +f(3)1)]+f(3)6(3)TN3 [I—(f(l)llz +f<3)1)}

_ (26T @ GO )= BT @ 3=
FPePIN (£ Oy + 1O T) = r DTNy (1O + 7D 1)=0 3N

In summary, Eq. (33) provides the relationship between the homogenised (macro)
stress increments of the UVE and the local stress increments in the four material
blocks. On the other hand, Eqs (36) and (37) specify the conditions required for
fulfilling traction continuity across the interfaces a-a and b-b (Figure 1¢). This
traction continuity condition, however, is not automatically achieved for any
arbitrary stress/strain increment due to nonlinear nature of the constituent
behaviour, in which case an iterative scheme is needed to correctly update the strain
enhancements and the stresses in the UVE. Such computational scheme has been

developed and implemented in the works of [107] and hence is not presented here.
In this regard, by utilising Equations (1), (4) to (4), (36) and (37) along with a series
of mathematical operations, the local strain rates of four material blocks (Figure

l¢) can be determined completely from the macro strain rates as follows:

£V =(I+N,K,P, +N; K, P, )¢ (38)
¢@ = (I+N,K,P, -N,K,P, )i (39)
P =(I-N,K,P, + N,KP, ¢ (40)
¢ =(I-N,K,P, -N,K,P, (41)

where matrices Py and P, can be obtained from the properties of the four material
blocks and their volume fractions (please see detailed expression given in
Appendix. Essentially, when nonlinear analyses are performed on a structure, the
strain increments in the local fields (material blocks) are obtained from a given
macro strain increment (Eqs (38)-(41)) at each integration points within a structural

element. The corresponding stresses in the material blocks are subsequently
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updated using the constitutive relationship specified for each block (Equation (4)),
and the macro stress of the UVE can also be determined through volume averaging
stresses in all four material blocks (Eq. (33)). Based on these considerations, the
macro stress increment can be related to the macro strain increment by substituting
Equations (4), (38)-(41) into Eq. (33) and the following expression for macro stress

increment can be obtain:
6 = D¢ (42)

where the tangent stiffness matrix of the UVE or the composite material is given

as:

4
D=>" D7+ fODUNK P + f"DONK, P, + fPDPN,K,P, - fPDN,K,P,

i=1

— fODON,KP, + fODONKP, - fYDYN,K,P, - fDN,K,P, (43)
The constitutive relationship of the composite material as presented in Equation
(43) requires the descriptions of the tangent stiffness matrices for all four material
blocks and their volume fractions. In addition, the proposed tangent stiffness
formulation is described in an incremental form which facilitates the model
application in both elastic and inelastic ranges of response of the material. To this
end, the main sources of nonlinearity in the behaviour of composite material are
matrix inelastic response, due to damage coupled with plasticity process, and fiber
debonding mechanism, caused by failure of the cohesive layer between fiber and
matrix. Thus, these two distinctive failure processes need separate approaches to
capture the constitutive response of composite materials under their influences. As
a result, two different damage models will be used to describe the evolution of the
tangent stiffness for the four material blocks which will be presented in the
subsequent sections for a complete mathematical formulation of the proposed

model.

3. Anisotropic Damage Model for Fiber Interfacial Debonding:

3.1 Fiber and Fiber Interface Failure Behaviour:

The response of fiber and failure behaviour due to debonding mechanism that takes
place at the fiber/matrix interface is an important factor that influences the
aggregate behaviour of the FRC plies, and consequently their effects need adequate

understanding. To this end, experimental results indicate the properties of fiber
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remain linear elastic until final fracture occurs [2, 77], which is immediately
followed by its brittle failure behaviour. In addition, recent study [79] reported a
variation of fiber elastic modulus along with changing strain rates (or rate of
loading). However, under assumption of quasi-static loading condition, it is
generally sufficient to assume a constant elastic modulus of fiber throughout
loading prior to fiber fracture. This presumption is also widely adopted in many
other studies such as those found in [79, 81, 93, 108—110]. On the other hand, the
behaviour of fiber interfacial failure is much more complex which has considerable
effects on the macroscopic performance of FRCs. Experimental findings [111-113]
documented direct relations between nonlinear behaviour of FRCs and fiber
debonding mechanism along with frictional sliding at the end of the debonding
process. These investigations are commonly carried out using fiber/rod pull out test
where the reported load-displacement curves clearly show nonlinear portion of the
curve characterised by interface debonding. It is worth mentioning that under
increasing loads, excessive fiber debonding is followed by a completed separation
of fiber from matrix and the specimen enters a stage where only frictional forces
remained acting at the interface. This fiber interface failure process usually initiates
from matrix cracks or defects in the matrix that develop towards fiber/matrix
interface where a region of stress concentration is formed. Subsequently, if the
bonding between the two constituents is strong enough, the fiber and matrix are
compatible at the interface since there will be no sliding or debonding and there is
no loss of stiffness in the overall ply response due to interfacial failure. On the
contrary, fiber fracture can occur instead of fiber debonding as a result of matrix
cracks penetrating through the fiber and this process usually happens when the
toughness of the fiber/matrix interface is much greater than the fiber toughness
[114, 115]. In this situation, the energy is dissipated mainly via fiber fracture.
Furthermore, it is noted failure mode due to the fiber debonding is much more
common than fiber fracture since modern fibers usually possess excellent
toughness that helps to deflect the progression of matrix cracking and prevent
premature failure of fiber. Thus, with weaker interfacial bonding strength,
separation of fiber from the surrounding matrix occurs and subsequently results in
progressive sliding at the fiber/matrix interface and the degradation of bonding
strength between the two surfaces [115]. As fiber/matrix interfacial failure

progresses, a gradual loss of overall stiffness of the composite is noted which is
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most profound in the transverse direction perpendicular to the fiber [81]. The
aggregate stiffness of the composite in the longitudinal direction, on the other hand,
is also affected by fiber debonding process, however to a much lesser extent [116],
since the deformations occur in this direction are not severely influenced by the
conditions of the interface but rather being mainly controlled by fiber

characteristics [81].

Based on the above considerations, the intention of this study is to incorporate the
nonlinear effects due to fiber/matrix interfacial debonding mechanism into the
proposed micromechanical model. Among all four material blocks that constitute
the homogenised ply response, only fiber behaves in a linear-elastic manner until
its final fracture while matrix blocks process inelastic properties beyond their
elastic domain. In this study, it is proposed that the inelastic effects of debonding
failure on the ply response to be encapsulated in the response of a modified fiber
block, namely Fiber-Interface Equivalence (FIE) block which is shown in Figure
1. The response of FIE block will be specified in such a way that it has the combined
characteristics of both linear-elastic behaviour of fiber and inelastic behaviour of
the interface. This actually reflects changes of stress fields in the fiber due to
softening interface that weakens the load carrying capability of the whole
composite system. In this sense, fiber is not able to fully utilise its outstanding
stiffness and excellent load carrying capacity but its performance is rather dictated
by the bonding properties of the interface. Thus, a new constitutive model is needed
to effectively convey the nonlinear effects of interfacial failure in the FIE block

(Figure 2) which will be described in the next section.

Interfacial Interface-fiber Equivalent Block
debonding

L

(a) (b)

Figure 2: (a) Idealised unit cell with fiber/matrix interface debonding (b) Idealised unit
cell element takes into account the effects of interface debonding in the Fiber-Interface
Equivalent (FIE) block
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3.2 Anisotropic Damage Model for Fiber Interface Failures:

Fiber interfacial failure is highly anisotropic in nature and therefore capturing its
response requires anisotropic damage model accordingly. It is also noted that the
development of fiber/matrix interface failure is restricted to pre-defined planes
parallel to the fiber direction and the direction perpendicular to this surface will be
referred to as the direction of fiber decohesion/debonding from here onwards. As
discussed previously, ply stiffness reductions due to fiber interface failure are the
most profound in the direction of debonding, whereas its softening effects also can
be observed in the other transverse direction (perpendicular to fiber direction),
however, to a lesser extent. For example, Figure 3 depicts the fiber debonding
failure in direction 3 due to the applied tensile stress g3 and compressive stress o2
in direction 3 and 2 respectively. In this case, it can be expected that the stiftness
reductions of the homogenised material are much more severe in the direction 3
compared to that of direction 2. On this basis, an isotropic damage model with the
use of a scalar damage variable deems to be inadequate to capture the varying
effects of damage in different directions. Therefore an anisotropic model is

essential.

Fiber decohesion

O'3T /

02

02

Matrix

im

Figure 3: Illustration of Fiber/matrix interface failure due to tensile loading in

direction 2 and compressive loading in direction 3.

On the other hand, the proposed micromechanics model enables explicit modelling
of stresses and strains in the constituent blocks which can be used conveniently to
control the initiation and progressions of debonding failure in the FIE block.
Furthermore, strains in principal stress directions normal to the fiber of FIE block

are compared against a critical debonding threshold &. and the debonding failure
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process is activated only when this threshold is exceeded. This can be illustrated in

Figure 4 which shows the limit of strains in the principal direction 2 and 3 where
values of strain lying inside these limits ( ¢{¥)< & and &{*)< &) imply perfect bonds
between fiber and matrix (no debonding failure takes place). On the other hand,

debonding failure is in effects if &{*)> &, or &> ¢.

€, e,

€3

Figure 4: Limits of strains for fiber debonding failure

On this basis, the damage evolution rule is proposed in the following form:

d
V€

Wy =1-e (44)
(i =2, 3 represents the principal stress directions normal to the fiber)

where w(;) is damage variable associated with debonding failure, parameter y
governs rate of damage growth, and 8id is the portion of strain in the principal stress
direction that exceeds the debonding threshold and its expression is given as:

o = (s -5,) (45)

where < > is Macaulay bracket, &. is the debonding failure threshold that evolves
with deformation and keeps its maximum previously reached value of 554), where
e,.(“) is the strain in FIE block in principal stress direction i (Equation (45)). From
the above equation, it can be inferred that for 81(4) <ec, & takes a value of zero and

damage is inactive as w(;)= 0 (Equations (44)). In contrast, if 5,'(4) > &, the debonding

mechanism is activated since w( ) now takes a nonzero and increasing value and the
damage effects are incorporated into the elastic stiffness matrix of fiber in the total

form as follow:
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I Dll 1—‘12D12 1—‘13D13 0 0 (46)
1—121D21 1—‘22D22 1—‘23D23 0 0
Dx’)mgm _ I5D5 I5,D5  I33D5 0 0
0 0 O D, 0 0
0 0 0 0 Dy 0
0 0 0 0 0 D]

where Dj; are the elastic constants of the elastic stiffness matrix of fiber while I'11,

I"2; and T 33 are given as follows:

Ly, = (1= 0p)(1 - o) (47)
Tyy = (1= o)1 - op)"” (48)
I, =T, =(1- ) (49)
[y =Ty =(1- 6 (50)
Ty =Ty = (- 01 - 04) (51)

The parameter 7 in the above expressions is used to account for the unequal effects
of debonding failure in different directions. For instance, » > 1 indicates that the
effects of damage are lesser in the principal direction where debonding failure does
not occur. In contrast, for n = 1, the stiffness reductions due to debonding failure
are of the same order of magnitude in both directions (I'22 = I'33). More detail
analyses on the influence of n are provided in subsequent sections. On this basis,

the principal stresses in the FIE block is calculated using the following expression:

oW =pi & (52)

maged® p
Thus, the proposed debonding criterion leads to the establishment of a failure
surface in the principal stress space for the FIE block. The envelop is obtained by
producing a uniaxial/biaxial stress state with a constant ratio between o2 and g3 and
both stress values are recorded when debonding failure is activated (see Equations
(44) and (45)). These stresses at the onset of debonding under various ratios
between o2 and o3 are subsequently used to form the initial debonding envelop
which can be illustrated in Figure 5 along with the corresponding stress-strain
responses under (a) uniaxial tension; (b) uniaxial compression and (c) biaxial
loading (tension along direction 3 and compression along direction 2). It can be
seen in Figure 5 that stress state of the material falling inside this envelop implies

there is no debonding while stress state outside this initial surface is an indication
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of debonding failure between fiber and matrix. Furthermore, it can be seen in Figure
5 that the softening effects of varied magnitude are seen in all transverse directions

which is characterised by the anisotropic nature of fiber debonding problems.

Furthermore, it is worthy of attention that the evolution of damage is a function of
the tensile strains in the corresponding principal direction (see Equation (44)). The
rate of deformation (or strain increment), on the other hand, effectively depends on
the characteristics of applied loads in the material block. The effects of different
loading condition on the growth of damage can also be illustrated in Figure 5 where
identical strain rate is imposed on both loading case (a) and (b) and fiber is
debonded from the surrounding matrix in the principal direction 3. In loading case
(b), debonding failure is activated by tensile strain in the principal direction 3
developed under Poisson effects. Thus, this tensile strain increment is only a
fraction of strain rate in the loading direction 3 and it is much less than that of
loading case (a). As a result, the damage effects are developed at a slower rate in
loading case (b) compared to the other case which eventually manifest in much

more profound nonlinearity observed in loading case (a).

(a) Uniaxial tensile stress loading path

o3 + a3
o2 Debonding occurs
Fiber debonding failure envelop | Case (a)
\ Ore
- O—ZC
03 Oec i ‘ o3 | A
O 2
\ 3
T—*‘Case (©)
Ock | (c) Biaxial stresses loading path |o2|= 203

(b) Uniaxial compressive stress loading path o
g
N

Case (b))~ /

c \
& 3 / \
) /| 4 / \
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z ¢ O3 \/ O .‘:L‘“%
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Figure 5: [llustration of debonding failure envelop in biaxial stress space and typical
stress-strain responses of the FIE block in three loading cases (a) uniaxial tension;

(b) uniaxial compression and (c) biaxial loading.
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3.3 Parametric Study:

The rate of damage evolution in the proposed model is influenced by strain
increment (Equation (44)) in the principal direction as well as anisotropic
characteristics of the debonding failure. To this end, the proposed model utilises a
parameter n (Equations (47) - (48)) to specify the anisotropic effects of fiber
debonding on the constitutive response of the material. This can be illustrated in
Figure 6 which shows the stress-strain response of the FIE block under loading case
(c) for different parameter n = 1, 3, 4, 5 and 100 and the material parameters used
in the proposed constitutive model are £ = 74000 (MPa), v= 0.15, y = 1400, &.=
0.0001. The material specimen is subjected to tension along principal direction 2
(2> 0) and compression in direction 3 (&3 < 0) while the ratio between &2 and &3 is
maintained at &2/e3 = -2 throughout the entire loading domain. It should be noted
that n = 1 implies that damage effects are identical in both directions which is in
contrast with the case where n = 100 (n — o) indicates that debonding failure in
direction 2 does not have any impacts on the stress-strain response in direction 3

and the reverse is also hold.

500
S n=1 --=n=3
450 a¥
= - n=4 n=5
400 o
— n=100
350
300 T4
Direction 2 250
—»> -«
0,
¢ o3
Direction 3 6 (%)
-0.65 -0.45 -0.25 -0.05 0.15 0.35 0.55

Figure 6: Stress-strain response in biaxial loading case for various values of n.

On the other hand, the evolution of damage due to debonding is governed by
parameter y which is coupled with the strain increment in the corresponding
principal direction (Equation (44)). Examples of using y in the proposed model to
capture effects of debonding with various magnitudes are shown in Figure 7 where

the constitutive responses with damage of the FIE block are illustrated for the
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following cases: uniaxial tension (Figure 7a) and uniaxial compression (Figure 7a).
The material parameters used in this example are £ = 74000 (MPa), v=0.15, n =2,
ec=0.0001. It can be seen in Figure 7 that the rate of softening is increased with
increasing values of y in both uniaxial tension and uniaxial compression cases
where much more abrupt drop in stiffness are observed in the former case for the
same value of y. This is due to the fact that debonding failure strain &; (Equation
(45)) is developed in the same direction as loading in uniaxial tension case (Figure
7a) and therefore its magnitude is much higher to that of uniaxial compression case
(Figure 7b) where fiber is debonded in transverse direction of loading. This
debonding failure strain ¢; is subsequently magnified by the parameter y which
eventually either intensify or lessen the effects of fiber debonding depending on the
chosen value of parameter y. Thus, the use of y within the proposed model helps to
properly capture the effects of deboning on the constitutive response of the material

which will be present in more realistic applications in subsequent sections.
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Figure 7: Effects of changing y in (a) uniaxial tensile stress and (b) uniaxial

compressive stress

4. A coupled Damage-Plasticity Constitutive Model for Matrix:

4.1 Mathematical Formulation:

The evolutions of plasticity and damage processes are dependent on one another,
thus, their coupling effects should be appropriately reflected in the development of
a constitutive model for matrix. In this study, the inelastic response of each matrix

block (Figure 1c) is modelled based on the coupled damage-plasticity formulation
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proposed by [117] where failures in the matrix is accounted for using an isotropic

damage model. The stress-strain-damage relationship is of the following form:

o; = (1-D) Ciu (60 —0t) (53)
where o is the stress tensor, D is the scalar damage variable Cy is the tangent
stiffness tensor, ey is the strain tensor, o is the plastic strain tensor. The model
utilises a Drucker-Prager yield criterion given the pressure-dependent behaviour
commonly observed in polymer composite [83] and even in metals such as
Aluminium [118]. Furthermore, the experimental evidence [83, 119] reveals that
the yield surface of polymer matrix takes a parabolic shape in the (p-q) stress space,
where p is the hydrostatic pressure and ¢ is the deviatoric stress. Based on these
considerations, the yield function for matrix can be expressed in the following

form:

y=q'+pp-k (54

The different terms used in the above equation can be defined as follows [120]:

I, o,

11 3 . = )
P=3=737 g=+3J, = 35855 S =05 0P (55)

B=3(fo =10 )i k=Fofs
where s;; is the deviatoric stress tensor, d;; is Kronecker delta, /; and J> are stress
invariants, f, is the uniaxial yield strength in compression and f;, is the uniaxial
yield strength in tension. The value of /., and f;, are defined using the following

functions:
Joo =(1=D)(foo +Q. (1=¢""" )). for =(1=-D)(fio +Q (1> ) (56)

where ¢, is the effective/accumulative plastic strain (where its rate is defined in
Equation (57)), fi0 and f-o are initial yield strengths, and Q;, Q., b; and b. are material

constants with subscript ; and . indicating tensile and compressive states,

respectively. The rate of accumulative plastic strain € » is given as:
£, =.=ad; (57)
On the other hand, the evolutions of plastic strain tensor ¢; and damage variable D

are obtained from a unique loading function [117] and they are given as follows:
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Gy =il 20N Oy SbNa A 3 A (58)
k 3 k 237, 00y
Dzz;{:rdz (q2+ﬁp) (59)

k]{D

where a and b in the above equations are related to the growths of volumetric and
deviatoric components, respectively, of the total plastic strain and they can be
combined into a single parameter 7, (0 <7, < 1) representing the energy dissipation
due to plasticity. On the other hand, the parameter r; represents the energy
dissipated due to damage process and it is calculated as rs = 1 - r,. For more
comprehensive model derivations and definitions, the readers may refer to [117].
In their works, the direction of plastic flow can be controlled by specifying the ratio
between parameters a and b in Equation (58) and for associated flow rules (plastic
flow vector normal to the yield surface), which will be used throughout this paper,

the parameters a and b are given as follows:

(60)

R

The coupled damage-plasticity model described above along with a stress return
algorithm [107] are then implemented in a Matlab program to produce the nonlinear
behaviour of several polymer resins. Figure 8 shows the responses of four epoxies
under uniaxial tension obtained from experiments (data collected by Asp [121])
along with the plot of results produced by the proposed model. The model
parameters used to capture the response of the four epoxies are given in Table 1.
The Young’s Modulus £ were given in [121] by averaging the data obtained in
several studies. The Poisson ratio is assumed to be 0.35 as this is a standard value
assigned to epoxy in the range 0.32 — 0.35 [121]. It can be seen from Figure 8 that
the coupled damage-plasticity capture very well the response of polymer resin in

uniaxial tension.
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Table 1: Model Parameters for Epoxy Resins

E 1 fio feo o O. b b, T4
GPa MPa MPa MPa MPa

TGDDM/DDS  3.77  0.35 35 70 40 50 600 600 0
DGEBA/MHPA 2.92  0.35 40 70 50 50 250 350  0.008
DGEBA/APTA 293  0.35 40 70 40 50 350 350 0.07
DGEBA/DETA 2.07  0.35 25 70 50 50 150 350 0
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60 30
< 40 = 60
230 2 40
o 20 ——Present Model © ——Present Model
10 e TGDDM/DDS 20 e DGEBA/MHPA
0 0
0.00 0.50 81(9/(())) 1.50 2.00 0.00 2.00 54(% 6.00 8.00
80
80
(]
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= ——Present Model é 2 — Present Model
¢ DGEBA/APTA o e DGEBA/DETA
0 0
0.00 2.00 4.00 6.00 0.00 5.00 10.00
220 -20
& (%) ¢ (%)

Figure 8: Responses epoxies under uniaxial tension (Experimental Data obtained

from Aps 1995).

In addition, the response of other epoxy is also measured experimentally in [83]
under uniaxial tension, uniaxial compression and pure in-plane shear. The
experimental results are plotted in Figure 9 along with results obtained from [109].
Figure 9 also shows the results produced by the proposed model using the following
model parameters: E =3.76 (GPa), v=10.39, fio =45 (MPa), f.o = 70 (MPa), O, =48
(MPa), Q. = 55 (MPa), b, = 200, b. = 200, r4 = 0. It can be seen that the present

results are in good agreement with both experimental measurement and results
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provided by others. It should be noted that post-peak response of the specimen was
not obtained from experiment for all three loading scenarios, thus in the current
study it is assumed that the stress response of the epoxy will exhibit a perfect
plasticity behaviour once the ultimate values of stresses have been reached. This
results in plateau responses in the stress-strain curve of the epoxy under all three

loading cases as seen in Figure 9.
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Present Model
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®
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120 o220 0-0c—o-2-R- Numerical Tension

100 Tension \

80

Stress (MPa)

0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35
Strain
Figure 9: Reponses of epoxy under uniaxial tension, uniaxial compression and
pure in-plane shear: Comparisons between experimental measurements,

numerical results and results produced by the proposed model.
5. Inelastic Response of FRC Ply

The proposed kinematically enhanced constitutive model for FRCs described in
Section 2.1 requires separate constitutive models for its constituent blocks (fiber
and matrix — Figure 1c). Thus, Section 2.2 provides a constitutive model for the
modified fiber block, so-called FIE block (Figure 2), which accounts the response
of fiber as well as the effects of fiber/matrix interface failure. On the other hand, a
coupled damage-plasticity model, which can capture the effects of nonlinear
mechanisms such as damage and plasticity on the response of matrix, is presented
in Section 2.3. Subsequently, the two constitutive relationships for the fiber-
interface and the matrix are incorporated into the overall constitutive model for

unidirectional FRC ply in a Matlab programme. In this section, the inelastic
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behaviours of FRCs are generated by the model for three different loading
conditions: uniaxial longitudinal tension, uniaxial transverse tension and uniaxial
transverse compression. To demonstrate the performance of the proposed model,
for each loading condition the homogenised stress-strain response are plotted and
compared to experimental measurements obtained from literature as well as

predictions made by other existing models.
5.1 Uniaxial tension along fiber direction

In this example, the composite ply is made of silicon carbide (SCS6) fibers and
titanium-based-alloy (7i-f21S) resin with fiber volume fraction of 0.343 and it is
subjected to uniaxial tension along fiber directions. The responses of the ply
produced by the model are plotted in Figure 10. The model parameters used for the
FIE block are: £ = 400 (GPa), v=10.25, & =0.01%, n =2 and y = 140 whereas
model parameters for the matrix blocks are: £ = 100 (GPa), v = 0.35, fin = 200
(MPa), feo = 250 (MPa), O; =280 (MPa), O. = 400 (MPa), b, = 100, b. =100, rs =
0. It should be noted that due to the nature of loading condition, fiber debonding
does not occur and hence an assumption on perfect fibre-matrix interface can be
taken [107]. Figure 10 shows that the results produced by the proposed model are
in good agreement with both experimentally measured values and numerical results

provided by Robertson & Mall [110].
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Figure 10: Responses of 0°-lamina for SCS6/Ti-21S under uniaxial tension.

164



CHAPTER 4: MANUSCRIPT 3

It can be seen from Figure 10 that the model is able to properly capture the high
stress state exhibited in the composite owning to its inherent high stiffness and high
load carrying capacity of fiber in tension. The homogenised response is dictated by
the elastic behaviour of fiber with only low degree of nonlinearity is observed due
to inelastic response of matrix in high strains for both present model and other

results.
5.2 Uniaxial tension in transverse direction

The same composite ply SCS6/Ti-f21S (Section 5.7) is now examined for its
response under uniaxial transverse tension in the directional normal to the fiber.
Figure 11 shows the good agreement between the results produced by the proposed
model and experimental measurements as well as numerical results provided by
Robertson & Mall [110]. It should be underlined that the observed nonlinearity in
the homogenised response of the composite ply under transverse tension is due to
the combination of fiber debonding (in the direction of loading) and matrix
yielding, both mechanisms are effectively taken into account by the proposed
model. The softening effects of fiber debonding are manifested in the nonlinear
response of FIE block as seen in Figure 12. This is further confirmed in a numerical
study carried out by Melro et al [85] where the influences of fiber/matrix interface
failure and inelastic behaviour of matrix on the response of the E-glass/epoxy
unidirectional ply are investigated. The ply has a fiber volume fraction of 0.6 and
is subjected to transverse tension. In their study, the same epoxy behaviour
described in Section 2.4.1 is used for the response of matrix constituent in a detailed
finite element analysis with and without the consideration of fiber debonding
mechanism. The numerical results obtained from their study [85] are plotted in
Figure 13 which indicates strong influence of fiber/matrix interface failure on the
homogenised response. The results produced by the proposed model are also
plotted in Figure 13. For the current analysis involved fiber debonding failure, the
model parameters taken for the FIE block are: £ = 40 (GPa), v= 0.2, &. = 0.001%,
n=1.3 and y =250, for the matrix block the model parameters are: £ = 3.76 (GPa),
v=10.39, fip =25 (MPa), f.0 = 40 (MPa), O; = 48 (MPa), O. = 80 (MPa), b; = 350,
b.=350, r4= 0. In other case where interface failure is neglected, . is set to a large
value so fiber debonding is inactive through the entire loading curve. Although the
proposed model requires much less computational demand, thanks to the embedded
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responses of different matrix, fibre and interfaces, the results produced by the
proposed model are comparable to the numerical results given by [85] where a
detailed finite element analysis is needed. Again, it can be seen in Figure 14 that
the softening response due to fiber debonding process is captured in the proposed
model thanks to the nonlinear responses of both the FIE block and other matrix
blocks.
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Figure 11: Responses of SCS6/Ti-f2 1S under uniaxial tension in transverse
direction.
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Figure 12: Responses of each material block FIE, M1, M2, M3 and the
homogenised response SCS6/Ti-f21S lamina under transverse tension
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Figure 13: Responses of E-Glass/Epoxy under uniaxial tension in transverse

direction. Micromechanical results are from [85]
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Figure 14: Responses of each material block FIE, M1, M2, M3 and the

homogenised response of E-Glass/Epoxy lamina under transverse tension
5.3 Uniaxial compression in transverse direction

The stress-strain responses of five different laminas which are subjected to

transverse uniaxial compression are examined. All five laminas were tested by
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Kaddour and Hinton as part of the Second World-wide Failure Exercise and the
results are provided in [73]. These experimental results will be used to evaluate the
performance of the proposed model by comparing these test data to the results
produced by the model. The material constituents of these lamina are summarised
in Table 2. On the other hand, the model parameters used for matrix blocks in
Lamina 1, 2 and 5 are calibrated from their uniaxial responses obtained from
experiment [73]. These experimental results are plotted in Figure 15 along with the
model predictions which show good alignments between test data and model
outputs. Thus, the corresponding model parameters obtained are given in Table 3
which are subsequently used to produce the overall stress-strain response of the
laminas. It should be noted that the behaviour of Epoxy I and PR319 is assumed to
be elastic up to failure point [73] where their elastic properties are also provided in
Table 3.

Table 2: Lamina subjected to transverse uniaxial compression

Fiber Volume Fiber Matrix a b
Fraction
Lamina 1 0.6 E-Glass MY750 1 0.85
Lamina 2 0.6 S-Glass Epoxy 2 1 1.5
Lamina 3 0.6 AS - Carbon Epoxy 1 1 2.6
Lamina 4 0.6 7300 PR319 1 3.0
Lamina 5 0.6 M7 8551 1 0.01

Table 3: Model Parameters for matrix blocks

E \ fo feo o O b b,
(GPa) (MPa) (MPa) (MPa) (MPa)
MY750  3.35 0.35 65 70 35 50 450 350
Epoxy2 3.2 0.35 60 70 25 50 450 350
8551-7  4.08 0.38 30 40 90 90 100 50

Epoxy I 3.2 0.35 N/A N/A N/A N/A N/A  N/A
PR319  0.95 0.35 N/A N/A N/A N/A N/A  N/A
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Figure 15: Responses of resins under uniaxial tension, uniaxial compression in

transverse direction and in-plane shear: (a) MY750 Resin; (b) Epoxy 2 Resin; (¢)

8551-7 Resin. Experimental data is provided in [73].

In other tests, as all five laminas are compressed in transverse direction (e.g.

direction 2 — Figure 1c), it is expected that tensile stresses/strains will occur at the

interface between fiber and matrix in direction 3 due to Poisson effects which will

lead to fiber debonding failure. Thus, these debonding failure can cause the

reductions in the overall stiffness of the composite which subsequently manifest in

the nonlinear response of the lamina as seen in Figure 16. The parameters used for

fiber models are given in Table 4. Figure 16 shows that there are high correlations

between the model and experimental results which indicates very good

performance of the proposed model. The inelastic characteristics of the stress-strain

response observed in Figure 16 are the results of the proposed formulation taking

into accounts of fiber debonding mechanisms introduced in the previous sections.
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These nonlinear effects can be observed in the stress-strain curves of all four
material block for the five laminas as illustrated in Figure 17 to Figure 21.We note
that our previous model in [107] neglects the effects of interface debonding and
hence cannot capture these responses. The responses of individual blocks constitute
the overall ply behaviour, demonstrating both the effectiveness and predictive

capability of the proposed approach.

Table 4: Model Parameters used to model the behaviour of FIE block

Fiber E; E; V2 V23 & n Y
(GPa) (GPa) (%)
E-Glass 74 74 0.2 0.2 0.005 2 850
S-Glass 87 87 0.2 0.2 0.01 1.4 750
AS-Carbon 231 15 0.2 0.071 0.06 7 300
7300 231 15 0.2 0.071 0.009 3 600
IM7 276 19 0.2 0.357 0.01 2 130
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Figure 16: Responses composite under uniaxial compression in transverse
direction: (a) Lamina 1: E-Glass/MY750; (b) Lamina 2: S-Glass/Epoxy 2; (¢)
Lamina 3: AS-Carbon/Epoxy I; (d) Lamina 4: T300/PR319; (¢) Lamina 5:
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Figure 17: Lamina 1: E-Glass/MY750 — Response of FIE, M1, M2, M3 and the

homogenised response
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Figure 18: Lamina 2: S-Glass/Epoxy 2 — Response of FIE, M1, M2, M3 and the

homogenised response
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Figure 19: Lamina 3: AS-Carbon/Epoxy I — Response of FIE, M1, M2, M3 and

the homogenised response.
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Figure 21: Lamina 5: IM7/8551 — Response of FIE, M1, M2, M3 and the

Furthermore, the performance of the proposed model under this loading mode is
also evaluated by comparing the results predicted by the present model with
numerical results provided in [85] for the response of E-glass/epoxy ply under
transverse uniaxial compression. The model parameters for matrix are given in
Section 2.3.2 and model parameters used for the FIE block are in Section 3.2. The
results are plotted in Figure 22 which shows that the present results for ply response
are predominantly linear in the case interface failure is neglected whereas a slight
nonlinearity is observed in other case considering debonding effects. This indicates
the present model is capable of successfully capturing the debonding mechanism at

the interface of fiber and matrix. The results are in good correlations with the

homogenised response

173



CHAPTER 4: MANUSCRIPT 3

numerical predictions in small to medium strain, however in large strain region
more non-linear behaviour is observed in the latter model. It is noted that the
softening curves are provided in the micromechanical analysis which are not
produced by the present model. This is due to the assumption made in [85] where
total failure of matrix in compression occurs at high strain (Figure 9) whereas in
the present model the stress-strain response of matrix is assumed to follow a
perfectly plastic response once the ultimate strength has been reached. The issue
with identifying the ultimate failure point for epoxy material under uniaxial
compression is commonly encountered where special settings for the experiment
are usually required for the failure to occur. It is also worth mentioning that the
failure characteristics of the specimen are size-dependent due to the effects of
localised failures which can be addressed through regularisation techniques.
However, this is not a focus of this study and therefore it is not considered in this
paper. Further investigations on the performance of the proposed model in relations

to this matter may be carried out in future studies.
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Figure 22: Comparisons between finite element results by Melro et al [85] and the

present model for uniaxial compression in transverse direction.
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4. Conclusions

The kinematically enhanced constitutive model developed in [107] to predict the
behaviour of unidirectional FRC ply is used in this study where a RVE is considered
for which fiber and matrix can be characterised by four material blocks, one is used
for fiber and the other three are for matrix. Furthermore, a new thermodynamics-
based formulation is employed to assemble all essential ingredients of the
previously proposed micromechanics-based model. The internal equilibrium
conditions between the four material blocks and the homogenised stresses are
obtained as a results of the proposed thermodynamics formulations. This leads to
the establishment of a complete homogenisation procedure where the responses of
the four material blocks comprise the overall macro constitutive relationship of the

composite ply.

On the other hand, the inelastic behaviour of composite ply beyond elastic range
due to matrix yielding/softening and fiber delamination are also captured in this
study. A coupled damage-plasticity constitutive model [107, 117] is used to capture
the inelastic effects in the matrix constituent while the nonlinear effects of
interfacial debonding are taken into account by using a newly proposed anisotropic
damage model in a combined fiber-interface-equivalence (FIE) block. In facts, this
damage model helps to characterise the directional dependence of the softening
response in FRC ply due to fiber debonding failure. Applications of the proposed
model are carried out on a number of examples and the produced results compare
very well to other existing numerical models as well as experimental measurements

which indicates good performance of the proposed model.
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6. Appendices

Expressions for A1, A2, A1, A2 are:

A, = fOKN,DOUNGK, + FPKN, DONLK + fOK N, DOINLK
+ FOK,N,DUNK,

Ay = f(l)KlTNzTD(l)N3K2 - f(Z)K3TN2TD(2)N3K4 - f(S)KsTNzTD(S)N3K6
+ fYK,"N,"DYN,K,

Ay = f(l)KzTNsTD(l)NzKl - f(z)K4TN3TD(2)N2K3 - f(S)K(yTN3TD(3)N2K5
+ FOKN,DUN K,

A, = fOK,NDUNK, + FPK,NDONK, + FOK N, DUNK,
+ KN DWNK,

Expressions for Py and P; are:

{Pl :|_|:A11 A T {Bl }

P, Ay Ap B,

Where:

B, = f<4>K4TN2TD(4) _ f‘“KlTNZTD(I) _ f<2>K3TN2TD(2) n f<3>K5TN2TD(3)

B, = f(4)K3T N3T D(4) _ f(l)KzT N3T D(l) + f(2)K4T N3T D(2) _ f(3)K6T N3T D(3)

Expressions for Ks are:

K, =p, - (fin, + f2I)
K, =p, ~(fin, + £31)
K, =1-(fin, + f>1)
K,=fin,+ /1
K. =/fin,+/,1

Kg :I_(flllz +f3l)
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5.1

Summary

A micromechanics-based constitutive model for predicting progressive failures in

unidirectional FRC ply has been proposed in the previous Chapters. Along with the

development of the model and other related components, several key research

contributions have been made which are outlined as follows:

L.

A generic kinematically enhanced and thermodynamically based approach
for developing micromechanics-based models for FRC ply has been
developed. The fiber and matrix constituents are represented by four
idealised material blocks one of which is used for fiber and other three are
for matrix. The interactions between the blocks are taken into account
through equilibrium conditions across their boundaries. This strategy allows
for the ply response of the FRC to be explicitly derived from the constitutive
behaviours of fiber and matrix, and their interactions. Therefore the
homogenised constitutive relationship can be obtained conveniently in a
concise analytical expression. The incremental form of the formulation
facilitates the use of the model in both elastic and inelastic domains. The
effective elastic properties obtained from this homogenisation scheme are
in good agreement with both sophisticated analytical solutions in the
literature and available experimental data. It is addressed here that the
incremental form of the homogenised response is a great advantage
compared to these sophisticated techniques as this facilitate the inelastic
analysis without having to make any further assumptions. The constitutive
response of matrix in the inelastic range is captured using a coupled
damage-plasticity model based on continuum damage mechanics. The
damage-plasticity model and a new way to couple damage with plasticity
are developed within a generic framework proposed by Houlsby and Puzrin
[106] to ensure its thermodynamic consistency.

A new thermodynamic consistent framework, employing theories of
plasticity and continuum damage mechanics, is developed to model a wide
range of material behaviour, including both pressure-independent and

pressure-dependent materials. The proposed formulation is derived within
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the framework of thermodynamics with internal variables. In this regard,
the complete constitutive relations are determined by explicitly defining a
free energy potential and a special form of dissipation function which can
be transformed to obtain a unique loading surface for both yield and failure
states. This single loading surface governs the simultaneous evolutions of
both damage and plasticity where the coupling between these two
mechanisms is effectively specified through a model parameter without
imposing any restrictions to the model. Direction of plastic flow vector can
be conveniently controlled which facilitates the modelling of the inelastic
dilative and contractive behaviour of materials. This development facilitates
the modelling of matrix failure, which has been shown to be pressure-
sensitive. In addition it is also generic enough to cover a wide range of
models and responses and can be used either for the development of new
models, or for enhancing existing models. The examples in Chapter 3 and
in the Appendix show the versatility of the proposed framework.

3. The development of a new anisotropic damage model for the proposed
Fiber-Interface Equivalence (FIE) block to effectively capture the effects
fibre-matrix debonding failures. The interactions between the FIE block and
the other three matrix blocks are then combined in a thermodynamics based
approach naturally leads to macro homogenised stress and internal
equilibrium conditions that governs the behaviour of the FRC ply. To this
end, the proposed model for FRC ply is able to simultaneously incorporate
the three primary inelastic mechanisms, which are plasticity and damage
mechanisms of matrix as well as fiber debonding. All these have profound
impacts on the response of FRC ply in order to produce the most reliable
and realistic predictions with regards to FRC ply behaviour at a fraction of
computational cost compared to sophisticated and detailed
micromechanical modelling of FRC. To the best of our knowledge, this
offers a good balance between accuracy, predictive capability, and
computational expense. This is an advantage that can facilitate the

applications of the proposed model in structural analysis.
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5.2

Research Conclusions

The reliability and performance of the proposed model have been verified in

number of numerical examples. Based on these investigations, the main

conclusions are drawn as follows:

L.

It is always possible to extend the existing approaches to modelling FRC
for large scale applications. Within the scope of this thesis, the limitations
of these existing approach in our opinion are the imbalance between several
factors which are the accuracy and also predictive capability in both elastic
and inelastic ranges of behaviour as well as simplicity in implementation
and low computational demanding. In this respect, the framework for
modelling unidirectional FRC ply developed in this thesis is believed to be
able to strike a balance between the above-mentioned aspects. In particular,
the proposed model possesses links between the macro ply response and its
individual constituents (fibre, matrix and interface) and hence is capable of
effectively capture the mechanical response of unidirectional FRC ply in
both elastic and inelastic ranges, including plies consisting of isotropic or
anisotropic fibers embedded in polymer or metal matrices. The proposed
homogenisation technique using the kinematic strain enhancements
significantly improves the computational effectiveness of the model as well
as maintains a reasonable level of details on the physical interactions
between the constituents.

The newly developed thermodynamic consistent framework is able to
properly model diversified material behaviour ranging from pressure
independent materials such as steel to pressure dependent materials such as
concrete or other geotechnical materials. It can be used to enhance existing
models or to develop new ones with many desired characteristics reflecting
the experimental observations. Dilative and contractive behaviours of
distinctive materials beyond elastic domain can be effectively modelled and
controlled by adjusting the plastic flow direction via a few parameters.
Furthermore, only a single loading (or yield) function is obtained from the
Legendre transformation of the dissipation, instead of having two separate
loading functions corresponding to damage and plastic when the additive

form of dissipation potential is used. To this end, the use of a single loading
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5.3

surface is very helpful in the implementation stage as it helps eliminating
the risks of numerical instabilities caused by complex numerical algorithm
which is required for combining multiple loading surfaces. Thus, the
evolution rules for both damage variable and plastic strains can be derived
directly from the same loading function. The proportions of energy
dissipation due to plasticity and damage can be specified through a user-
defined parameter r; which is introduced as part of the model derivations
without imposing any restrictions to the formulation.

The softening effects of interfacial debonding are successfully considered
with the use of an anisotropic damage model in a combined FIE block. In
addition, the proposed damage model helps to properly characterise the
directional dependence of the softening response in FRC ply due to fiber
debonding failure. This helps to overcome a vital drawbacks of many
existing constitutive models where a perfect bonding condition at the

interface of fiber and matrix is assumed.

Recommended Future Works

In the present study, we developed an efficient constitutive model to predict the

behaviour of FRC ply in inelastic range. The followings are some of the possible

areas of research where the present study can be extended in future:

L.

The present investigation is based on the assumption of quasi-static loading
where the strain-rate has no effects on the material response. Further
investigations on viscoplastic behaviour of composite materials is a
potential area of research since some applications of composite materials
can induce extremely high strain-rates. Under such loading scenario, the
actual material response cannot be captured accurately if viscoplastic
behaviour of the material are not properly addressed.

Due to limited amount of suitable test data at the time of conducting this
research, the model analyses were carried out for uniaxial loading cases. It
is recommended that future works may include undertaking biaxial as well
as off-axis loading tests to obtain suitable data for model validation

purposes.
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3. Stiffness reduction due to fatigue loading in composite structures is one of
the critical issues that needs to be taken care of by designers and engineers,
especially when these structures/components are subjected to cyclic
loadings over a long period of time. Fatigue-induced damage usually
involves extensive matrix cracking throughout the structural volume and
over the long period, it can lead to the formation of ply cracking, interfacial
debonding or delamination. As a result, this may cause significant
degradation of the structure integrity (reduced strength and stiffness) and
eventually leads to structural failures. It is possible to extend the present
study to include the effects of fatigue damage on the response of FRC ply
by incorporating a fatigue damage model into the constitutive response of
the individual material blocks including FIE. It is expected that the
prediction of fatigue at the ply level can be obtained as a result of the
combined responses and interactions of fatigue response of these individual
blocks.

4. Inthe present study, the proposed model used for predicting the constitutive
response of FRC is limited at the ply level. To perform a progressive
damage analysis of a full structure, the current constitutive model for ply
failure need to be implemented within a finite element framework for
modelling composite plates/shells having multilayered configurations. To
this end, the present constitutive model can be integrated into a laminated
plate/shell element or a 3-D element at their integration points. By doing
this, the characteristics of multilayered composite laminates can be
determined which helps to construct the overall structural stiffness matrix

that is required in a finite element analysis of a large structure.
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ABSTRACT

In this paper, a new micromechanics-based constitutive model is developed for
fibre reinforced polymer matrix composites having unidirectional fibre orientations
which can incorporate elastic and inelastic responses of both fibres and matrix. The
composite material is idealised by a representative volume element consisting of
four material blocks where one of them is for fibre and the others for matrix.
Kinematic enrichments of different strain components for the different material
blocks are used to accommodate the responses of different material blocks. The
model is first used to evaluate orthotropic material properties of composites in the

elastic range using isotropic material properties of the constituents. After a
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APPENDICES

successful validation of these predicted material properties using existing
theoretical as well as experimental results, the model is applied to inelastic material

response to assess its performance in the nonlinear range.

1 INTRODUCTION

The use of composite materials is becoming popular in many engineering
disciplines over the last few decades due to their high specific strength and stiffness,
exceptional durability and some other attractive features. The composite structures
can be subjected to complex loading conditions such as extreme temperature,
dynamic loads, impact, corrosion and some other loading scenarios which will
induce complex loading paths on the materials. Moreover, the composite nature of
these materials consisting of different dissimilar phases leads to additional
complexities. Thus the analysis of composite structures requires a good model that
can predict the behaviour of the material properly. This in turn needs an advanced
constitutive model which will accurately capture the deformation of the matrix and

fibres along with their interactions.

In the literature, a large number of models have been developed by different
researchers attempting to capture the responses of these materials correctly. Most
of the existing models can be categorised into two distinct branches: macro-
mechanical and micro-mechanical models. The initial developments of some
popular macro-mechanical models are due to Hoffman, Puck, Hashin and Rotem
[1-3] and few others. Tsai [45] also attempted to develop a failure criterion,
popularly known as Tsai-Hill theory, for “weak™ anisotropic materials. Although
these models are easy to use, they are of phenomenological nature that needs a large
set of experimental data for their development. As a consequence these models may
not be reliable when applied outside the range of these data sets. Macro-mechanical
models actually treat the composite material as a single homogeneous material and
do not follow the actual deformations and correct failure mechanisms of the

constituents and their interactions.

On the other hand, some researchers such as Christensen and Lo, Mori and
Tanaka, and Aboudi [5-7] have proposed micromechanics-based models, in which
the overall properties of the composites are determined by using a Representative

Volume Element (RVE) consist of their constituents. Despite the fact that more
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realistic results could be obtained by using these micromechanics-based models,
most of the earlier ones are not applicable in inelastic range where the constituents
will have plastic deformations, damage and their coupling. Besides, thanks to the
advances of computing power, full micromechanical analyses of composite
materials, where all constituents can be modelled explicitly, are gradually
applicable. This provides us with useful tools for the analysis of composite failure
in the inelastic range and can produce results with high levels of accuracy, which
seems quite attractive for furthering the understanding of failure mechanisms.
However, the computational demand of a full micromechanical model is so high

that the use of such model is not feasible for the analysis of a real structure.

In this study, a micromechanics-based constitutive model for unidirectional fibre
composite is developed that can be used within a framework of a macro-mechanical
analysis. The model inherits the computational efficiency of a macro-mechanical
model and at the same time the important physical behaviours and interactions of
matrix and fibre are embraced. First, a mathematical derivation of the current model
is introduced following by the validation of the model in the elastic range with some
existing classical theories as well as experimental results available in literature. The
validation of these results covering a wide range of elastic material properties
shows a promising performance of the proposed model. The model is then applied
in the inelastic range taking nonlinear material response of the constituents and
their interactions. The trend of the nonlinear results indicates a good future potential

of the model.

2 A MICROMECHANICS BASED CONSTITUTIVE MODEL

Figure 1 shows a representative volume element (RVE) which is conceptualised
for modelling the behaviours of unidirectional composites aiming to retain essential
mechanisms of fibres, matrix and their interactions whilst being simple enough to
accommodate inelastic behaviours of different phases. The central idea of this
model is to have sufficient lower scale (fibre scale) details for the prediction at
higher scales, while minimising the computational demand. In this sense, the
deformation of the matrix and the fibre will be modelled distinctly and they will be
combined together utilising their interaction to predict the deformation of the

composite material. Denoting f as the matrix volume fraction, the corresponding

209



APPENDICES

volume fractions of the three matrix blocks (M-1, M-2, M-3), defined as f;, /> and
/3 respectively, can easily be expressed in terms of f'(Figure 1). The homogenised
or macro strain rate of the volume element or the composite can be written in

matrix-vector form as:

{e} = filémi} + foléma} + fléms} + (1 = f){gf} (D)

The strain rates (or increments) of the different matrix blocks can be defined in
terms of fibre block strain rates with the enhancement of their transverse strain

increments as:

{Emi} = {éf} + [Nz]{éz} + [Nz]{§3} )
{Ema} = {4} + [N]{&,} 3)
{€mz} = {éf} + [Nz]{éz} 4)

where the enhancement terms ({52} = {)72,0, §2yy )72yz}T and {53} =

{szz Vayz €3 ZZ} ) appear only in the appropriate positions of the strain vectors

which are accommodated with the help of two matrices [N,] and [N;]

corresponding to the directions (y and z respectively) of the two interfaces (see

Appendix for details).
y(or2)
T 3

Y .

1-.1—; M-2 M-1

2 - — e R 2
——> z(or3)

s F M3

_v
1= =i

X

>
e dl
i
3

Figure 1: A Representative Volume Element for unidirectional composites (F:
Fibre block; M-1, M-2, M-3: Matrix blocks).
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From Equations (1) to (4), we can express the matrix and fibre strain rates in

term of the homogenised strain rate and enhanced strain rates as:
{&r} = (&} = (i + DINNE) = (F1 + f)IN:1{E5) (5)
{Em} = {3+ (1= (L + L)) INN{E ) + (1= (1 + £2)) [Ns]{é5) (6)
{Ema} = {8} + (1 = (fi + ) IN W&} = (fi + f)[Ns]{é5) (7)

Ems} =13 - (L + fz)[Nz]{éz} + (1 -(fi + fs))[Ns]{és} (®)

The enhanced strain rates can be eliminated from the above equations which will
help to express the matrix and fibre strain rates in term of homogenised strain rates
and volume fractions. Now the Hill-Mandel condition of virtual work [87] can be

used as:

{0}7{e} = filom} {mad + foloma} {émad + faloms} {€ms}
+(1 - Ao} (g} ©9)

Substitution of the segmental strain rates as expressed in Equations (5) to (8)

into the above equation (9), it can be rewritten as:

0} (&} = filom" (&} + (1 = (f + £2))[IN:1{,)
+ (1= (fi + f3))IN:1{4))
+ fHlom ) (8 + (1= (i + £))IN:1{&)
— (fi + f)INs1{&))
+ f3{0ms )" ({8} — (fi + £)IN,){E)
+ (1= (fi + f3))[N:1{4))
+ 1 - Por} (8~ ( + LI

- (fi +f3)[N3]{§3}) (10)

The above equation will be valid for any arbitrary values of these strain rates

{&¢}, {§,}, and {&,} if the following conditions are satisfied:

{0} = filomi} + foloma} + faloms} + (1 — {of} (11)
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f1(1 -(fi+ fz)){0m1}T[N2] + fz(l -(fit fz)){amz}T[Nz] - fz(fi +
) 0ma} Vo] = (L= (i + f){o7) [N>] = 0 (12)

f1(1 -(fi+ fs)){Urm}T[Ns] — fo(fi + fs){om2}" [Ns] + f3(1 - (fi +
F))oms)INs] — (1 = P)(fi + f){o7} [Ns] = 0 (13)

Equation (11) gives the homogenised stresses of the whole RVE expressed in
terms of stresses of the matrix and fibre and their volume fractions. Equations (12)

and (13) enforce average traction continuity across the interfaces 2-2 and 3-3

(Figure 1).

Now denoting [F] and [M] as the tangent stiffness matrix of the fibre and matrix
respectively, the stresses rates in the fibre and matrix blocks can be written in

generic forms as:

{or} = [Fl{&f} (14)
{Om1} = [M1[{éma } (15)
{Om2} = [M2]{ém2} (16)
{Om3} = [M3]{éms} (17)

Using Equation (11), the relationship between the homogenised or macro stress

rates can be expressed in terms of stress rates of all the material blocks as:

{6} = filomi} + folGma} + floms} + (1 — f){d-f} (18)

Moreover, the stress rates in all material blocks are connected through the
continuity of traction rates at the interfaces between the fibre and matrix blocks

which can be obtained using Equations (12) and (13) as:

f1(1 -(fi+ fz)){dmﬁT[Nz] + fz(l - (fi + fz)){dmz}T[Nz] - f3(fi +
F)Gmad IN,] — (1 = Py + £){6,) IN;] = 0 (19)

fl(l - (fl + f3)){d-m1}T[N3] - fZ(fl + f3){dm2}T[N3] + f3(1 - (fl +
F))6ms)TINs] — (1 = F)(fi + £:){67} [Ns] = 0 (20)
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Substitution of Equations (5) - (8) and (14) - (17) into Equations (19) and (20),

we can obtain:

Apy A12] {52} — B1] (¢}

Ay Ay {53} B, (21)
which shows that the homogenised strain rates can be determined with the strain
enhancements, and the matrices [A;4], [A12], [421], [A52], [B1] & [B,] which are
dependent on material properties and volume fractions of the matrix and fibres

(refer to the Appendix for more details). Now the strain enhancement terms can be

expressed in terms of the homogenised strain terms from the above equation as:

{ELZ} _ [A11 1412]_1 [31] ) P1] :
{{§3 }} Az Az B, S P, e (22)
Using Equations (5) to (8) and (22), the strain rates in the matrix and fibre blocks

can be completely defined by the homogenised strain rate as:

{gm} = (& + (1= (fi + R))INIPI{E} + (1 = (fy + f2))IN:]IPI{E} (23)

{Ema} = (&3 + (1 — (fL + 1)) N1 [P 1{€} — (fy + fo)[N3]1[P,]{€} (24)
{éms} = {&} + (fi + N ][P1]{€} - (1 -(fi+ fs))[Ns][Pz]{é} (25)
{éf} ={&} — (f1 + fN[P11{e} = (f1 + f3)[N3][P,]{€} (26)

Substituting these strain rate expressions (23-26) into the volume averaged stress
rate relationship (18), the constitutive relationship for the homogenised/macro

stress and strain can finally be obtained in rate form as:

{o} = [Cl{&} (27)
where

[C] = filMi] + f5[Ma] + f5s[M5] + (1 = OIF] + (i — (A +
PDIMINP ] + (fy = fi(fy + DIMLINS]P,] + (2 — f2(f1 +

P DIMAINI[PL] = f2(fi + f2) [Mo]INs1[P,] — fa(fy +

fIIMIINI[PL] + (fs = f3(fy + 5D IMs][N3][P] — (1 — f)(fi +
fIIF]INP ] = (1 = ) (f1 + f)IFIINs][P, ] (28)
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The above equation shows that the rate form of the constitutive matrix of the
homogenised composite material is explicitly defined in terms of constitutive
matrices (in rate form) of the constituents and their volume fractions. Thus the
model does not have any restriction in its application in the elastic as well as
inelastic ranges. In principle, the macro-mechanical strain rates at an integration
point of an element within a structure can be resolved into strain rates of the fibre
and matrix blocks (Fig. 1). With these strain rates, the stresses in each block can be
calculated following standard stress return algorithms (see [123]). The
homogenised stress can then be obtained from Equation (11). Further details can

be found in [124].

3 INELASTIC ANALYSIS

As mentioned in the previous section, the formulation can be readily extended
to inelastic/nonlinear range. To test the ability of the model in predicting
constitutive behaviours of metal matrix composite, the material blocks in this study
are assumed to follow Von Mises plasticity model. The stress-strain relationship

can be described as:

aij = Cijia(&i; — €l)) (29)

where Cji is the elastic tangent stiffness tensor, Eipj represents the plastic strain

tensor and ¢;; is the total strain tensor comprising elastic and plastic strains.

According to von Mises plasticity theory, the yield function may be written as:

y:f(Ep):O'e—k (30)
with associated flow rule:
. . 0y
€ = A5 (31)

ij
The effective stress o. and effective plastic strain ¢, used in the above equations

can be defined as:

(32)
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2 ’2 dy ady
. gy Y “
Ep N Sgijgij da SaO'ij 6017 (33)

The term £ used in Equation (30) corresponds to instantaneous yield stress for
an uniaxially loaded member which represents hardening or softening process and
it is a function of effective plastic strain &,. This yield stress for a linear
hardening/softening case may be expressed as:

k:O'y-i-HEp (34)

For nonlinear hardening/softening case, it can be expressed as:

k= O'y + Q(l — e“bgl’) (35)

where H is the hardening or softening rate with respect to plastic strain; @ is the
difference between initial yielding stress and ultimate stress; and b is another
material property that controls the hardening or softening for the nonlinear case.
The choice of these material constants dictates the behaviours of the material blocks

of interest.

4 RESULTS AND DISCUSSIONS

This section is dedicated to the verification of the proposed micromechanics
based model in both elastic and inelastic range. Initially the elastic stiffness
parameters of unidirectional FRC are predicted by the proposed model and these
results are validated with existing theoretical and experimental results for various
fibre volume fractions. The proposed model is then examined for its ability to
capture the inelastic responses of unidirectional FRC with both hardening and

softening behaviours.

4.1 Elastic Properties

4.1.1 Longitudinal Elastic Modulus:

Figure shows the prediction of longitudinal modulus E£; of a composite material
(refer to Table 2 for materials properties of the constituents) with respect to fibre
volume fractions. The model predictions follow the upper bound solution according
to rule of mix or Voigt model. This corresponds to the condition of equal strains

within the constituents and it is nicely simulated by the proposed model as it does

215



APPENDICES

not have strain enhancement in the longitudinal direction. This behaviour is

commonly considered appropriate in the literature.

Engineering Matrix Fibre
constant
E [GPa] 5.35 113.4
v - 0.22 0.35

Table 1: Material Properties obtained from [2].
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Figure 2: Longitudinal Young modulus E;— (other results obtained from [2]).

4.1.2 Transverse Elastic Modulus (E» and E3):

In a similar manner, the variation of transverse modulus predicted by the
proposed model is presented in Figure 3 which is found to deviate from the lower
bound solution (Reuss model). According to the rule of mixture, the transverse
modulus should follow the lower bound solution which corresponds to the
condition of equal stress within the constituents. However, the real test data
indicates that the value of transverse modulus should be higher that the lower bound
solution and definitely lower than the upper bound solution. Actually, the lower
bound solution is based on an assumption that the transverse normal stress within
the entire volume of the matrix in the RVE is equal to that of the fibre which
follows the concept of springs-in-series. However, this assumption is not valid in
reality as only a portion of the matrix volume behaves according to this concept.
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The current model is based on more realistic assumptions and according to these,
the loading in a transverse direction, e.g., direction 2 will allow only matrix blocks

M-1 and M-2 to have same transverse normal stresses (o721 and g%?) as that of
fibre block (créc ,). On the other hand, the transverse normal strain of M-3 (¢5%*) will

be equal to that of fibre (e{z) that will produce different stress within these two
blocks as they are having different stiffness of material properties. The present
results are also found to closely follows the trend of other theoretical models such
as Mori-Tanaka[88], upper bound of Concentric Cylinder Assemblage (CCA+)[90]
or Self-Consistent[125] (Figure 3). A similar behaviour is also found for loading in

transverse direction 3 and in-plane shearing.

< 140

GPA

*—Current Model
+| ——Upper Bound (Voigt)
Lower Bound (Reuss)
100t Mori-Tanaka
CCA+

80 || ¢~ Self-Consistent

(
-
N
o

60|

Transverse Young Modulus E2

I3 /'
40/ g
20t e
A e AT S i
0 L 1 L
0 0.2 0.4 0.6 0.8 1

Fibre Volume Fraction

Figure 3: Transverse modulus £ — (other results obtained from [2]). Material

properties are given in Table 2.

The transverse modulus E> or E3 predicted by the current model for different
fibre volume fractions are found to be marginally higher than the upper bound
solution of [90]( Figure 4). It should be noted that the concept of Hashin’s upper
bound solution is different from that of rule of mixture. Actually, Hashin’s model
is based on two hypotheses: (i) maximum potential energy and (ii) maximum elastic
compliance energy, which results in two distinct bounds for a single material
parameter such as transverse modulus. This is a little confusing as this model does
not provide a unique value of a modulus. In that sense, the present model is

consistent as it predicts a single solution.
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The transverse modulus predicted by the current model is also validated against
experimental results, as shown in Figure 4 where the material properties used for

the constituents are given in Table 3.
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Figure 4: Transverse modulus £ and in-plane shear modulus G;> and G»;3 (other

results and experimental data obtained from [1]) — Material properties are given in

Table 3.
Engineering Matrix Fibre
constant
E [GPa] 4.14 414
v - 0.35 0.2

Table 3: Material Properties obtained from [1].
4.1.3 In-plane Shear Modulus

The variation of in-plane shear modulus G2 and Gi3 predicted by the proposed
model is plotted in Figure 5 along with that obtained by other theories such as Mori-
Tanaka[88], Method of Cells (MOCTI)[94] and Self-Consistent[125]. The results
in Figure 5 show good correlation with those predicted by most of existing theories.
The present results are also validated against the experimental data in Figure 6
which show good agreement between them. In this case, the properties of fibre and

matrix are given in Table 4.
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Figure 5: In-plane Shear modulus G;2 & G>; - (other results obtained from [2]).

Material properties are given in Table 2.
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Figure 6: In-plane shear modulus G;2 and G2 for fibre volume fraction from 0.45

to 0.75 (other results obtained from [1]) - Material properties are given in Table 4.

Engineering constant Matrix Fibre
G [GPa] 1.83 30.19

E (Calculated) [GPa] 5.35 113.4

v (Calculated) 0.22 0.35

Table 2: Material Properties obtained from [1].

4.1.4 Transverse Shear Modulus

The transverse shear modulus G3 predicted by the current model is presented in
Figure 7 along with that obtained from other theories. The values of G2; are less

than in-plane shear modulus and closer to the lower bound solution of rule of mix
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(Figure 7). The predicted values of G»3 are consistent with the typical properties of
unidirectional lamina having isotropic constituents according to [2] i.e., the
transverse shear modulus are slightly less than the in-plan shear modulus for the

same fibre volume fraction.
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Figure 7: Shear modulus G12 & G»3 - other results obtained from [2]. Material

properties are given in Table 2.

4.2 Inelastic Response

Examples of plastic behaviours at constitutive level are given in this section.
Table 5 & 6 below provide the model parameters used for the four materials
behaviours in the study. In all four cases simulations were carried out under uniaxial
tension along fibre direction for matrix volume fraction of 0.38. Different softening
behaviours of the constituents are employed. We note that this is only a preliminary
analysis to demonstrate the behaviour of the proposed composite model in inelastic
range. More advanced constitutive models for the constituents are being developed

and further analyses will be carried out and presented in the future.

Engineering Matrix Fibre
constant
E [GPa] 4.14 414
v - 0.35 0.2
oy [GPa] 0.03 0.8

Table 3: Material Properties in both hardening and softening cases.

As illustrated in Figure 8 & 9 the proposed constitutive model has the ability to

capture stress-strain curve of the homogenised RVE while keeping track of the
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behaviours in the material constituents. In other words, the constituent behaviours
are homogenised in every step of calculation to obtain the macro behaviour,
following the steps described above. This allows both elastic and inelastic
behaviours for the constituents.

The responses of all four material blocks (refer to previous sections) are
governed by parameters of the Von Mises model. They in turn control the overall
constitutive behaviour of the homogenised composite model. As anticipated, under
uniaxial loading in the fibre direction the overall behaviours of the composite is
substantially influenced by the responses of fibres which are expected to have major
impacts to the overall material stiffness in this loading condition (Figs. 8 & 9). On
the other hands, in this uniaxial condition, due to significantly low stiffness of
matrix compared to fibres, the contribution of matrix to the overall stiffness of the
material is negligible. The softening behaviour in this case is encountered in all
constituents. While the fibre behaviour is distinguished, all three matrix blocks
behave only slightly differently in this case. These blocks in general response

differently due to difference in their input strain rates [10].

Case Engineering Matrix Fibre
constant
Linear Hardening H - 5 20
Linear Softening H - -0.5 -5
Non-linear Hardening (0] [GPa] 0.08 1
b - 40 100
Non-linear Softening (0] [GPa] -0.08 -1
b - 20 50

Table 4: Model parameters.
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Figure 1: Stress-strain curve for linear strain hardening and softening
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Figure 2: Stress-strain curve for nonlinear strain hardening and softening

S5 CONCLUSION

materials.

The current micromechanics based model has shown very good potentials

through their predictions of elastic properties comparable to those by classical

theories and experimental results, while possessing capability to handle material

nonlinearity. In particular, the enhancements through kinematic terms in this case

lead to a mix upper-lower bound solution that in turn result in effective properties

close to classical predictions. The embedded fibre and matrix phases are interacting

with each other and together control the response of the composite material model.

Thanks to the rate form of the whole formulation, any constitutive behaviour can

be used for the matrix and fibre. This is the key advantages in further extending the

model capability to nonlinear cases with the development and incorporating more

capable constitutive behaviour for fibre and matrix.
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Detailed expressions of enhanced strains and normal matrix [N,] and [N;]
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Detailed expressions of matrices in equation (21):

[An1] = fi(1 = (fy + £2)) INoITIMADING] + £(1 = (fi + £2)) [N IMR]IN,] +
fs(fi + £2)2IN 1T [IM3][N,] + (1 = £ (fy + £2)2 [N, [FIN,]

[A2] = fi(1 = (fL + £2))(1 = (fy + £))INITIMLIIN;] = (1 = (Fy + £)) (o +
FINITIMLIINS] = f3(fy + £2)(1 = (fy + £2) INIT[M3][Ns] + (1 — ) (fy +
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f2)(f1 + f2) [N [F][Ns]

[A21] = f1(1 - (fi + fs))(l - (fi + fz))[Ns]T[M1][N2] - fo(fi + fs)(l -
(fi + fz))[Ns]T[Mz][Nz] - f3(1 - (fi+ f3))(f1 + f2)[N3]" [M3][N,] +
(1= N + L)1+ f)IN;]T[F]IN,]

[A22] = £i(1 = (i + £2)) INsITIMLIIN;] + £o(fs + £)2 [N [M,][N;] +

fo(1 = (i + £)) TN IM31IN;] + (1 = F)(fy + £)2IN; 17 [FI[N]

[B:] = (1 = Ny + RLIINITIF] = fi(1 = (fy + £2)) N1 [M,] = £, (1 —
(fi + fz))[Nz]T[Mz] + f3(f1 + f2) [N,]"[M3]

[Bo] = (1 = f)(fi + f3)[Ns]"[F] — f1(1 - (fi+ fs))[Ns]T[M1] + f2(fi +
fINI"[M;] = f5(1 = (fy + £3)) [N5]" [Ms]
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Abstract. The focus of this work is on specifying the coupling between damage
and plasticity, which are commonly recognised as two underlying dissipative
mechanisms in deformation of engineering materials. The features of the proposed
framework allow for the existence of a single generalised yield potential, which
controls the evolution of all internal variables. Developments of the proposed
framework are presented and its applications to modelling different behaviours of
materials, particularly, the inelastic dilative/contractive behaviours with non-

associated flow rules are discussed.

Introduction

Theories of plasticity and continuum damage mechanics (CDM) have been
widely used in order to develop constitutive models for engineering materials, such
as steel, concrete, composites, polymers, etc. and geomaterials such as soils and
rocks. Within the framework of thermodynamics with internal variables (TIV),
inelastic deformation at macro scale can be described by capturing the fundamental
mechanisms of deformation and energy dissipation at micro scale by expressing

them as functions of internal variables that encapsulate the history of deformation,
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e.g. [1-9]. In constitutive modelling, the effect of all underlying mechanisms that
give rise to the macroscopic residual strains (e.g. frictional sliding, dislocation of
defects, etc.) is represented by plastic strains while mechanisms responsible for
strength and stiffness degradation (e.g void nucleations and growths, void
coalescence, microcrack openings, etc.) are represented by a damage variable.
During the course of inelastic deformation damage and plasticity can occur together
and they influence the evolution of each other. Therefore it is essential for a
constitutive model to address the interaction and coupling between these dissipative

mechanisms through a unified yield/failure function.

In this study, a generic framework for constitutive modelling of engineering
materials is developed based on the principles of TIV. Within this framework the
entire constitutive relations are derived through introducing two scalar functions,
one describing the energy stored within a material and the other describing the
energy dissipated during the course of inelastic deformation of the material. The
coupling between damage and plasticity is controlled through introducing a
coupling parameter. It is also shown that the features of the proposed framework
allow for addressing the modelling issues in problems involving inelastic
volumetric deformations and non-associated flow rules. A brief presentation of the
general formulation, described in detail in [10], is given in the subsequent section,
followed by illustrations of coupling effects between damage and plasticity for both

pressure-independent and pressure-dependent materials.

Coupling damage with plasticity in a thermodynamics based formulation

For rate independent materials under isothermal deformation, the Helmholtz free

energy function is:

1 (36)

2 3
7=0-D) K6, ~a, ) +36(ss a5 |
In the above expression, ¢, = ¢, and &g = ,/2¢;e; /3 are total volumetric and

effective shear strains (with ¢, being the strain tensor and &s =4/ 2/ 3eje; the

deviatoric strain tensor), while &, and ®g represent plastic volumetric and

effective plastic shear strains, the bulk and shear moduli are denoted as K and G,

respectively, and D is a scalar damage variable representing the effects of micro-
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defects which is assumed to be uniformly distributed within the material. Following

the procedures in Houlsby and Puzrin [2], the true triaxial stresses (p, q),

generalised stresses (7, and 7, ), and conjugate damage energy 7, can be deduced

as.
ZV:p=%:(1—D)K(gV_aV), and Y=

q= aéi ~(1-D)3G(eg - ag) - (37)
Xp _a% %K(Sv_av)z-i‘%(;(ss—as)z. a9

The dissipation rate function is proposed in the following form [10]:

O =19} + 05 +0p +10, +rsps 20. (39)

In the above expression, @, , @ ¢ and @ are homogeneous first order functions

in terms of the rates of internal variables, representing the contribution of the three
individual dissipative mechanisms (volumetric plastic deformation, plastic
deformation in shear and damage), and the dimensionless parameters », and 7, are

functions of stresses. These functions can be defined as [10]:
(DV:F(p, q,D,Sp)dV,and Og :F(pa q, Da Sp)('XS, (40)

. :p—a\/E(p,qj and 7 = g-b\E(p, q) 1)
g Fip,q,D,gpij s Fip,q, D,gpi'

=F(p’ q’ D’ gp))_(D D
cosa)\/E(p, q) '

where E and F are functions of stresses and internal variables with specific forms

(42)

depending on the type of material behaviour [10], and €, is the accumulative

plastic strain, the rate of which is defined as &, =y2/3;c; where «, is plastic
strain tensor. The parameters  and b meeting the condition 42 + > =sin > @ are
responsible for capturing the dilatant and contractive behaviour, commonly
observed in pressure dependent materials [10]. The auxiliary angle @, which
appears in Egs. (7), is employed in order to quantify the contribution of damage

processes and plastic deformations in the total dissipated energy, during the course
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of inelastic deformation. In this sense, w=0° implies that damage is the only active
dissipative mechanism with no occurrence of plastic deformation and the reverse is
true when w=90°. Full details on the formulation can be found in [10]. The
Legendre transformation of the dissipation potential leads to the following yield

function in generalised stress space [10]:

2 2 )
* Xy Xs XD
= —————7 +| — =T + _1£0
g [aqsy/aay J [a¢s/aa5 J oy 08y (43)
oD oD

with the following evolution rules for plastic strains and damage:

@, = ialzzi(“ﬁ], dg = ,ialzz,i(bﬁj, and

oxy F? 0xs F?
* 2 (44)
Dz/i&y =2/icosza)E'
xp Fxp

It can be seen in (9) that the magnitudes of volumetric and shear plastic deformation
is governed by the ratio between parameters ¢ and b. In this sense, in order to
control the dilatant and contractive behaviours through controlling the direction of

the plastic flow vector [10] a parameter C is also introduced so that:

ay _ﬁzay*/ﬁx;/:cay/ap (45)

as b ooy, ov/oq

By substituting Egs. (5) — (7) into Eq. (8) the generic form of the yield function in
true stress space is given as:
y=E-F>=0. (46)

Applications

In this section, the coupling features of the proposed framework is demonstrated
by coupling damage with Von Mises plasticity, which is widely used for modelling
the behaviour of pressure independent materials. The capability of the proposed
framework in producing the non-associated flow rules by controlling the plastic
flow direction is also investigated through constructing a coupled damage plasticity
model for pressure dependent materials based on the Drucker-Prager model.

Von Mises type model. Using E = ¢ and F =k , the yield function of the
classical Von Mises model can be obtained as:
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(47)

yzﬁ—k(l), 8,,)=q—k(D, sp)=0.

The function k Zk(D, & p) governing the yielding and failure process may take the

following form:

k=0-D) s, +0l1-c"")).
Figure 1 shows the effect of the coupling parameter ,, on stress-strain curves

of steel with the model parameters: E =200GPa, v=03, f,=25MPq,

(48)

Q =50MPa and b, =1000 . Since there are no volumetric plastic strains for Von
Mises type materials, associated flow rules are used in this case by setting a=c=0
, which in turn results in » =sinw . For cases when plastic deformations and damage

processes evolve together (0°<w<90°), the effect of damage is manifested by

lower ultimate stresses, compared to purely plastic deformation («w=90°).
(b)
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Figure 1: (a) Stress strain response under uniaxial stress condition with associated
flow rules; (b) Typical Stress-strain response of steel generated by the model,

using different values of @

Experimental observations have revealed that metals exhibit a ductile behaviour
which can be described as strain hardening with negligible reduction in stiffness,
immediately after the initial yield stress. In tensile loading, once a critical strain is
reached, softening behaviour is observed followed by complete disintegration of
the material. This type of behaviour can be captured by the model through varying

the coupling angle ,, to mimic the real behaviour of the material Figure 1 (a). For

instance, effects of damage can be switched off during the strain hardening process,
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assuming a purely plastic deformation, by setting @=90, a=0 and b=sinw=1.
As can be seen from the unloading paths in the hardening region in Fig 1(b) no
stiffness reduction occurs due to deactivation of damage. On the other hand,
softening behaviour can be modelled through activating damage processes by
switching o to values less than 90°, once the critical strain is reached (Figure 1b).

Drucker-Prager type model. The Drucker-Prager yield function can be
generated by taking p- i and E=q+pp :

y=q+ pp—xle,.D). (49)

In the above expression K=2]2yf,y/(fcy +f,y) andﬁ=3(fcy —f,y/fcy +f,y), where

fev and f;, are yield stresses under uniaxial compression and tension, respectively.

Also the hardening rules may be defined as:

£ =(=-D) £y +0.(1-¢"")), and 1, =(-D)(f,+0(1-¢"*")).  (50)

where O, O., b: and b. are material constants, representing the ultimate stress and
rate of expansion of the yield surface in compression (subscript c¢) and tension
(subscript t), respectively. As illustrated in Figure 2(a) the model behaviour
transforms from a more brittle response towards a more ductile response as the
plasticity is set to be the dominant mechanism of energy dissipation by setting
values of w closer to 90° . The model behaviour under triaxial compression is also
demonstrated in Figure 2(b) for three different confining pressures. Increase in
nominal strength and more ductile behaviour is predicted by the model for higher

confining pressures, as expected for pressure dependent materials.
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Figure 2: (a) The effect of @ on the model behaviour under uniaxial loading
and (b) pressure dependent behaviour under triaxial loading; fo, = Q. =20 MPa,
Jiy =01 =10 MPa, b= 1500 and b. = 500.

Figure 3 (a) shows how the dilatant behaviour of the material can be controlled
by varying the parameter c¢. Also, as shown in Figure 3 (b), if a larger volumetric
plastic strain increment than that calculated by the associate flow is assumed (¢>1

), the model behaviour is more brittle whereas for ¢<1 more ductile behaviour is

exhibited by the model.
80 7gx10° (a) 409 o (b)
35 |(MPa)
504 ae=12,1,08,0.5
~~~~~~~~~~~~~ 30 \
; c=12,1,0.8,0.5,0.2
25
20 -
15
10
5
, : : 0 : , —
05 00 0.5 1.0 15 000 001 0.02 0.04

Figure 3: The effect of ¢ and non-associated flow rule (a) on stress strain response

and (b) on dilative behaviour, under uniaxial compression (w = 60°).
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4 Conclusion

We proposed a general approach to couple damage with plasticity to
appropriately describe the behaviour of engineering materials. The whole
formulation is casted in the TIV framework, ensuring consistency and rigour in
both the behaviour and energy aspects of the model. A brief presentation with some
examples are given in this short paper, while more details and examples involving
the application of the proposed approach to both enhancing existing models and
developing new and better constitutive models are described in detail in [10].
Future applications will include more underlying micro-mechanisms to enhance the

predictive capability of constitutive models.
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Abstract

The importance of inelastic volumetric strains as well as frictional processes or the
pressure sensitivity has long been recognised in the study of geomaterials. In this
paper, a systematic derivation of the constitutive relations within the framework of
thermodynamics with internal variables (TIV) is presented. Within this framework
the entire constitutive description is given through introducing two scalar functions,
namely the energy function and the dissipation rate function, and the
thermodynamic admissibility of the model is guaranteed. In addition, non-
associated plastic flow is defined as normal to the yield surface in generalised
dissipative stress space, rather than through introducing a plastic potential in true
stress space. The dilatant or contractive behaviour is also controlled through
introducing two parameters in the dissipation rate function which eventually gives
rise to a single-surface loading function which controls the simultaneous evolution
of damage and plasticity. The single-surface yield function exhibits a smooth and
closed shape in true stress space, thus it is capable of reflecting the primary yielding
condition at significantly high confining pressures. The evolution of the loading
function from an initial yield surface to a final failure surface is governed by the
evolution of the damage variable as it grows from zero to unity. The model,
therefore, profits from using one single loading function for the description of
initial yielding, softening (or hardening) and failure. Finally, the model behaviour

is assessed against experimental data on sandstone available in the literature.
235


mailto:*arash.mir@adelaide.edu.au

APPENDICES

Keywords: Thermodynamics, Damage and plasticity, Porous rocks, Dilation,

Compaction

Introduction

Stability analysis of any excavation in relatively soft geological formations requires
the knowledge and understanding of deformation and failure of materials
comprising these formations. Laboratory and field observations testify that changes
in effective pressure, at different excavation depths or under different loading
configuration in experiments, lead to variations in failure mode (e.g. Baud et al.,
2004; Baud et al., 2006; Klein et al., 2001; Lyakhovsky et al., 2015; Sheldon et al.,
2006; Sheldon and Ord, 2005; Vajdova et al., 2004a, b; Wong and Baud, 1999; Zhu
and Wong, 1997). At shallower depths and under low effective pressures soft rocks
display dilatancy and fail by strain softening and brittle faulting. Under
significantly high effective pressures at deeper depths the failure of soft rocks can
be described as compaction with homogeneous distribution of damage within the
material. The transition from localised shear dilation to homogeneous compaction
involves localised compaction or formation of compaction bands under medium
effective pressures. These behaviours observable at macro-scale are, however,

mainly governed by deformation and energy dissipative processes at micro-scale.

At micro-scale, inelastic deformation of soft rocks involves a series of micro-
mechanical processes which lead to degradation of micro-structure of the material.
These processes usually begin with initiation of micro-cracks followed by frictional
sliding between the two surfaces of pervasive micro-cracks. Micro-cracks then
localise within a band of certain thickness where they finally coalesce and form the
macroscopic fracture. The initiation and development of micro-cracks or damage
is observed as stiffness and strength reduction at macro-scale. Furthermore,
residual or plastic strains observed as dilation and/or compaction at macro-scale
can be ascribed to phenomena such as frictional sliding and asperity interlocking.
A common practice in constitutive modelling is to describe all the mechanisms that
cause stiffness and strength reduction as damage and all the phenomena that give
rise to residual strains as plastic deformations. Furthermore, during the course of
inelastic deformations damage and plastic deformations occur together and one

affects the evolution of the other. Therefore, specification of coupling between
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damage and plasticity in the model formulation is of necessity for the model to

follow the experimental observations closely.

Constitutive modelling within the framework of TIV (Houlsby and Puzrin, 2007,
Ziegler, 1983) requires the explicit definition of two scalar functions. These
functions include the free energy potential and the dissipation rate function. Once
the explicit expression of the dissipation rate function is given, the formulation of
the yield function in dissipative stress space can be derived by performing a
degenerate Legendre transformation. Flow rules are also defined as normal to the
yield surface in dissipative stress space rather than true stress space. Constitutive
models developed within the TIV framework are guaranteed to be
thermodynamically admissible. In this paper, following the coupling scheme
developed by (Vu et al., 2016) within the framework of TIV, coupling between
damage and plasticity is specified in the formulation of the dissipation rate function.
This method of coupling allows for the existence of a single yield function which
controls the evolution of both damage and plasticity processes. The yield function,
which has a closed tear drop-shaped envelope in true stress space, evolves as
damage grows within the material until it is transformed to a linear frictional
Coulomb type failure envelope when the material is fully damaged. This evolution
of yield behaviour is also observed in laboratory experiments on sandstones (Baud
et al., 2006; Tembe et al., 2008; Wong and Baud, 2012). Furthermore, following
the standard procedures of TIV, non-associated flow rules are defined using the
yield function in dissipative stress space. It is also shown that controllable flow
rules allow for describing the dilatant and contractive behaviours in accordance

with softening and hardening responses. Throughout this paper, notations

appropriate for triaxial tests, namely, mean pressure, P =—0; / 3, deviatoric stress,

g =+/3J, , volumetric strain, €, =¢&;; and effective shear strain, & =ﬂ2€lj€ij /3,

with e, =&, —¢, /3 are used.

Methodology; Thermomechanical Formulation
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In this section, following the principles of TIV the entire constitutive relations are
derived through explicitly defining two scalar functions, namely the free energy

potential and the dissipation rate function.

Free Energy Potential, Dissipation Rate Function and Yield Function

In the case of isothermal problems, an appropriate choice for the free energy
potential is the Helmholtz free energy, which can be given, for triaxial tests, as

follows:
\P:(l—D)BK(gV—gf)z+%G(gs_g;’)z} [1]

In the above expression K and G are bulk and shear moduli, respectively and D is
the scalar damage variable. Based on the above definition for free energy potential,
following the standard procedures, mean pressure, p, and deviatoric stress, ¢, are
given as follows:

oY _ » oY »

—g—(l—D)K(av -8, ) ;and ¢ =5 =3(1—D)G(es —&; )

v € N

» [2]

Also, generalised stresses (see Houlsby and Puzrin, 2007), 7, and % , and the

conjugate damage energy, 7, are derived as:

){v=—al=(l—D)K(8v—ef)=p;and

oe’

ow ( ) Bl
X, =———=3(1-D)Gle, ¢’ )=¢q
‘ oe’
O LY R eI ey ) IS SRS S
b= op 27 /TN 2K(1-D)*  6G(1-D)

The dissipation rate function for rate independent behaviour of material is a
homogeneous first order function in the rates of internal variables (éf , éf and D

). Following the coupling scheme developed by (Vu et al., 2016), the following

form of the dissipation rate function is assumed:

2 2 2
O=1\p, +9¢, +op + 1,0, + .0, 20 [5]

In the above expression, ¢, s and ¢p are homogeneous firs order functions in terms
of the rates of internal variables, representing the contribution of each individual

dissipative mechanism in the total dissipation rate and the dimensionless
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parameters f, and f; are functions of stresses. The specific definitions of these
functions depend on the problem in hand. For the purpose of constitutive modelling

for soft rocks these functions are defined as follows:

o, =(p-alp-p))é =F&; i=vs [6]
bp = o DzF)_{D D
DT 0T e g
A M

fv:(p_a\/f)/F;and fsz(q—b\/g)/F [8]

with parameters p and a in Eq. [6] being defined as:

4- ’ 2
- 4=nep e, ;andazﬁ{a0+(l_l)2) \/5] o

2(p.+p,)

where ay and y are material parameters and p; and p. are pressures at yield under
isotropic compression and expansion, respectively. Also, parameters A and M

appearing in Eq. [7] are given as:

A:{(I—V)pc—pt (10]

(1-D)VD
P.tD 2

}w%(l—l))ypc; and M = M, +
where M, is the slope of the final failure envelope in p-q space. Parameters a, b and
c in Egs. [7] and [8] determine the level to which each dissipation mechanism is
active. In particular, parameters @ and b control the share of volumetric and shear
plastic deformations in the total plastic dissipation rate at each step of inelastic
loading and, therefore, control the direction of plastic flow vector in true stress
space. Furthermore, inelastic dilation in soft rocks can be attributed to damage and
volumetric plastic strain due to asperity interlocking of micro-cracks. Hence,
energy dissipation due to damage and volumetric plastic strain is termed here as
volumetric dissipation and its contribution to the total dissipation rate is represented
by a ratio 7, defined as; 7= a®+ ¢*>. Another source of energy dissipation is shear
sliding between the two faces of micro- and macro-cracks. The share of frictional
sliding in total dissipation rate is, thus, termed as shear dissipation and it is denoted
by a ratio r; = b%. Ratios, 7, and 7, are fractions of a unit energy budget that has been
dissipated and thereby they are bound through the condition; », + r; = 1. Within

the framework of TIV, the yield function in generalised dissipative stress space can
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be derived by performing a Legendre transformation on the dissipation rate

function. Performing Legendre transform on a first-order function of rates of

internal variables, (I):(D(a'f ,éf ,D), results in a function of the conjugate

variables, y*=y* o X X D). Using Eq. [5] these conjugate variables are defined

as follows:
oD o Op, 9, 29,
5= T ar | T s 2+fv87 [11]
A R 2R o
0 0
S:;q;:aajaj;: 2 ‘”Sz z+ﬂ?% [12]
N N N \/ (gv +¢s +¢D gs
8(1) _ 8(1) a(DD _ (DD awD

Ap=r = L= : [13]
oD Gpp D Vo, +0, +0p P

As can be seen in Eqgs. [11]-[13] each conjugate variable is linked to the rates of all
internal variables. Accordingly, specification of coupling between internal
variables in the expression of the dissipation rate function gives rise to the existence
of a single yield function which controls the simultaneous evolution of damage and

plasticity and it is obtained as:

2 2 2
XV XS XD
yi=|l——=f | | T/ +[ j -1<0 [14]
[6%/ o0& j [a(ps 8! j Gpp /2D
In addition, using Eqs. [6]-[8] along with Eq. [14], the yield function in true stress
space, y =y (p, q, D), is given as:

y{—(l‘D)/(lp‘p)T{#T_lso [15]
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D=0 Y\
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Figure 1: Yield function in true stress space

As illustrated in Figure 1, the yield function of Eq. [14] possesses a tear-drop shape
in true stress space, p — ¢, similar to that developed by (Collins and Hilder, 2002)
for sand. Furthermore, incorporation of damage in the formulation of yield function
allows for transformation of the initial yield surface to a linear frictional Coulomb

type failure envelope as the damage variable grows from zero to unity.

Non-associated Flow Rules

Within the framework of TIV flow rules are defined using the yield function in
generalised dissipative stress space. By use of Egs. [3] and [4] and by invoking
Ziegler’s orthogonality condition, evolution rules for plastic strains and damage

variable are given as:

6 = ioy’ Jor, = 2aVE[F? s and ¢ = Goy' foy, =23 (WE[F?) [16]
Dzi@y*/ﬁ)@ =2iczE/F2)_(D [17]
From the plastic flow rules, given by “Eq. [16]”, the ratio between the volumetric

and shear components of the plastic flow vector is:
&7 a7 =alb [18]
Furthermore, parameter a is defined in terms of stresses as follows:
pP—p

a=—-t—-"F 19
lp—pl-p, L19]
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Figure 2: Non-associated flow for Bentheim sandstone with model parameters as;
y=0.82, a0 =0.55, Mo =1.4, p. =400 MPa, p; =—10 MPa, r,= 0.8, and r;=0.2

(a) dilation and (b) compaction

Direction of Plastic flow vectors is now controlled merely by determining the
contribution of the volumetric and shear dissipation rates in the total dissipation
rate, that is, by determining », and 7. The plastic flow vectors are defined as normal
to the yield surface in dissipative stress space. However, they are not always normal
to the yield surface in true stress space except for non-frictional materials for which
the flow rules are associated. Corresponding to any yield point on the initial yield
surface in true stress space (p,—q,), there exist an ellipsoidal yield potential in
generalised dissipative stress space (yv, xs, xs) Which can be obtained, from Eq. [14],

as:

¥ :[Xv_(py_“\/g)]er [Xs—(qy—b\/g)]z +[C\/E)(D/)_(D]2 —F’ 201
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Figure 3: Model behaviour (a) softening and hardening responses and (b) dilative

and contractive behaviours

These yield loci in dissipative stress space are analogous to the concept of plastic
potential in conventional plasticity. The projection of the ellipsoidal yield potential
on the plane yp = 0, corresponding to a number of yield points (p,—q,), is illustrated
in Figure 2. As can be seen in Figure 2, for the present formulation the planes yp =
0 and p-¢g coincide, however, this is not always the case (see Collins and Hilder,
2002). In accordance with the direction of plastic flow vector in Fig. 2,
dilative/softening and contractive/hardening behaviour of the model is
demonstrated in Figure 3. Model input parameters were taken from tests on

Bentheim sandstone (Wong et al., 2001).
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Results and Discussion

In this section the predictive capability of the model is assesed against experimental
data from Berea sandstone (Baud et al., 2006). The model parameters are calibrated
using the initial yield point for one or two sets of data. As illustrated in Figure 4 the
proposed model predicts the inelastic deformation of these sandstones reasonable
well. Altough the calibration of the model parametrs is relatively straightforward,
it is desirable for the two model parametres r, and r, (representing the share of
volumetric and shear dissipation, respectively) to be determined in a more
systematic manner.

400 (b)

250 (a)

300 MPa
350
150 MPa 250 MPa
200 200 MPa 300 -
- 75 MPa = 200 MPa
£ &
Z 2250
150 SO0MPa &~ 150 MPa
2 ]
g 2200
2 ] 100,MPa
.2 s »
s100 =150
3 =
a 100
50
50
0 0
0 0.01 0.02 0.03 0.04 0 0.02 0.04 0.06 0.08 0.1
Axial Strain, g, Volumetric Strain, €,

Berea sandstone (a) Mean stress-volumetric strain (b) deviatoric stress-axial strain
with model parameters; Mo = 1.35, y=0.75, a0 = 0.65, p. = 387 MPa, p,= -10
MPa, Young’s modulus = 14.125 GPa, Poisson’s ratio = 0.2

Conclusion

A thermodynamically consistent coupled damage-plasticity model is developed to
describe the mechanical behaviour of soft rocks. The whole formulation is casted
in the framework of thermodynamics with internal variables, ensuring the
consistency and rigour both the behaviour and energy aspects of the model. A brief
presentation with some examples are given in this short paper, while further
improvements and generalisations will be given in Vu et al (2016). Future
improvements will focus mainly on further generalisation of the dissipation rate
function and on a detailed analysis of different failure modes as well as modes of

energy dissipation.
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