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ABSTRACT 

The thesis provides physical insights into the nonlinear phenomena associated with 

propagation of guided waves (GW) in thin walled structures. The non-linear phenomena are 

investigated using experimental techniques, the three-dimensional (3D) finite element (FE) 

simulations as well as theoretical studies. The thesis is divided into two main parts. In the first 

part, the contact nonlinearities are studied, while the focus of the second part is on the intrinsic 

material nonlinearities. The thesis represent a compendium of published, submitted and 

prepared for submission papers united by the same topic and methodology. Each paper contains 

the background information and an extensive literature review. For this reason, the thesis does 

not have a separate chapter on literature review or background. 

In the first part of the thesis, the generation of the second order harmonic of Lamb waves  as a 

result of contact non-linearity associated with presence of fatigue cracks (paper 1 & 2), contact 

loosening in bolted joints (paper 3) and delamination in a composite material (paper 4) are 

investigated. A relative nonlinear parameter (NP) is introduced and utilised to quantify the rate 

of the growth of the second harmonic (SH). In the case of fatigue cracks, experimental studies 

along with the 3D FE simulations are conducted in order to maximise the amplitude of the SH 

and identify the directivity patterns of NP, influence of incident wave angles, and the external 

loading on the generation of the rate of SH. A feasibility study on detecting loosen bolts is 

carried out, and the results demonstrated that the generation of the SH can indicate the bolt 

loosening, however, there is a fluctuation of the results between different group of tests. Finally, 

a FE model of an aluminium plate with composite patch repaired weakened by defects i.e. 

delamination and fatigue crack, is developed. The outcomes of dynamic simulations reveal that 

when a proper GW mode is selected, then it is possible to not only detect the presences of 

defects, but also the type of the defects. 

In the second part of the thesis, a VUMAT (material properties) subroutine is developed and 

implemented in a 3D FE model. It utilises the Murnaghans’ strain energy function to study the 

intrinsic material nonlinearities and the effect of the applied stresses in an aluminium plate. 

The FE model with a weakly nonlinear material model is first validated with theoretical 

solutions describing the acousto-elastic effect and changes of the phase velocity with the 

applied stress (paper 5). The variation of the second order NP with the wave propagation 

distance is studied in paper 6. The developed 3D FE model provides a more convenient and 

flexible approach to study the acoustoelastic effects in prestressed waveguides with complex 



ii 
 

geometry. Meanwhile, it also provides more options to select the material behaviour and 

investigate nonlinear phenomena generated by the propagation of nonlinear GW features in 

weakly-nonlinear material (paper 6). 
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Chapter 1. Introduction 

1 

Chapter 1. Introduction 

1.1. Background 

Material properties are eventually degrading with time causing a threat of premature fractures.  

Many structures, which were built in the last century, are currently close to the end of their 

design life. The ageing process may result in different types of material defects, for example, 

cracks in metallic structures, debondings or delaminations in composite laminates as well as 

corrosion damage in pipes. The presence of defects can significantly jeopardise the structural 

integrity and public safety. Catastrophic structural failures often occur due to an incipient 

damage causing monetary loss and loss of life. 

Serious structural failures could be initiated from a local damage area even at an unperceivable 

level. The relevant examples include the I-35W Mississippi River Bridge collapse [1] and 

Eschede train disaster [2]. Both of these failures have started from a small fatigue crack initiated 

from a manufacturing defect. One way to control the development of fatigue cracks is safety 

inspections. However, safety inspections might be costly and need the structure to be taken 

from operation. According to Han et al. [3], in the aircraft industry, maintenance and repairs 

represent about a quarter of the commercial aircraft operating costs. Therefore, the 

development of efficient and cost-effective non-destructive defect evaluation systems for 

periodic safety inspections and control of incipient damage is critical.  

During the past few decades, many non-destructive testing (NDT) techniques were developed 

to evaluate the condition of the structures. These NDT techniques include visual inspection, 

eddy current testing, ultrasonic testing and radiographic inspection, etc. A brief summary of 

NDT techniques and their corresponding advantages and disadvantages can be found in the 

book of Gros [4]. Among these developed methods, NDT for structural health monitoring 

(SHM) using guided ultrasonic wave techniques has proven its advantages over other 

inspection techniques [5]-[7] due to its ability to scan large areas and high sensitivity to 

damages [8]-[10].  

Guided waves (GW) is defined as stress waves forced to follow a path defined by the material 

boundaries of the structure. GW generally contains two different wave modes, i.e., symmetric 

(S) mode and antisymmetric (A) mode. The S mode is dominated by in-plane displacement of 

particles while the A mode is dominated by out-of-plane displacement. It is worth mentioning 

that, for this study the ‘low-frequency’ GW typically refers to the frequency range with the 

existence of only fundamental symmetric (S0) and antisymmetric (A0) wave modes, i.e. below 
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the cut-off frequency. GW propagation theory was established 100 years ago by Rayleigh and 

Lamb. In 1961, Worlton demonstrated the advantages of using GW to inspect plate-like 

structures [11]. For the recent studies, the most intensively studied type of GW is Lamb waves 

due to its ability to propagate in a solid plate or shell as many structures nowadays are made 

by plate- and shell-like components. Other types of GW include Rayleigh waves, Love waves 

and Stoneley waves. As compared with conventional GW inspection method using linear 

features of GW [12]-[18], nonlinear GW method based on the observation of higher harmonics 

[19],[20], sidebands (frequency mixing) [21],[23] or resonant frequency shift [24]-[25], etc., is 

more sensitive to micro cracks and early material degradation [26]. In this PhD study, the 

nonlinear characteristic of GW, i.e. second harmonic generation (SHG), is observed and 

studied in detail. 

 

1.2. Aims 

The primary objective of the research project is to advance the NDTs utilising nonlinear GWs, 

and, so, these techniques can be employed in real world environment. In order to accomplish 

this, it is important firstly to gain a deeper understanding of the both damage induced 

nonlinearities, i.e., contact, friction and material nonlinearities. GW parameters such as the 

excitation frequency, incident wave angle as well as the boundary reflections and loading 

condition, which can exert impacts on the measured second harmonic on a structure in real-life 

applications, are all investigated in this thesis. In addition, the intrinsic material nonlinearity is 

studied analytically based on the nonlinear energy function as well as numerically by using the 

three-dimensional (3D) finite element (FE) simulations with a nonlinear material subroutine. 

These investigations and studies are necessary to transfer the nonlinear-based NDT to the real 

world environment.  

 

1.3. Thesis Structure 

The thesis consists of eight chapters. In Chapters 2 – 5, the studies of the second harmonic 

generation (SHG) of GW due to the contact nonlinearity are presented with consideration of 

different damage types. Practically important issues that need to be dealt with before pushing 

forward the technique to practical applications are discussed. In Chapters 6 and 7, a theoretical 

analysis and FE models with a nonlinear material subroutine are conducted to study the 

acoustoelastic effect and SHG associated with the material nonlinearity. In the last chapter, 
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outcomes of the current research, conclusions and recommendations for future studies are 

summarised. A brief summary of the contents in each chapter is outlined as below. 

Chapter 2. SHG due to contact nonlinearity at figure crack in aluminium plates is studied. The 

effectiveness and sensitivity of SHG using S0 and A0 are investigated and compared. The 

experimentally measured values of β’ at different locations of sensors in a transducer network 

are compared with the corresponding 3D FE simulation results in order to validate the 3D FE 

model. Further, this model is implemented to study the SHG due to the contact nonlinearity. A 

parametric study using the experimentally validated FE model is also carried out to study the 

variation of β’ against crack length to incident wave wavelength ratio. 

Chapter 3. With the optimal wave mode and frequency, which were identified in Chapter 2, 

the effects of the applied load and incident wave angle on the SHG due to fatigue cracks with 

different crack lengths are investigated, since these effects are critical for practical 

implementation of the nonlinear-based GW techniques. In this chapter, Short-Time Fourier 

Transform (STFT) is adopted to study the SHG features under different incident wave angles 

and crack length to incident wave wavelength ratios, as well as different crack opening 

corresponding different magnitudes of the applied stress. 

Chapter 4. The concept of SHG due to the contact nonlinearity is extended to study the 

progression of loosening of a bolted connection. This study focuses mainly on the feasibility 

of detecting bolt loosening using SHG of GW. Two single bolted lap joints made of steel are 

examined in the experimental tests supported by the FE simulations. The wave mode 

maximising the rate of SHG is found experimentally and numerically. In addition, 3D FE 

models with both loosen bolt and fatigue cracks at the bolt hole are developed to determine 

whether it is possible to detect and distinguish the failure type with the use of different GW 

modes and nonlinear effects such as SHG. 

Chapter 5. In this chapter, another common damage type, debonding (delamination), is 

analysed along with a fatigue crack in a composite patch used to repair an aluminium plate. A 

3D FE model having similar set-up to the previously validated models in Chapter 2 and 3 is 

utilised to study the variation of the relative nonlinear parameter with the fatigue crack length 

and debonding area. A feasibility study on detecting and distinguishing fatigue crack and 

debonding types of damage is also conducted. 

Chapter 6. Besides the contact nonlinearity, material nonlinearity also contributes to the 

generation of the second harmonic. Structures in practical situation or in operation can be 
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prestressed by the applied loading or temperature. On one hand, the loads can open the crack 

and change the contact nonlinearity, while on the other hand, the acoustoelastic effect due to 

stress affects the SHG. In this chapter, a VUMAT subroutine in ABAQUS is developed based 

on the Murnaghan’s strain energy function [27] and implemented in a 3D FE model describing 

a prestressed aluminium plate. The model with the material subroutine is validated with 

theoretical solutions of the phase velocity changes due to acoustoelastic effect associated with 

the applied stress. 

Chapter 7. This Chapter applies the material subroutine developed in Chapter 5, to further 

validated the FE model by conducting an extensive validation study against previous results of 

experimental tests. Then, the variation of NP against propagation distance in the prestressed 

aluminium plate is investigated with the FE model. Finally, a new model combining the contact 

nonlinearity due to fatigue crack (contact nonlinearity) and material nonlinearity is developed 

to study the variation of NP. 

Chapter 8. The significances and key findings of the conducted research are outlined in this 

chapter, followed by recommendations for future studies. 
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Abstract 

This paper presents experimental and theoretical analyses of the second harmonic generation 

due to non-linear interaction of Lamb waves with a fatigue crack. Three-dimensional (3D) 

finite element (FE) simulations and experimental studies are carried out to provide physical 

insight into the mechanism of second harmonic generation. The results demonstrate that the 

3D FE simulations can provide a reasonable prediction on the second harmonic generated due 

to the contact nonlinearity at the fatigue crack. The effect of the wave modes on the second 

harmonic generation is also investigated in detail. It is found that the magnitude of the second 

harmonic induced by the interaction of the fundamental symmetric mode (S0) of Lamb wave 

with the fatigue crack is much higher than that by the fundamental anti-symmetric mode (A0) 

of Lamb wave. In addition, a series of parametric studies using 3D FE simulations are 

conducted to investigate the effect of the fatigue crack length to incident wave wavelength ratio, 

and the influence of the excitation frequency on the second harmonic generation. The outcomes 

show that the magnitude and directivity pattern of the generated second harmonic depend on 

the fatigue crack length to incident wave wavelength ratio as well as the ratio of S0 to A0 

incident Lamb wave amplitude. In summary, the findings of this study can further advance the 

use of second harmonic generation in damage detection. 

  

Keywords: nonlinear Lamb wave, second harmonic, fatigue crack, contact nonlinearity, finite 

element method, experimental study 

 

2.1. Introduction 

2.1.1. Lamb waves  

Over the lifespan, engineering structures accumulate mechanical damage due to fatigue, 

temperature variations, effects of aggressive environment and aging. Without proper inspection 

and maintenance strategies to ensure the safety and integrity of the structures, the accumulation 

of the damage can lead to catastrophic consequences. Therefore, the development and 

deployment of non-destructive evaluation (NDE) and structural health monitoring (SHM) are 

critical to ensure the structural safety, minimize the maintenance costs, and extend the service 

life of the structures. 
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Among various NDE and SHM techniques, Lamb wave has attracted significant attention due 

to its outstanding properties, such as ability to propagate a long distance, able to provide rapid 

inspection, high sensitivity to many types of mechanical damages, and detection of damages at 

inaccessible at locations [1]-[4]. In the last two decades, different Lamb wave based techniques 

[5]-[9] have been developed for damage detection. The majority of the developments focused 

on linear Lamb wave that determines the presence of damage based on the change of wave 

speed, reflection and transmission, or mode conversion [10] of the linear wave signals, i.e. the 

scattered wave at the same frequency as the incident wave [11]-[13]. The linear features of 

Lamb wave are sensitive to damages with sizes comparable to the wavelength of the incident 

wave, e.g. corrosion spot [14][15] or crack [17][18]. However, they are not effective in 

detecting early stage of mechanical damage, e.g. micro-damage and small fatigue crack. In 

addition, most of the damage detection techniques based on the linear Lamb wave require 

baseline data [3] to extract the scattered wave signal from the damage. But the change of 

environmental conditions, e.g. temperature variation [19]-[21], stress level [22] could make the 

baseline subtraction fail in extracting the scattered waves signal from the damages. Therefore, 

there is a need to overcome the aforementioned deficiencies of the linear wave signals to 

achieve effective and practical damage detection. 

 

2.1.2. Nonlinear Lamb waves 

Nonlinear ultrasonic techniques detect the incipient damage based on nonlinear phenomena, 

such as higher harmonic generation [23], sub-harmonic generation [24], mixed frequency 

response [25],[26] and nonlinear resonance [27]. A number of studies have demonstrated that 

the nonlinear characteristics and phenomena are more sensitive to the presence of contact-type 

damage, such as fatigue crack and delamination, and have less influence by environmental 

change than the linear features.  

Early developments of the nonlinear ultrasonic techniques focused on the nonlinearity of elastic 

bulk waves [28]-[30]. Recently, several studies have focused on the nonlinearity of Lamb 

waves [31]. Compared to the nonlinear ultrasonic techniques based on the bulk waves, 

nonlinear Lamb waves could provide long-range inspection for thin-wall structures. A number 

of studies have demonstrated that the generation of second- or third-order harmonics could be 

used to determine the presence and severity of incipient damage in structures [32]. The 

generation of higher harmonics involves various non-linear phenomena. However, recent 
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studies have primarily focused on the investigations of the higher harmonic generation due to 

nonlinear elasticity [23] and contact nonlinearity [34],[35].  

The early damage accumulation usually leads to the deviation of the stress-strain behavior from 

the linear Hook’s law. The higher harmonics are generated due to this nonlinearity in the elastic 

behavior of the material, and this provides a way for the measurement and quantification of the 

micro-damage. The material nonlinearity normally leads to distortion of propagating 

waveforms, and hence, it generates the higher harmonic. A number of studies focused on the 

material nonlinearity were performed by several researchers [23], [33], [34]-[38]. 

Lamb waves are dispersive and have multi-mode nature, which make accurate experimental 

realization of nonlinear Lamb wave become difficult. As illustrated in the aforementioned 

studies, the phase and group velocity matching are essential conditions to generate cumulative 

behavior of the second harmonic, i.e., the magnitude of second harmonic increases with wave 

propagation distance [23]. These conditions ensure that the second harmonic Lamb wave can 

propagate a reasonably long distance and can be detected. Pruell et al. [33] found that the 

plasticity-induced damage can cause the second harmonic generation. Li et al. [36] employed 

the second harmonic Lamb waves to assess thermal fatigue damage in composite laminates. 

Zhou et al. [37] carried out an experiment study to demonstrate that the higher harmonic Lamb 

wave can be used to evaluate the fatigue crack. They found that the nonlinearity contributed by 

the material itself, i.e. the nonlinear elasticity effect, is insignificant compared with that induced 

by the fatigue damage. 

When Lamb wave interacts with contact-type of damage, e.g. fatigue crack [34] and 

delamination [39],[40], higher harmonics can be generated due to the contact nonlinearity. This 

happens due to the nonlinear interaction of the crack surfaces caused by the incident Lamb 

wave. When the incident wave passes through the crack, the compressive pressure of the 

incident wave closes the crack and the tensile pressure opens the crack. As a result, the 

compressive part of the incident wave penetrates the crack, while the tensile part cannot. This 

phenomenon is schematically illustrated in [32]. This clapping behavior at the crack surfaces 

causes the nonlinearity, and hence, generating the higher harmonics due to the effect of 

localized nonlinearity [32]. 
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Figure 2-1: Concept of contact nonlinearity at a fatigue crack 

 

A number of studies have investigated the generation of higher harmonics by low-frequency 

incident guided wave, i.e. below 500 kHz. Nucera and Lanza di Scalea [41] investigated the 

nonlinear guided wave in multi-wire strands. They demonstrated that the higher harmonics 

generated by the inter-wire contact at different axial load levels. Two- (2D) and three-

dimensional (3D) finite element (FE) simulations considered the contact nonlinearity arising 

from the inter-wire stresses between individual wires comprising the strand were carried out to 

study the higher harmonic generation. Experimental study was conducted to verify this 

phenomenon. Shen and Giurgiutiu [34] proposed a 2D FE model to study the nonlinear guided 

waves generated by low-frequency incident wave interaction with a breathing crack. They 

considered the effect of contact nonlinearity in their model and investigated the generation of 

higher harmonics by the fundamental symmetric (S0) and anti-symmetric (A0) mode of Lamb 

wave. They also demonstrated that the FE model is capable to describe the nonlinear wave 

propagation phenomenon. Soleimanpour and Ng [39] investigated the higher harmonic 

generated by A0 mode Lamb wave interaction with a delamination in laminated composite 

beams. A 3D FE model with the contact nonlinearity at the delamination was used to study the 

generation of the higher harmonics. The FE model was experimentally verified and then 

applied to investigate the higher harmonic generation. Yelve et al. [40] investigated the higher 

harmonics generation by the interaction of S0 Lamb wave with a delamination. A 2D FE model 

with contact effect at the surfaces of the delamination was used to investigate the higher 

harmonic generation. In addition, experimental studies were also carried out to further validate 

the results. They demonstrated that the contact nonlinearity could generate higher harmonics. 

The aforementioned studies with the low-frequency incident Lamb wave did not require the 

phase and group velocity matching for generating the cumulative higher harmonics. Therefore, 
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the main contribution to the higher harmonic generation was mainly due to the contact 

nonlinearity at the contact surfaces of the damage. In general, the use of the low-frequency 

incident Lamb wave to detect the damage based on the higher harmonic generation due to 

contact nonlinearity is easier to be experimentally achieved than that of due to material 

nonlinearity. This is because the contact nonlinearity does not require highly accurate 

experimental procedure and sophisticated equipment to satisfy the phase and group velocity 

matching condition. In addition, Lamb wave at low excitation frequency range only has S0 and 

A0 mode, therefore, the excitation will not induce higher-order modes of Lamb wave for both 

incident and higher harmonic Lamb wave. Hence, it does not require advanced signal 

processing and experimental techniques to extract the higher harmonic information from the 

measured data. 

Currently there are limited studies focused on the higher harmonic generation of Lamb wave 

at the fatigue crack due to contact nonlinearity, especially for study using both 3D FE 

simulations and experimentally measured data. Moreover, the majority of the previous studies 

focused on the situation when fatigue crack is oriented perpendicular to the incident wave 

propagation direction, i.e. only forward and backward directions of the higher harmonic Lamb 

wave were studied. In practical applications where transducer arrays are used for damage 

detection, the fatigue crack can be oriented at different angles with respect to the incident wave 

direction. Different magnitudes of higher harmonic Lamb waves could be generated at different 

scattering angles. Therefore, it is important to gain a physical insight into the higher harmonics 

generated by contact nonlinearity at the fatigue crack. The insight can further advance the use 

of the higher harmonic Lamb waves for damage detection, specifically for small-scale and 

micro-damage. 

In this study, comprehensive 3D FE simulations and experimental studies are carried out to 

investigate the second harmonic generation at the fatigue crack due to the contact nonlinearity 

using S0 and A0 Lamb wave. The magnitude of the higher harmonics generated by S0 and A0 

Lamb wave is investigated in detail. In addition, this study investigates the directivity pattern 

of the higher harmonic generation. This provides further understanding of the higher harmonic 

generation phenomenon.  

This study also demonstrates the feasibility of using the 3D FE simulation to predict the higher 

harmonics generation due to Lamb wave interaction with the fatigue crack. The FE simulation 

provide many benefits, such as substantial reduction of time and cost in the investigations. 
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Noticeably, there are other numerical simulation techniques, such as boundary element method 

(BEM), finite difference (FD) method and spectral finite element method (SFE) method, for 

solving guided wave propagation problems [42]. Apart from FE method, SFE method has also 

attracted attention in the last decade [43]-[45]. This method is more computational efficient 

compared with FE method, especially for simulating high frequency wave propagation where 

the required element size for ensuring the accuracy of the FE simulation becomes very small. 

However, FE simulation has been commonly used to simulate guided wave propagation 

problems [16], [34], [37] due to its ability in modelling complex geometries [42] and the 

availability of well-established commercial software programs. Therefore, this study employs 

the FE simulation to study the second harmonic generation.  

The paper is organized as follows. Section 2 describes the details of the 3D explicit FE 

simulations, which include the actuator and sensor model, and modeling of the fatigue crack. 

Section 3 presents the experimental validation, which describes the details of the fatigue crack 

generation through cyclic tests, experimental setup for actuating and sensing the Lamb wave, 

and mode-tuning results for generating a specific mode of Lamb wave. Section 4 discusses the 

results obtained from the numerical simulations and experiments. Section 5 presents a 

parameter study considering different incident wave wavelength to crack length ratios. The 

paper also presents a comprehensive study of the magnitude and scattering directivity pattern 

of the second harmonic generation. Finally, conclusions are drawn in Section 6. 

 

2.2. Three-dimensional Explicit Finite Element Simulation 

The Lamb wave propagation and interaction with the fatigue crack in an aluminum plate was 

modeled using a 3D explicit FE method. The dimensions of the aluminum plate are 

300mm×200mm×3mm. Eight piezoceramic discs with 10mm diameter and 0.5mm thickness 

were modeled on the surface of the aluminum plate to excite and measure the Lamb wave 

signals. The materials of the aluminum plate and piezoceramic discs are 5005-H34 aluminum 

and Pz27, which are the same as the specimen used in experiment in Section 3. The Young’s 

modulus, Poisson’s ratio and density of 5005-H34 aluminum are 69.5GPa, 0.33 and 2700kg/m3, 

respectively. The material properties of the piezoceramic discs are shown in Table 2-1. The 

eight piezoceramic discs, which are labeled as PZT1–PZT8, form a 50mm diameter circular 

transducer network as shown in Figure 2-2. Based on the polar coordinate shown in the Figure 

2-2, they are located at r = 50mm and θ = 0° (PZT1), 45° (PZT2), 90° (PZT3), 135° (PZT4), 
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180° (PZT5), 225° (PZT6), 270° (PZT7) and 315° (PZT8), respectively. The same 

configuration of the transducer network was also used in the experimental studies and it will 

be described in the next section. In this study, PZT5 was used to actuate Lamb waves while the 

rest of the piezoceramic discs were used for sensing. 

 

Table 2-1: Material properties of the model piezoceramic discs 

Young’s 

modulus 

Poisson’s 

ratio 

Density Relative 

dielectric 

constant K3 

Piezoelectric 

charge constant 

d31 

Dielectric 

permeability 𝑝0 

59GPa 0.389 7700kg/m3  1800 170×10-12m/V 8.85×10-12F/m 

 

 

Figure 2-2: Schematic diagram of the FE simulations and experiments 

 

Commercial FE software, ABAQUS/CAE, was used to construct the 3D FE model. Eight-

noded 3D fully integrated linear brick elements, C3D8I, in which each node has three 

translational degrees-of-freedom (DoFs), were used to model the aluminum plate and the 

piezoceramic discs. The in-plane dimensions and the thickness of the elements are around 

0.4mm×0.4mm and 0.375mm, respectively, so that there are at least 20 elements per 

wavelength for the incident and generated second harmonic Lamb wave. In the thickness 

direction of the aluminum plate, there are eight layers of the brick elements. The aspect ratio 

of the brick elements is 1.07. The simulation was solved using the explicit FE code, 
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ABAQUS/Explicit, which employs the explicit central different integration scheme to calculate 

the response of the wave propagation. The excitation signal is a sinusoidal tone burst pulse 

modulated by a Hanning window, which is applied to the actuator model described in next sub-

section to excite the Lamb wave in the aluminum plate. 

 

2.2.1. Actuator and sensor model 

In this study, the piezoceramic discs used for excitation and measurement were modeled using 

3D brick elements in the FE simulations with the consideration of the direct and converse 

piezoelectric effects. The bonding between the piezoceramic discs and the aluminum plate is 

assumed to be perfect, and hence, the strain is continuous at interface between the piezoceramic 

disc and the aluminum plate. The radial displacement at the circumference of the actuator has 

a linear relationship with the input voltage [46][47] as 

𝑑𝑟 = 𝑅
𝑑31

ℎ𝑃𝑍𝑇
[

�̃�(1−𝜈𝑃𝑍𝑇)

𝐸𝑃𝑍𝑇
+ 1] 𝑉𝑖𝑛  (2.1) 

where Vin is the applied voltage. d31, R, EPZT, νPZT and hPZT are charge constant, radius, Young’s 

modulus, Poisson’s ratio and thickness of the piezoceramic discs, respectively. �̃� is a constant 

related to the material properties and thickness of the plate and piezoceramic disc, and it is 

given in [47]. The excitation signal in the form of voltage is converted to displacement based 

on the material properties of the piezoceramic discs using equation (2.1) and is then applied to 

the FE nodes of the piezoceramic disc to generate the Lamb wave. 

For the sensor model, the output voltage is related to the radial and tangential strains [46][47] 

of piezoceramic discs as 

𝑉𝑜𝑢𝑡 =
𝑑31𝐸𝑃𝑍𝑇ℎ𝑃𝑍𝑇

4𝜋𝐾3𝑝0𝑅2(1 − 𝜈𝑃𝑍𝑇)
∬(𝜀𝑟 + 𝜀𝜃)𝑟𝑃𝑍𝑇𝑑𝑟𝑃𝑍𝑇𝑑𝜃𝑃𝑍𝑇 

(2.2) 

where rPZT and θPZT are the radial and tangential direction, respectively, of the polar coordinate 

located at the center of each piezoceramic disc. K3 is the dielectric constant of the piezoceramic 

discs, 𝑝0 is the dielectric permeability. εr and εθ are radial and tangential strain component, 

respectively. Integrating equation (2.2) with respect to rPZT and θPZT, we can obtain 

𝑉𝑜𝑢𝑡 =
𝑑31𝐸𝑃𝑍𝑇ℎ𝑃𝑍𝑇

4𝐾3𝑝0(1 − 𝜈𝑃𝑍𝑇)
(𝜀𝑟 + 𝜀𝜃) 

(2.3) 
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Hence, the measured voltage by the sensor could be obtained from the strain of the brick 

elements that used to model the piezoceramic discs in the FE simulations. 

 

2.2.2. Modelling of fatigue crack 

The fatigue crack was modeled by embedding a seam crack at the fatigue crack position in the 

aluminum plate model. Figure 2-3 shows a schematic diagram of the fatigue crack model. The 

fatigue crack was modeled by duplicating and overlapping the nodes along the seam crack, and 

hence, it is originally closed but it could be opened when Lamb waves interacting with the 

fatigue crack. Hard normal contact and friction tangential contact are applied to the interfaces 

of the seam crack to prevent nodes penetration, and hence, simulating the breathing behavior 

when the Lamb wave interacts with the fatigue crack. A typical friction coefficient of aluminum 

[48] is used and the value is slightly increased to take into account the roughness of the actual 

fatigue crack surfaces. In this study, a friction coefficient of 1.5 was used to simulate the 

relative sliding of the fatigue crack surfaces. For the experiment validation in the next section, 

the fatigue crack was generated and controlled using a circular through hole with starter notches 

in the fatigue loading process. For validating the FE model with the experimental 

measurements, the circular through hole and the starter notches are also modeled by removing 

the elements in the FE model.  

 

Figure 2-3: FE model of the fatigue crack for simulating the a) experimental condition, and b) 

numerical parametric study 
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2.3. Experiment 

2.3.1. Fatigue test 

Two 300mm×200mm×3mm 5005-H34 aluminum plates having the same material properties 

as the plate model in the FE simulations were used in the experiment. A 5mm diameter circular 

through hole was machined at the center of one of the aluminum plates and two 2mm long 

starter notches were cut using a 1mm thick saw blade. One of the plates was subjected to a 

sinusoidal tensile load in an INSTRON 1432 testing machine. The cyclic tension load was 

applied with a minimum of 5kN and a maximum of 40kN with a frequency of 10Hz. The plate 

was inspected every 5,000 cycles of loading and it took approximately 60,000 cycles to initiate 

the fatigue crack at the end of the starter notch. The cyclic loading process was stopped when 

the fatigue cracks propagate to approximately 10mm long as shown in Figure 2-4. The other 

aluminum plate was used as the control specimen, and hence, it is an intact aluminum plate. It 

is used to quantify the second harmonic induced from non-damage related effects, such as 

material nonlinearity, the interaction between transducers and host plate, and instrumentation 

chain, etc.  

 

Figure 2-4: Fatigue testing using INSTRON and the fatigue crack generated at the end of the 

starter notches] 
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2.3.2. Experimental setup for actuating and sensing Lamb wave 

Eight 10mm diameter and 0.5mm thick piezoceramic discs (Ferroperm Pz27) were bonded to 

the surface of the aluminum plates using conductive epoxy for exciting and sensing the Lamb 

wave. The piezoceramic discs were installed after the completion of the fatigue testing to avoid 

the possible degradation of the adhesive layers between the surface of the piezoceramic discs 

and the plate during the fatigue testing. The material properties and positions of the 

piezoceramic discs were the same as those in the FE simulations. A computer controlled signal 

generator NI PIX-5412 was used to generate a narrow-band sinusoidal tone burst pulse 

modulated by a Hanning window and it was applied to the PZT5 (r = 50 mm and θ = 180°) as 

shown in Figure 2-2 to generate the Lamb wave. The peak-to-peak voltage of the output signal 

is 10V. It was amplified by a factor of 5 using an amplifier (KROHN-HITE 7500) before it 

was sent to the PZT5. The rest of the piezoceramic discs (PZT1-PZT4 and PZT6-PZT8) were 

used to measure the Lamb wave. The signals measured by the piezoceramic discs were 

digitized by a data acquisition system (NI PXIe-5105) and then fed into the computer. The 

sampling rate was 6 MHz and the quality of the measurements was improved by averaging the 

signals in the time domain with 64 acquisitions. 

 

2.3.3. Mode-tuning of Lamb wave 

In this study, the second harmonic generation by the interaction of S0 and A0 Lamb waves at 

fatigue cracks were investigated individually. A mode-tuning experiment [49] was first carried 

out to determine the optimal excitation frequencies that could maximize the amplitudes of the 

S0 and A0 mode responses, respectively. A pair of piezoceramic discs with 10mm diameter and 

0.5mm thickness were attached to the surface of a 1000mm×1000mm×3mm aluminum plate 

with the same material properties as those used in the fatigue testing. The 4-cycle narrow-band 

sinusoidal tone burst pulse modulated by a Hanning window swept from 10kHz to 400kHz in 

steps of 20kHz was applied to one of the piezoceramic discs to generate the Lamb wave and 

the rest of the piezoceramic discs were used for measurements. At each excitation frequency, 

the amplitudes of the S0 and A0 Lamb wave were recorded. Figure 2-5 shows the mode-tuning 

results. The A0 Lamb wave is dominant at low excitation frequencies. The amplitude of the S0 

Lamb wave increases with the excitation frequency and has similar magnitude as the A0 Lamb 

wave at 160kHz. The S0 Lamb wave then becomes dominant at higher excitation frequencies. 

As shown in Figure 2-5, the ratios of A0 to S0 and S0 to A0 Lamb wave amplitudes are 

maximized at 30kHz and 240kHz, respectively. Therefore, the excitation frequency of 30kHz 
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and 240kHz were chosen to excite the dominated A0 and S0 Lamb wave in the rest of the study, 

respectively. 

 

Figure 2-5: Lamb wave mode-turning curve for 3mm thickness 5005-H34 aluminum plate 

excited by a 10mm diameter and 5mm thick piezoceramic disc 

 

2.3.4. A0 and S0 Lamb wave 

In this section the FE simulated and experimentally measured A0 and S0 Lamb wave are 

compared. Based on the mode-tuning results in Section 3.3, the 30 kHz and 240kHz narrow-

band sinusoidal tone burst pulse modulated by a Hanning window were applied separately to 

the PZT5 of the transducer network to generate Lamb wave in the intact aluminum plate. Figure 

2-6 shows a comparison between the numerical simulated and experimentally measured 30kHz 

A0 and 240kHz S0 Lamb wave at PZT2 and PZT4. Both of the numerical simulated and 

experimentally measured Lamb wave signals are normalized with respect to their maximum 

values. The results show that there is good agreement between the numerically simulated and 

experimentally measured A0 and S0 Lamb wave. 
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Figure 2-6: Numerical simulated and experimental measured Lamb wave signal, a): 30 kHz 

wave at PZT2, b): 30kHz wave at PZT4, c): 240kHz wave at PZT2, and d): 240kHz wave at 

PZT4 

 

2.4. Results and Discussions 

Experimental measurements of the second harmonic generation were carried out using the two 

aluminum plates described in Section 3.1, i.e. the intact plate and the plate with 10mm long 

fatigue cracks generated at the end of the starter notches of the circular hole. The number of 

cycles for excitation signals was increased to eight cycles to reduce the excitation frequency 

bandwidth in frequency domain. This ensures the generated second harmonic would not 

overlap with the excitation frequency components in the frequency domain. The 30kHz and 

240kHz excitation signals were applied to the PZT5 to generate the A0 and S0 dominated Lamb 

wave, respectively. The rest of the piezoceramic discs in the transducer network were used for 

measurements.  
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The measured signals in both experiments and FE simulations have the same total duration, i.e. 

1.6ms, which covers the incident and reflected signals from boundaries. The measured signals 

were then transformed to the frequency domain using Fast Fourier Transform (FFT). The 

spectra of the signals measured by PZT6 for the incident A0 and S0 Lamb wave in the intact 

and the plate with the fatigues cracks are shown in Figure 2-7a and b, respectively. As shown 

in Figure 2-7, the spectra of A0 and S0 incident Lamb waves have maximum values around 

their excitation frequencies, i.e. 30kHz and 240kHz, respectively. As described in Section 1, 

the second harmonic would occur at the double of the excitation frequency, i.e. 60kHz and 

480kHz for the A0 and S0 incident Lamb wave used in this study, respectively. However, Figure 

2-7a shows that only a small magnitude of second harmonic is generated by the incident A0 

Lamb wave interacting with the fatigue crack. For the results of the S0 incident Lamb wave as 

shown in Figure 2-7b, the magnitude of the second harmonic at 480kHz can be clearly observed. 

However, the result of the intact plate still has a very small magnitude of the non-damaged 

related second harmonic. These non-damaged related nonlinearities were possibly caused by 

intrinsic material nonlinearity, connections between plate and transducers, instrumentation or 

background noise. Since the magnitude of the non-damaged related nonlinearities is much 

smaller than the second harmonic generated by the interaction of the Lamb wave with the 

fatigue crack, it was ignored in this study. 

For the third harmonic of the Lamb waves, i.e. at 90kHz for A0 Lamb wave and 720kHz for S0 

Lamb wave, both undamaged plate and the plate with the fatigue crack have similar amplitudes. 

In the literature, a spectral damage index [50] was proposed to take into account the generation 

of third and fourth harmonic at a breathing crack. In their study, the energy of the fundamental 

harmonic is transferred to higher harmonics due to intensive contact nonlinearity at the 

breathing crack. However, for the present study, the amplitude of the third harmonic is less 

than 1% of the amplitude of the second harmonic, the generated third harmonic can be 

neglected in this study. 
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Figure 2-7: Spectra of the signals measured from PZT6 of the intact plate and the plate with 

the fatigue crack for the incident a) A0 (30kHz) and b) S0 Lamb wave (240kHz) 

 

There are four possible sources of nonlinearity, (i) contact nonlinearity at the crack, (ii) 

nonlinear elasticity of material, (iii) inherent nonlinearity of electrical equipment, and (iv) 

background noise. In general, the contact nonlinearity at the crack is usually much larger than 

the other three possible sources of nonlinearity [51]. Therefore, the higher harmonic induced 

by the crack is usually dominant in the measured signal, and hence, it is assumed that the second 

harmonic is mainly contributed by the contact nonlinearity. In this study a relative nonlinear 

parameter 𝛽𝐶
′  is defined to quantify the generation of the second harmonic due to the contact 

nonlinearity at the fatigue crack. The relative nonlinearity parameter 𝛽𝐶
′  is defined as [51] 

𝛽𝐶
′ =

𝐴2

𝐴1
2 

(2.4) 

where 𝐴1  and 𝐴2  are the magnitude of fundamental component and second harmonic 

component estimated from the Fourier transform of the measured signal at the piezoceramic 

disc. In both FE simulations and experimental studies, 𝛽𝐶
′  of the data measured by each 

piezoceramic disc is normalized by the mean of 𝛽𝐶
′  of all piezoceramic discs.  

 

2.4.1. Effect of incident wave modes 

Figure 2-8 shows the calculated values of the nonlinear parameter obtained by using 240kHz 

(S0 dominated), 160kHz (S0 and A0 mixed) and 30kHz (A0 dominated) incident waves. The 

relative nonlinear parameter of the measured signals from the sensor on the damaged plate (𝛽𝐶
′ ) 
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is normalized to the corresponding value obtained from the intact plate (𝛽𝐶0
′ ). For the S0 Lamb 

wave (i.e. at 240kHz), the value of the normalized relative nonlinearity parameter is much 

larger than 1 at all transducers, which indicates the presence of fatigue cracks in the plate. 

At 160kHz as shown in the mode-tuning curve (Figure 2-5), the incident wave contains similar 

magnitudes of A0 and S0 incident Lamb wave. According to Figure 2-8, the values of 

normalized relative nonlinear parameter are all larger than 1. Although the value is much 

smaller than the case when S0 dominated incident Lamb wave is used, it can still be used to 

indicate the fatigue crack.  

For the results at 30kHz, i.e. A0 dominated incident wave, the value of the normalized relative 

nonlinear parameter is less than 1 at most of the sensors. This demonstrates that there is not 

much second harmonic generated due to the contact nonlinearity at the fatigue crack when A0 

dominated incident Lamb wave is used. Overall, the results indicate that the S0 dominated 

incident Lamb wave could generate relative large magnitude of second harmonic compared to 

A0 dominated, and S0 and A0 mixed incident Lamb wave.  

 

Figure 2-8: Normalized relative nonlinear parameter obtained at all transducers on damaged 

plate using 240kHz (S0) and 160kHz and 30kHz (A0) Lamb waves 

 

2.4.2. Comparison of results between finite element simulations and experiments 

As discussed in the previous section, using the A0 dominated incident Lamb wave (30kHz) 

does not generate much second harmonic as compared to the results of using either S0 (240kHz) 

dominated or S0 and A0 mixed (160kHz) incident Lamb wave. Therefore, the comparison 

between the experimental and FE results only focuses on the S0 dominated and S0 and A0 mixed 
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incident Lamb wave at 240kHz and 160kHz, respectively. There are some discrepancies 

between the experimentally and numerically obtained normalized relative nonlinear parameter 

due to the facts that: 

i. The fatigue crack in experiment could be initially open or partially closed, and hence, 

a certain amount of wave energy is used to close and re-open the crack. While in FEM, 

the crack surfaces are initially closed. 

ii. The crack is modeled as two straight lines in the FE model with an assumed value of 

friction factor between crack contact surfaces. While the actual shape of fatigue crack 

is not perfectly straight, and the friction factor and interaction behavior might vary 

along the fatigue crack in the experiment. 

iii. The nonlinearities as discussed at the beginning of Section 4, were not fully modelled. 

Though these nonlinearities are small compared with the contact nonlinearity, they may 

also contribute to the discrepancy between the experimental and numerical results. 

 

It is difficult to perfectly predict the actual values of 𝛽𝐶
′  considering the aforementioned factors. 

Instead, the directivity patterns of the 𝛽𝐶
′  at different sensors are studied, which provide useful 

information about the scattering feature of the nonlinear Lamb wave at the fatigue crack. In the 

rest of this section, the 𝛽𝐶
′  value measured at each piezoceramic disc is normalized to the 

averaged 𝛽𝐶
′  values of all piezoceramic discs for the FE and experimental results. As shown in 

Figure 2-9, there is good agreement between FE simulated and experimentally measured 

second harmonic directivity patterns when S0 (240kHz) and S0 and A0 mixed (160kHz) incident 

Lamb wave are used. It can be seen that the normalized relative nonlinear parameters of PZT2, 

PZT3 and PZT4 have very similar magnitudes to the PZT8, PZT7, PZT6, respectively, as they 

are located symmetrically about the incident wave propagation direction (perpendicular to the 

fatigue crack) in the FE simulations. Figure 2-9 shows that the experimentally obtained values 

of the relative nonlinear parameters for the aforementioned piezoceramic transducers are not 

distributed as symmetric as the FE results. This is because the generated fatigue cracks at both 

ends of the starter notches are perfectly the same in the FE simulation but they are different in 

the experiment. Figure 2-9 also shows that there is a small level of asymmetric distribution of 

the relative nonlinear parameter in the FE results. It is mainly due to the fact that the size and 

shape of the elements in this region of the FE model are similar but they are not perfectly the 

same. 
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While loading the specimen to initiate the fatigue crack in cyclic test, the specimen undergoes 

material degradation, e.g., loss of stiffness and dislocation of grains [33],[52]. This can induce 

the material nonlinearity and cause a slight difference between the FE calculated and the 

experimentally measured directivity patterns as the FE simulations do not take into account the 

material nonlinearity. As this study does not follow the phase and group velocity requirement, 

the higher harmonics generated by the material nonlinearity are not accumulated, i.e. decay 

with the wave propagation distance. Hence, the higher harmonics generated by the material 

nonlinearity is minimized in this study. Overall, the comparison between the FE simulation and 

experimental results show that the FE simulation is able to provide a reasonable prediction of 

the higher harmonic generation at the fatigue crack by the low frequency Lamb wave. 

 

Figure 2-9: FE simulated and experimentally measured normalized relative nonlinear 

parameter at a) 240kHz (S0 Lamb wave); and b) 160kHz (S0 and A0 mixed Lamb wave) 

 

2.5. Parametric study 

2.5.1. Effect of varying crack length 

In this section, the experimentally verified FE model is used to study the second harmonic 

generation measured at different sensors for different crack lengths using 240kHz S0 incident 

Lamb wave. In addition to the eight transducers, i.e. PZT1-PZT8, as shown in Figure 2-2, an 

additional transducer is added at r = 80mm and θ = 180° to act as the actuator. As shown in 

Figure 2-3b, only the fatigue crack was modeled in the FE simulation, i.e. without the through 

hole and the starter notches. The simulation duration is 5.2μs, which only covers the incident 
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Lamb wave propagates from the actuator to the fatigue crack, and then, the generated second 

harmonic Lamb wave propagates from the fatigue crack to the sensors. In this section the 

relative nonlinear parameter 𝛽𝐶
′  is normalized to the value obtained from the corresponding 

sensors at intact state (𝛽𝐶0
′ ).  

As shown in Figure 2-10, only the normalized relative nonlinear parameter obtained at PZT1 

(0°) grows linearly with fatigue crack length to incident wave wavelength ratio. For other 

sensors, the increase of the magnitude of the normalized relative nonlinear parameters is slower 

than the results of PZT1, especially for PZT3 (90°) and PZT7 (270°). At PZT2 (45°), PZT4 

(135°), PZT6 (225°) and PZT8 (315°), the normalized relative nonlinear parameter decreases 

when the fatigue crack length to incident wave wavelength ratio increases beyond 0.3. The 

results demonstrate the importance of designing the transducer network, as the damage 

information might be misinterpreted or overlooked for sensors at some particular locations. 

 

Figure 2-10: Normalized relative nonlinear parameter as a function of fatigue crack length to 

incident wave wavelength ratio 

 

The directivity patterns of the normalized relative nonlinear parameters for cracks with length 

equals to 4mm, 8mm, 12mm and 16mm are shown in Figure 2-11. The directivity patterns 

indicate that the magnitude of the normalized relative nonlinear parameter mainly concentrates 

in forward and backward scattering directions of the second harmonic Lamb wave. Meanwhile, 
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as the crack length increases, the magnitude of the second harmonic Lamb wave is dominated 

in the direction at θ = 0° and 180°. 

 

Figure 2-11: Directivity pattern of normalized relative nonlinear parameters for a) 4mm; b) 

8mm; c) 12mm; and d) 16mm long fatigue crack 

 

2.5.2. Effect of varying excitation frequency 

The other parametric study was carried out by varying excitation frequency and the results are 

shown in Figure 2-12. The frequency is varied from 200kHz to 400kHz, in which the amplitude 

of S0 incident Lamb wave is higher than that of the A0 incident Lamb wave based on the mode-

tuning curve as shown in Figure 2-5. The crack length is fixed at 8mm. Without loss of 

generality, the results are presented in terms of fatigue crack length to incident wave 

wavelength ratio. It is found that the variation of 𝛽𝐶
′  has a similar trend to the variation of the 

ratio of S0 to A0 incident Lamb wave amplitude. For most of the transducers, except transducers 

at 45o (PZT2) and 315o (PZT8), the value of 𝛽𝐶
′  reaches the maximum when fatigue crack 

length to incident wave wavelength ratio equals to 0.371, which is corresponding to the 
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excitation frequency of 250 kHz. At this frequency, the ratio of S0 to A0 incident Lamb wave 

amplitude becomes about maximum as shown in Figure 2-5. For the transducers at 45o and 

315o, 𝛽𝐶
′  reach its maximum value when the fatigue crack length to incident wave wavelength 

ratio equals to 0.447 (300kHz), and this frequency is close to the frequency, 280kHz, at which 

the S0 incident Lamb wave becomes maximum at this frequency as shown in Figure 2-5. The 

results again illustrate that larger magnitude of the S0 incident wave tends to generate larger 

magnitude of second harmonic at the fatigue crack. The directivity pattern of 𝛽𝐶
′  is also 

investigated and they are shown in Figure 2-13. In general, the directivity patterns show that 

the amplitude of 𝛽𝐶
′  in the forward scattering direction has relative larger magnitude compared 

to other directions. 

 

Figure 2-12: Variation of normalized relative nonlinear parameter against the crack length to 

incident wave wavelength ratio 

 

 



Chapter 2. Second Harmonic Generation at Fatigue Cracks by Low-Frequency Lamb Waves: 

Experimental and Numerical Studies 

30 

Figure 2-13: Directivity patterns of normalized relative nonlinear parameters at different 

crack length to incident wave wavelength ratios 

 

2.6. Conclusions 

The study has investigated the second harmonic generation due to S0 dominated, A0 dominated, 

and S0 and A0 mixed incident Lamb wave interaction with the fatigue crack. In the experimental 

study, the results have shown that the S0 dominated incident wave is more sensitive to the 

fatigue crack compared to the A0 dominated, S0 and A0 mixed incident Lamb wave. In the 

numerical study, the piezoceramic actuator and sensor model have been implemented in the 

3D FE simulations and there has been good agreement between the numerical and experimental 

results for the linear Lamb wave signal and the directivity pattern of the second harmonic 

generation. This has proved that the FE is not only capable of modeling the linear Lamb wave 

propagation, but also the directivity pattern of the second harmonic generation due to the 

contact nonlinearity at the fatigue crack. 

The results of the parametric study have shown that the magnitude of the second harmonic 

Lamb wave induced at the fatigue crack is dominant in the forward and backward scattering 

direction. In addition, the magnitude of the second harmonic Lamb wave in the forward 

scattering direction increases with the crack length to incident wave wavelength ratio at a 

higher rate compared to other directions. It is also found that S0 Lamb wave has the dominant 

effect on second harmonic generation at the fatigue crack. Overall, this study has gained 

physical insights into the generation of the second harmonic due to the contact nonlinearity at 

a fatigue crack. The findings of this study help to further advance the use of the second 

harmonic Lamb wave for damage detection. 
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Abstract 

Techniques utilising second harmonic generation (SHG) have proven its great potential in 

detecting contact-type damage. However, the gap between the practical applications and 

laboratory studies is still quite large. The current work is aimed to bridge this gap by 

investigating the effects of the applied load and incident wave angle on the detectability of 

fatigue cracks of various lengths. Both effects are critical for practical implementations of these 

techniques. The present experimental study supported by three-dimensional (3D) finite element 

(FE) modelling has demonstrated that the applied load, which changes the crack opening and, 

subsequently, the contact nonlinearity, significantly affects the amplitude of the second 

harmonic generated by the symmetric mode (S0) of Lamb waves. This amplitude is also 

dependent on the length of the fatigue crack as well as the incident wave angle. The 

experimental and FE results correlate very well, so the modelling approach can be implemented 

for practical design of damage monitoring systems as well as for the evaluation of the severity 

of the fatigue cracks.  

 

Keywords: second harmonic, nonlinear Lamb wave, contact nonlinearity, applied load, 

incident wave angle, fatigue crack, crack opening 

 

3.1. Introduction 

3.1.1. Lamb waves for damage detection 

In the last few decades, damage detection techniques utilising guided waves [1], [2] have 

attracted significant attention due to its advantages over the conventional non-destructive 

inspection methods [3], [4]. These advantages include the ability to monitor large areas, 

including inaccessible locations, with a small number of inexpensive piezoelectric sensors, 

which can be permanently attached to the structure for continuous measurements [5], [6].  

Several damage detection methods utilising either linear or nonlinear characteristics of Lamb 

wave propagation have been proposed in the past [7].  Most of these methods, however, are 

based on the linear features of Lamb waves e.g. methods utilising analysis of reflection and 

transmission signals [8], [9] and time-of-flight [10], [11] as well as the mode conversion 

phenomena [12], [13]. However, these linear methods are only capable to detect mechanical 

damage (e.g. fatigue cracks, delaminations and corrosion spots) with the characteristic sizes of 

the same order of the magnitude as the wavelength of the incident wave. However, the 
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wavelength of the incident wave cannot be too small in practical applications as the high 

frequency (corresponding to short wavelengths) normally generates multiple propagating wave 

modes, which can make the signal acquisition and analysis very challenging. In addition, the 

damage detection methods, which rely on the linear characteristics or phenomena of Lamb 

wave propagation, usually require reference or baseline data in order to extract the residual 

signal, which correspond to the material damage. However, it has been shown in the literature 

that the baseline signal can be strongly affected by the change of environmental and loading 

conditions leading to a significant degradation in damage sensitivity of linear methods [9, 14]. 

The latter is the main reason why the methods, which perfectly work in laboratory conditions, 

fail to deliver the similar performance in the real-world environment. 

In contrast, nonlinear features of Lamb wave are much more sensitive to incipient damage to 

the early state of material degradation [15]. In addition, the damage detection techniques 

utilising nonlinear features of Lamb wave propagation do not require the reference or baseline 

data (signal) to detect damage [16]. Therefore, the nonlinear methods could have a better 

performance and fewer limitations than their linear counterparts in the real-world environment. 

Recently, a number of studies attempted to apply various nonlinear features of Lamb wave 

propagation for damage detection, for example, higher harmonic generation phenomenon [16], 

[17], sidebands generation [18]-[20], and nonlinear resonance effects [21], [22]. The present 

paper is focused on the second harmonic generation (SHG) phenomenon for the contact-type 

damage detection, which will be briefly discussed next. 

 

3.1.2. Second harmonic generation (SHG) 

A distortion of the excitation wave by the clapping mechanism, which will be described below, 

leads to the generation of higher harmonics. During this process the wave energy from the 

frequency of the incident wave pumps into the second or even higher order harmonics. The 

process can be governed by the global material nonlinearity [15], [17], [23], or local damage-

induced nonlinearity [24]-[26]. One of the local nonlinearity effects, contact nonlinearity [27], 

has recently gained an increasing attention. It is associated with contact-type damages, such as 

a fatigue crack, delamination or debonding. The present study is concerned with the contact 

nonlinearity due to fatigue cracks. It manifests itself when an incident wave of sufficiently 

large enough amplitude interacts with a so-called “breathing crack”, which behaves like a 

“mechanical diode”. The compressional part of the wave closes the crack (or a section of the 
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crack) while the tensile part tends to open the crack or its section (as fatigue cracks are normally 

closed due to plasticity effects near the crack tip and the wake of plasticity due to crack fatigue 

growth). This nonlinear phenomenon leads to the generation of a number of higher harmonics 

and sub-harmonics as a result of parametric modulation, which can be used for the detection 

and characterisation of the fatigue crack. Below we also provide a brief overview of the selected 

studies related to the contact nonlinearity and SHG. 

Most of the simple and popular analytical approaches to model the contact nonlinearity and 

clapping mechanism are based on bi-linear stiffness approximation. When the crack is open, 

the global stiffness is reduced; when the crack is closed, the stiffness has its nominal value. 

Many studies in the past have utilised this approach and were able to reproduce the generation 

of the second and higher order harmonics. 

There were many studies in the past on SHG caused by contact nonlinearity [28]-[30], however, 

most of them were focused on bulk waves. For example, Biwa et al. [31] investigated the SHG 

of a longitudinal wave at the contact interface of two aluminium blocks. It was demonstrated 

that an increase of the contact pressure at the interface leads to the reduction of the magnitude 

of the second harmonic. It means that the SHG depends on the magnitude of the contact 

pressure, therefore, justifies the objectives of the current study. Lee and Jhang [32] investigated 

the SHG due to presence of fatigue cracks in an aluminium sample, using an ultrasonic wave 

scanning technique. A relative nonlinear parameter was utilised for the evaluation of the 

contact nonlinearity and avoid the effect of other nonlinearities associated with the equipment 

and material behaviour.   

Hong et al. [17] examined the synchronising characteristics of high frequency Lamb wave 

interactions with a fatigue crack. However, investigations of the nonlinear phenomena at high 

frequencies need quite sophisticated equipment, instrumentation and signal processing due to 

the dispersive nature of Lamb waves at high frequencies. Recently, Yang et al. [33] 

investigated the SHG due to the presence of fatigue cracks using low frequency symmetric and 

anti-symmetric modes of Lamb waves. It appears that the fundamental symmetric mode (S0) is 

more promising for monitoring and evaluation of fatigue damage. Subsequently, the present 

study is focused on relatively low frequencies, which generate only the fundamental modes of 

Lamb waves, and, in particular, on the S0, which is much less dispersive than the fundamental 

anti-symmetric fundamental mode (A0) of Lamb wave.    
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Most previous experimental and numerical studies simply ignored the effect of the applied load 

on the SHG. However, in many practical applications the applied loading cannot be avoided 

and it can change the crack opening, and hence, alter the contact conditions (contact 

nonlinearity) at the crack surfaces. For example, Lim et al. [34] demonstrated that the crack 

opening has a large effect on the magnitude of the SHG. Therefore, for practical applications 

the evaluation of the effect of the applied load on the magnitude of the SHG is essential. For 

this reason, it is also included as one of the objectives in the current study. Along with the 

mechanical phenomena, this work is also focused on the development of numerical approach 

for the evaluation of SHG and modelling the wave interactions and the effect of the applied 

loading. This is motivated by the practical considerations, where a pure experimental approach 

is unrealistic for the design of a fatigue crack monitoring and evaluation system. It is believed 

that numerical approaches will play a leading role in the development and design of damage 

monitoring systems, and provide much more efficient solutions to practical challenges.    

The primary objective of this study is to improve the understanding of the SHG of Lamb waves 

due to presence of fatigue cracks under realistic conditions with a focus on the practical 

implementation of this technique for in-situ monitoring. The current study investigates the 

influence of the crack opening due to the applied loading and the incident wave angle on the 

SHG induced by the nonlinear interaction of fatigue cracks of various lengths with the S0 Lamb 

waves.  

The article is arranged as follows. A detailed description of the experimental set-up is presented 

in Section 2, which includes the details of the specimen preparation procedures, signal 

generation methods, data acquisition system. Section 3 describes the finite element (FE) 

modelling approach, which is used to support the experimental studies. In Section 4, the 

frequency selection criteria based on the mode tuning studies are outlined. The experimental 

results and validation of the FE model are provided in Section 5. This section also presents the 

results of a parametric study utilising the experimentally verified three-dimensional (3D) FE 

modelling approach. Finally, main conclusions of the research outcomes are presented in 

Section 6. 
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3.2. Experimental setup 

This section first outlines the details of the specimen fabrication procedures, specifically the 

generation of fatigue cracks. The experimental setup for the excitation and sensing the Lamb 

waves is also described in this section.  

 

3.2.1. Experiment specimen 

A 5005-H34 aluminium plate was cut into a dog-bone shape specimen as shown in Figure 3.1a. 

The in-plane dimensions of the specimen are 400mm×300mm and the thickness is 3mm. The 

material properties of the plate are given in Table 3.1. Piezoceramic discs (Ferroperm Pz27) 

with 10mm diameter and 0.5mm thickness were permanently bonded to the surface of the plate 

specimen by a conductive epoxy. The material properties of the piezoceramic discs are also 

listed in Table 3.2. The piezoceramic discs were used to form a circular transducer network 

with radius R = 40mm as shown in Figure 3.1a. A polar coordinate system is set at the centre 

of the plate. Based on this reference system, all eight piezoceramic discs were located at r = 

40mm and 0o £ q £ 315o with 45o interval. In this study, one of the piezoceramic discs was used 

to actuate the Lamb waves while the rest of the piezoceramic discs were used to sense the Lamb 

wave signals. 

 
Figure 3-1: (a) Aluminium plate with installed piezoceramic discs and (b) cyclic loading 

equipment and area of interest in the specimen. 
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Table 3-1: Material properties of the 5005-H34 aluminium plate 

Young’s Modulus (GPa) 69.5 

Poisson Ratio 0.33 

Density (kg/m3) 2700 

 

Table 3-2: Material properties of the Ferroperm Pz27 Piezoceramic discs 

Young’s Modulus (GPa) 59 

Poisson Ratio 0.389 

Density (kg/m3) 7700 

Relative Dielectric Constant 1800 

Piezoelectric Charge Constant (m/V) 170×10-12 

Permeability (F/M) 8.854×10-12 

 

3.2.2. Fatigue crack generation 

Fatigue cracks in the aluminium sample were generated as follow. A 5mm circular through 

hole was first drilled at the centre of the aluminium plate to facilitate the fatigue crack initiation. 

Two 1mm long starter notches were cut using a 0.5mm thick saw blade in the directions q = 90° 

and 270° referring to the polar coordinate system as shown in Figure 3.1a. The plate was then 

loaded cyclically under a 10Hz sinusoidal tensile load with a minimum force of 5kN and a 

maximum force of 30kN, as shown in Figure 3.1b. A fatigue crack was initiated and observed 

at each starter notch after 250,000 cycles. The SHG tests were performed after every 100,000 

cycles. Both cracks grew to about 8mm after 800,000 cycles, which corresponds to, so called, 

Paris fatigue crack growth regime. 

 

3.2.3. Actuating and sensing Lamb waves 

A computer controlled signal generator (NI PIX-5412) was used to generate the excitation 

signals. The excitation signal is a narrow-band eight-cycle sinusoidal tone burst pulse 

modulated by a Hanning window. A typical excitation signal has a peak-to-peak output voltage 

of 10V. The signal was amplified by 5 times using an amplifier (KROHN-HITE 7500) before 
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it was sent to one of the transducers bonded on the plate sample, while the rest of the 

transducers were used to receive and measure the wave signal. The signals were digitized by a 

data acquisition system (NI PXIe-5105) and then fed into a computer. The quality and 

repeatability of the measurements were improved by averaging the signals with 64 acquisitions.  

In this study, the measured time duration was limited to 50μs. This ensured that the recorded 

signals cover only the Lamb waves travelling within the area as highlighted in Figure 3.1(b), 

and hence, it (the time duration) avoids the effect of the plate clamps on SHG. In practice, there 

are always presence of non-damage related nonlinearities, e.g. material nonlinearity of the plate, 

inherent nonlinearity of electrical equipment, the material coupling between transducers and 

surface of the plate, and background noise, etc. To avoid the contribution of these nonlinearities 

into the observed SHG, the wave signals were generated and measured for the intact plate 

(before cycling loading); and these data were used as a benchmark to ensure that the measured 

(during the fatigue tests) nonlinearity represents the contact nonlinearity and not the non-

damage related nonlinearities.  

 

3.3. Three-dimensional finite element model  

A 3D FE model was created using commercial FE software, ABAQUS, to support the 

numerical study. Figure 3.2 shows schematic diagrams of the FE model including the through 

hole, starter notches, fatigue cracks and transducer models. The dimension of the aluminium 

model is 300mm×200mm, which is the same as the area of interest for the plate sample in the 

experiment as shown in Figure 3.2b. The thickness of the aluminium plate model is 3mm, 

which also replicates the specimen. The piezoceramic discs were modelled based on the 

piezoelectric theory [35], [36]. According to the theory, the radial displacement on the 

circumference of the actuator in FE model is linearly related to the voltage applied in the 

experiment, and thus in FE model the excitation can be modelled by applying a radial 

displacement on the circumference of the PZT model. For the sensor model, the strain at the 

centre of the PZT is linearly related to the received voltage, so the output from the FE model 

can be obtained as the strain from the middle of the PZT model. In the FE model, it is assumed 

that the piezoceramic discs are perfectly bonded to the aluminium plate. The material properties 

of the plate and piezoceramic disc model are the same as the specimen in the experiment.  

Eight-noded brick elements, C3D8I, in which each node has three translational degrees-of-

freedom (DoFs), were used to model both the aluminium plate and the piezoceramic discs. The 
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in-plane dimension and the thickness of the elements are around 0.4mm×0.4mm and 0.375mm, 

and hence, there at least 20 elements per wavelength for the incident Lamb wave and the 

induced second harmonic wave. There are eight layers of elements in the thickness direction 

of the aluminium plate. The aspect ratio of the solid elements is 1.07. An intact plate is also 

modelled to ensure that the second harmonic obtained from the FE model with the damage is 

generated from fatigue crack. To model the experimental condition of the specimens, a 5mm 

diameter circular through-hole and two 1mm×1mm starter notches were modelled by removing 

elements for both intact and damaged plates. For the damaged plate, the fatigue crack was 

simulated by inserting a seam at both end of each starter notch. The crack was arranged in 

vertical direction as shown in Figure 3.2b. It is worth noticing that the model is meshed 

automatically in ABAQUS, the meshes around the through hole and notch are not perfectly 

symmetric about the centre of the model, and the meshes of PZT models are also not perfectly 

the same. As a result, the wave signal obtained at the symmetric PZT pairs about the incident 

wave propagation direction is not exactly the same, though the differences are subtle as will be 

shown in the Results and Discussions section. 

The hard normal contact and frictional tangential contact were applied to the interfaces of the 

seam crack to prevent nodes penetration, and hence, simulating the clapping of the crack 

interfaces when the Lamb waves propagate through the fatigue cracks. An increased value of 

the friction coefficient of 1.5 [37] was used to account for the increased friction due to the 

roughness of the actual crack surfaces, crack tip plasticity and plasticity–induced crack closure 

effects associated with fatigue crack propagation. This value was found empirically as the best 

fit to the experimental data. The transient problem was solved using the explicit FE code, 

ABAQUS/Explicit, which employs the explicit central different integration scheme to calculate 

the response of the wave propagation.  
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Figure 3-2: Schematic diagram of (a) the finite element model, and (b) the model of the 

fatigue cracks and piezoceramic transducer. 

 

3.4. Lamb wave mode tuning procedure 

In the beginning of the experimental study, mode tuning experiments [38], [39] were carried 

out to determine the excitation frequency that could generate S0 dominated signal. The S0 Lamb 

wave is selected as the incident wave in this study as this mode is more sensitive to the fatigue 

crack than the A0 Lamb wave [33]. This was briefly discussed in the Introduction section. In 

the low frequency region, both S0 and A0 Lamb wave are normally excited simultaneously. 

Thus, a pair of the piezoceramic discs were attached to the surface of a larger aluminium plate 

(1m×1m) with the same material properties and thickness as the plate used in the fatigue test. 

The narrow-band sinusoidal tone burst pulse modulated by a Hanning window was applied to 

one of the piezoceramic discs to generate the dominant S0 Lamb wave mode. The excitation 

frequency was swept from 10kHz to 400kHz. At the same time, the other piezoceramic discs 

were used to measure the Lamb wave signals. At each excitation frequency, the amplitude ratio 

of S0 to A0 Lamb wave were recorded. Figure 3.3 shows the Lamb wave mode tuning results. 

According to the results, the maximum amplitude ratio of the S0 to A0 Lamb waves is at 240kHz. 

Therefore, the excitation frequency of 240kHz was chosen to excite the S0 dominated Lamb 
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wave in the experimental studies. From the current results, the maximum amplitude ratio of the 

S0 to A0 Lamb waves is at 240kHz. Although the thickness and material properties of the 

specimen are slightly different, the optimal frequency obtained in the current study is 

comparable to the results from the previous study [38], where it was found to be between 

230kHz and 330kHz. 

 

Figure 3-3: Ratio of S0 to A0 Lamb wave amplitude excited on the aluminium plate using a 

10mm diameter and 0.5mm thick Ferroperm Pz27 piezoceramic disc. 

 

3.5. Results and discussion 

The influence of the incident wave angle and crack opening due to the applied load on the SHG 

due to presence of fatigue cracks was investigated using experimental and the 3D FE modelling 

approaches. The accuracy of the FE model in predicting the SHG was validated by comparing 

the simulation results with the experimental data. The experimentally validated 3D FE model 

is then used to obtain directivity patterns of the SHG with the consideration of different incident 

wave angles and crack openings due to the applied load. 

For the current study, the focus is on revealing the potential influence of the incident wave 

angle and external loads on the features of SHG, so only one sample specimen is used. To 

practically apply the method in damage detection, it is recommended to verify the repeatability 

of the measured signal with some calibration to compensate the variation of nonlinear 

parameter because of the possible differences in crack profile different from every set of fatigue 

loading test, and the differences in the bonding conditions of transducers. 
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3.5.1. Second harmonic generation (SHG) at the fatigue crack 

Short Time Fourier Transform (STFT) was used to transform all of the acquired time series 

data to the time-frequency domain because it is easier to distinguish the first arrival wave 

signals from the boundary reflections. The spectrogram parameters in the STFT were carefully 

selected by a series of trials to ensure the balance between time and frequency resolution. 

 

Figure 3-4: Spectrogram of the FE results for PZT1 with 240kHz excitation frequency for an 

intact model, (a) time domain signal, (b) second harmonic frequency range, and (c) incident 

wave frequency range. 

 

Figure 3.4 shows the spectrogram of the Lamb wave signal captured at PZT1 in the FE 

simulation for an intact model. An incident wave with a large displacement magnitude (100μm) 

is used to provide a better illustration of the wave distortion due to contact nonlinearity at the 

fatigue cracks. As shown in Figure 3.4b, there is no visible energy at the second harmonic 

frequency (double of the excitation frequency). While for the damaged plate, i.e. a model with 

an 8mm fatigue crack at each of the starter notch (hole), the time-domain signal as shown in 

Figure 3.5a is distorted as compared with the intact plate (Figure 3.4a), especially for the tensile 

part of the wave. As shown in the spectrogram in Figures 3.5b and 3.5c, it is clear that the wave 

energy is transmitted from the fundamental frequency to second harmonic frequency when the 
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fatigue crack presents in the model. For the intact plate (Figure 3.4b), the second harmonic is 

negligible as compared with the result of the damaged plate as shown in Figure 3.5b. In contrast, 

in experimental studies, the second harmonic might be not negligible for the intact plate as it 

can also be generated from the coupling between the transducers and host plate, signal 

generator and data acquisition system.  

 

Figure 3-5: Spectrogram of FE results for PZT1 240kHz excitation frequency for the model 

with fatigue cracks, (a) time domain signal, (b) second harmonic frequency range, and (c) 

incident wave frequency range. 

 

The experimental amplitude profile of the spectrogram at 240kHz and 480kHz were extracted 

for the intact and damaged plate. The results are normalized by the maximum value of the wave 

signal at the fundamental frequency. The group velocities of the S0 Lamb wave at these two 

frequencies are almost the same. Figures 3.6 and 3.7 show the amplitude profile of the signal 

at the excitation frequency and second harmonic frequency for intact and damaged plate, 

respectively. In these figures, the arrival time of the wave signal is marked using a vertical 

dashed line. The arrival time of the wave pulse at the excitation frequency is the incident wave 

propagates directly from the actuator to the sensor. In practice, the second harmonic wave also 

exists in the intact specimen due to different factors, such as nonlinearity of the equipment and 
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material nonlinearity of the specimens in the experiment. The second harmonic wave due to 

the aforementioned non-damage related nonlinearities should arrive at the same time as the 

wave pulse at the excitation frequency and this agrees with the results as shown in Figure 3.6. 

Figure 3.7 displays that the magnitude of the second harmonic is higher than that in Figure 3.6 

(intact sample). Figure 3.7 also shows that the second harmonic wave due to the contact 

nonlinearity in the damaged sample arrives after the incident wave at the excitation frequency 

for PZT2, PZT3 and PZT4. This is due to the fact that the arrival time of the second harmonic 

wave is the time of the incident wave propagates from the actuator to the fatigue crack, and 

then the induced second harmonic wave propagates from the fatigue crack to the sensor. Since 

this wave path is longer than the direct wave path between the actuator and sensor of the 

incident wave at the excitation frequency, there is a time delay between the arrival times of the 

wave at the excitation frequency and second harmonic frequency. For PZT1, as the crack is on 

the direct wave path of the wave propagation direction, the second harmonic and excited wave 

arrive almost at the same time. 

 

 

Figure 3-6: Experimentally measured amplitude profile at excitation frequency (blue solid 

lines) and second harmonic frequency (red dashed lines) for the intact plate, data measured 

by (a) PZT1, (b) PZT2, (c) PZT3 and (d) PZT4. 
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Figure 3-7: Experimentally measured amplitude profile at excitation frequency (blue solid 

lines)  and second harmonic (red dashed lines) after 800,000 cycles of loading, data measured 

by (a) PZT1, (b) PZT2, (c) PZT3 and (d) PZT4. 

 

3.5.2. Relative second order nonlinear parameter 

In this study, the results are presented using the normalized relative second order parameter 

, [32, 33] which is defined as  normalized by the mean of obtained from all the cases 

considered in each study. Thus,  is defined as 

                                                                                                                      (3.1) 

where A2 is the amplitude of the first peak of the amplitude profile at the second harmonic 

frequency (red dashed lines in Figures 3.6 and 3.7) obtained by STFT in Section 5.1, and A1 is 

the first peak of the amplitude profile at the excitation frequency (solid lines in Figures 3.6 and 

3.7). 
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3.5.3. Effects of the incident wave angle on the second harmonic generation (SHG) 

In practical situation, the crack orientation may be different with respect to the incident wave, 

thus, leading to different types of the wave-crack interaction, such as opening-closing, tearing 

and sliding motions [20]. In the first part of this section, the variations of  against crack 

lengths with three different incident angles are discussed together with the outcomes of the FE 

simulations and experimental results.  

The incident wave angles considered in this study are 90, 45 and 0 corresponding to the 

incident waves generated by PZT3, PZT4 and PZT5, respectively. The experimentally 

measured and numerically calculated  for the above incident wave angles are shown in 

Figures 3.8, 3.9, and 3.10, respectively. To ensure the consistency of the obtained , the 

results of each pair of transducers, which are located symmetrically about the incident wave 

angle and crack orientation, are both shown in Figures 3.8, 3.9 and 3.10. For 90o incident wave 

angle (Figure 3.8), the transducer pairs are PZT2 and PZT4, PZT1 and PZT5, and PZT6 and 

PZT8. For 0o incident wave angle (Figure 3.10), the transducer pairs are PZT4 and PZT6, PZT3 

and PZT7, and PZT2 and PZT8. 

As shown in Figures 3.8 and 3.10, i.e. the results of incident wave angle 90o and 0o, respectively, 

the variation of  for the results of each transducer pair is very similar to each other. This is 

because the crack profile, i.e., the size and shape, at both sides of the through hole are also 

symmetric about the incident wave angle. Also, the magnitudes of the stresses induced by the 

applied cyclic load at both sides of the through hole are similar given the symmetric 

configuration of the plate and through hole with starter notches. Although these aforementioned 

conditions were used in the FE simulations, a very small discrepancy is observed between the 

results of the two transducers in each transducer pair as illustrated in Figures 3.8 and 3.10. This 

is because the meshing of the FE model is not perfectly symmetric about the incident wave 

angle and crack orientation.  

The experimental results represented by the solid lines in Figures 3.8 and 3.10 also demonstrate 

a good agreement between the symmetric transducer pairs. However, as expected, it (the 

agreement) is not as good as that in the numerical simulations. This is because the fatigue 

cracks at both sides of the through hole are not initiated simultaneously and, generally speaking, 

do not propagate symmetrically. Also, the unavoidable eccentricity of the applied load in the 

experiment may also cause the non-symmetric stress distribution in the plate. All these factors 
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were the contributors to the discrepancies between the experimental studies with symmetric 

transducer pairs and differences between the experimental and FE results. 

For 45o incident wave angle (Figure 3.9), although the transducer pairs of PZT3 and PZT5, 

PZT2 and PZT6, and PZT1 and PZT7 are located symmetrically about the incident wave angle, 

they are not located symmetrically about the crack orientation. The results between the 

transducers of each transducer pair behave quite differently due to the violation of the 

symmetric condition.  

 Overall, for the experimental and numerical results shown in Figures 3.8, 3.9 and 3.10 

are in a good agreement in terms of the variation pattern of parameter . The results for 90o 

incident wave angle show a better agreement with the FE results than the results of the other 

two incident wave angles. For the incident wave angle is 0o (Figure 3.10), the value of  has 

a clear growing trend at all transducers; and the growth is more significant at PZT1, PZT2 and 

PZT8, i.e. the forward scattering directions. This means that under this condition, sensors in 

any direction are able to provide a warning signal for the presence of fatigue crack. However, 

for the cases of incident wave angle 90o (Figure 3.8) and 45o (Figure 3.9),  only increases 

slightly with crack length to incident wave wavelength ratio and then stays about the same 

magnitude at most of the sensors. While noticeably for PZT2, 4 of the 90o case and PZT3, 5 of 

the 45o case, the nonlinear parameter even shows decreasing trend when the crack length to 

incident wavelength ratio increases. The results show that the incident wave angle plays a vital 

role in SHG and thus it is important to use a transducer network in a damage detection system 

and conduct measurements considering all the incident wave angle cases to precisely predict 

the health condition of the structure.  

Based on the results presented in Figures 3.8, 3.9 and 3.10,  has different characteristics for 

different crack length to incident wave wavelength ratios. This means that these characteristics 

can be potentially used for quantitative damage identification. However, the variations of  

under different incident angle conditions are very different to each other. This means that the 

wave-crack interaction characteristic highly depends on incident wave angle. Therefore, it is 

essential to take into account the incident wave angle if it is used for quantitative damage 

identification. 
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Figure 3-8: a) Schematical diagram of the transducer arrangement for incident wave angle 

90 case, b)-e) normalized relative second order nonlinear parameter  as a function of 

crack length to incident wave wavelength ratio at different PZTs  
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Figure 3-9: a) Schematical diagram of the transducer arrangement for incident wave angle 

45 case, b)-e) normalized relative second order nonlinear parameter  as a function of 

crack length to incident wave wavelength ratio at different PZTs 
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Figure 3-10: a) Schematical diagram of the transducer arrangement for incident wave angle 

0 case, b)-e) normalized relative second order nonlinear parameter  as a function of crack 

length to incident wave wavelength ratio at different PZTs  

 

3.5.4. Second harmonic generation (SHG) at fatigue crack with different crack openings 

The other issue that needs to be considered for practical application of the nonlinear Lamb 

wave method is that, the structure is usually subjected to changing loading conditions. These 

conditions can change the crack opening or the gap between the surfaces of the fatigue cracks 

as shown in Figure 3.11, and hence, it changes the properties of the contact nonlinearity. In this 

section, the influence of the crack opening due to the applied loading is studied experimentally. 

The FE model is also adopted to support the experimental study and analyse the trends of  

as a function of the applied tensile stress. 
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Figure 3-11: Crack opening under (a) 25MPa, (b) 50MPa, (c) 75MPa and (d) 100MPa tensile 

stress in experiments 

 

3.5.5. Experimental observations. 

The tensile load is raised from 25MPa to 100MPa to gradually increase the opening of the 

fatigue cracks. There are several reasons that can cause the variation of  when the crack is 

opened due to the tensile load. 

i. When the applied tensile loading increases, the distance between the crack surfaces 

could grow beyond the maximum in-plane displacement of the wave. The wave 

cannot pass through the crack, and there is no contact the crack surfaces. Thus, only 

small amplitude of second harmonic can be generated at the tips of the fatigue crack 

[34].  

ii. As the crack opens, it behaves like a notch when there is no contact nonlinearity. 

The value of  can be dominated by the value of A1 as only a small nonlinearity 

is generated at the crack tips due to plasticity. The value of A1 is significantly 

affected by the scattering feature of linear Lamb waves at notch [40]. 

iii. The tensile load applied on the plate would change the phase and group velocity of 

the propagating wave [41]. As the linear wave scattering feature at notch is relevant 

to the wavelength [40], variation of phase velocity will change the wavelength of 

the Lamb waves, and hence, change the magnitude of A1 measured at different 
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transducers. However, the variation of the phase velocity is usually very small and 

this will only cause a minor change of the magnitude of A1. 

iv. For the plate used in the experiment, the ratio between the diameter of the notch 

and width of the plate is 0.025. According to the equation for calculating the stress 

concentration factor on a finite-width plate under uniaxial loading [41], the stress 

concentration factor at the notch in this study is around 3. When the stress applied 

on the plate is greater than 75MPa, the stress at the notch is around 225MPa. 

Considering the yielding stress of the 5005 H34 aluminium is around 145MPa – 

185MPa, the area around the notch can undergo plastic deformation, and thus, 

increases the plasticity driven nonlinearity [23]. 

 

Figure 3.12 shows the experimentally measured results at PZT1 to PZT4 on the plate with the 

open crack after 800,000 cycles of loading in the cyclic test. The results indicate that different 

crack openings caused by different magnitude of applied tensile loads on a damaged structure 

can change the magnitude of . According to Figure 3.12,  at PZT2 and PZT3 decreases 

with the magnitude of the tensile load, though the variation is comparably small. At PZT4, the 

value of  decreases when the stress is increased from 25MPa to 50MPa. Then the value 

increases from 50MPa to 75MPa before it drops slightly when the load is increased to 100MPa. 

As compared,  increases at PZT1 when the stress increases from 25MPa to 75MPa, followed 

by a slight fall when the load reaches 100MPa.  
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Figure 3-12: Experimentally measured normalized relative second order nonlinear parameter 

 at (a) PZT1, (b) PZT2, (c) PZT3 and (d) PZT4 under different magnitudes of tensile 

stresses. 

 

3.5.6. Effect of crack opening on contact nonlinearity due to presence of fatigue crack.  

The experimentally verified FE model was used to study the effect of the crack opening on the 

contact nonlinearity. In this study, only the effect of crack opening variation was considered, 

which takes into account the first two reasons described in the Section 5.4.1 in causing the 

variation of .  

The fatigue crack in the FE simulations was opened by the applied tensile force at both ends of 

the plate. An example of the FE simulation snapshot of the stress distribution is shown in Figure 

3.13. The results correspond to an 8mm long fatigue crack at the end of each starter notch and 

a 25MPa tensile stress is applied to the one end of the plate. The tensile stress with magnitudes 

of 8MPa, 16MPa, 25MPa, 50MPa, 75MPa and 100MPa were applied to the model. For the 

25MPa stress, the maximum opening near the hole was around 9μm. When the magnitude of 

the tensile stress is increased to 100MPa, the opening increases to about 30μm.  

The outcomes of the pre-loading steps as described above were then used to simulate the wave 

propagation with ABAQUS/Explicit. The maximum magnitude of the displacement applied to 

the actuator model was carefully controlled to ensure that the in-plane displacements of the 

incident wave were smaller than the smallest opening.  
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Figure 3-13: Fatigue cracks at both end of the FE plate model opened by 25MPa tensile stress 

and the stress distribution in the plate 

 

As shown in Figure 3.14, for PZT1 and PZT2 there is a clear drop of the value of  when the 

stress is increased from 8MPa to 25MPa. When the load keeps increasing, there is no clear 

change of the value as there is little interaction between the crack surfaces. When zooming into 

the variation of  from 25MPa to 100MPa, a slight increase of the value is observed at PZT1, 

while the value at PZT2 decreases. The very small variation of  can be caused by the change 

of scattering feature of linear Lamb waves and thus change the amplitude of A1. In comparison, 

at PZT3 and PZT4, there is no distinctive variation of  despite the increase of the applied 

tensile load. 

Similar to the experimental observation, there is a distinctive cut-off point in the results of the 

FE simulations, beyond which there is a very small variation of . In the experiments, the 

fatigue crack was initially open, and thus there was no sharp drop of the contact nonlinearity 

when the fatigue crack was pulled to reach a larger opening. For the fully opened cracks, the 

variation of  at different PZTs was relatively larger in experimental results than in the 

numerical simulations. The outcomes in these two sections indicate that when the fatigue crack 
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is progressively opened by the applied stress (load), the variation of  is mainly due to the 

decrease of the contact nonlinearity.  

 
Figure 3-14: Numerically prediction of normalized relative second order nonlinear parameter 

 at a) PZT1; b) PZT2; c) PZT3 and d) PZT4 on the plate model with different crack 

opening. 

 

5.4.3 Directivity pattern of normalized relative second order nonlinear parameter predicted by 

FE simulations 

It is of a great interest to investigate the directivity patterns of  around a fatigue crack with 

different incident angles and crack openings, because these two factors directly related to the 

potential practical implementation of the SHG techniques. The experimental studies of the 

combined effect are costly and time-consuming. Consequently, the FE approach, which has 

been partially validated experimentally, was used to study the directivity pattern of at fatigue 

crack with different crack openings and incident wave angles. It should be noted that the 
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material and plasticity-driven nonlinearity were not modelled as the focus of this study is 

mainly on the loss of contact nonlinearity as a result of the applied loading. 

In the parametric study, three additional transducers were added at θ = 180, 135, and 90 in 

the FE model and each of which is used as an actuator to generate incident wave at 0, 315 

(equivalent to 45) and 270 (equivalent to 90), respectively. The actuators were 70mm away 

from the crack, which is outside the circular transducer network. Only the fatigue crack is 

modelled at the centre of the plate, i.e. without the through-holes and starter notches. The 

maximum displacement applied to the circumference of the actuator model for generating the 

Lamb wave signal was 30μm.  

 
Figure 3-15: Directivity pattern of the normalized relative second order nonlinear parameter 

 calculated by the FE simulation with a 16mm long fatigue crack opened by different 

applied tensile stresses, a) 0, b) 315 (equivalent to 45) and c) 270 (equivalent to 90) 

incident wave angle. 

 

Different to the aforementioned studies, the value of the normalized relative second order 

nonlinear parameter  at each transducer is defined as  normalized by the of this 

transducer obtained from the intact plate in this section. The outcomes of the simulations are 

shown in Figure 3.15. It can be seen that for all incident wave angles, the value of the  

generally shows a forward scattering pattern. However, it should be noted that for the 315 and 

270 incident wave angles, the directivity patterns are slightly different to the case of 0 

incident wave. The differences of the  value between different angles are not as obvious as 
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for case of 0o incident wave angle. In all these three cases, the value of  is generally smaller 

when the crack is opened, though the directivity patterns for each case under different loads 

are about the same. The results indicate that clapping contact of the fatigue crack surfaces 

generates a relative large magnitude of second harmonic. As  is generally smaller for the 

315 and 270 incident wave angles, this means that the contact nonlinearity is weaker for these 

two cases. Overall the results show that the tensile load reduces the interaction between the 

crack surfaces as compared with the fully closed crack. This conclusion is also supported by 

previous studies, which have been briefly reviewed in the Introduction section. 

 

3.6. Conclusions 

This paper is devoted to the SHG due to the interactions of S0 incident Lamb wave with fatigue 

cracks. The study has focused on two practical aspects relevant to in-situ damage detection, i) 

the effect of crack opening due to applied load and ii) different incident wave angles. It was 

demonstrated experimentally that the 3D FE simulation is capable to predict the main 

tendencies of SHG due to the contact nonlinearity in the presence of fatigue cracks with 

different crack openings and incident wave angles.  

The conducted study found that the magnitude of  varies significantly with the incident wave 

angles even for the measured data obtained from the same transducer. The variation is caused 

by the change in contact nonlinearity, linear wave scattering and plasticity driven nonlinearity 

when the cracked sample is subjected to tensile loading. The observations from the 

experimental and FE results indicate that when the crack is progressively loaded, the variation 

of  is mainly due to the loss of the contact nonlinearity. When the loading grows further, the 

increase of the nonlinearity can be associated with the plasticity mechanisms. From the present 

results, it is also found that the variation of  was mainly dominated by the contact 

nonlinearity due to the increase of the fatigue crack length under the same applied load.  

A number of case studies have been conducted using the validated FE approach to investigate 

the directivity patterns of  under different incident wave angles and crack openings. The 

results show that the incident wave angles and applied loads on the plate could significantly 

change the SHG behaviour. It is important that these two important factors need to be taken 
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into consideration in the potential applications of the techniques based on SHG for in-situ 

damage detection of fatigue cracks.  
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Abstract 

In this study, the second harmonic generation (SHG) due to the contact nonlinearity caused by 

bolt loosening is studied experimentally and numerically using three-dimensional (3D) explicit 

finite element (FE) simulations. In particular, it is demonstrated that the magnitude of the SHG 

normally increases with the loosening of the bolted joint, and there is a reasonable agreement 

between the numerical simulations and experimental results. The FE model, which was 

validated against experimentally measured data, is further utilised to investigate an important 

practical situation when a loosened bolt is weakened by fatigue cracks located at the edge of 

the hole. The numerical case studies show that the contact nonlinearity and the change of the 

behaviour of the SHG with the tightening level are very different to the corresponding results 

with the fatigue cracks. This identified difference in the SHG behaviour can serve as an 

indicator of the bolted joint integrity, and thus to provide early warning for engineers to make 

decision on necessity of carrying out further safety inspections. Overall, the findings of this 

study provide improved physical insights into SHG for bolt loosening, which can be used to 

further advance damage detection techniques using nonlinear guided waves.  

 

Keywords: Bolt loosening, guided waves, second harmonic generation, contact nonlinearity, 

fatigue crack, torque loss, structural health monitoring, bolted joint 

 

4.1. Introduction 

In last two decades, different non-destructive evaluation (NDE) techniques and damage 

detection methods Error! Reference source not found. have been developed and applied to 

etect damages, e.g., visual inspection [2], eddy current [3], thermography [4], conventional 

ultrasonic [5], vibration techniques [6]-[8] and guided wave technique [9],[10], etc. Among 

these methods, guided wave inspection has proven its advantages over the conventional NDE 

techniques and damage detection methods[11], such as its ability to inspect large area, 

capability of evaluating inaccessible structural components in structures, high sensitivity to 

small damages, and potential to develop online structural health monitoring (SHM) system 

through transducer network.  
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4.1.1. Guided waves for damage detection 

Guided waves have attracted significant research interest due to its ability to propagate in 

different types of structures, such as beam [12], rod [13], plate [14]-[16] and pipe [17],[18]. In 

recent years, many studies using linear or nonlinear guided waves have been carried out and 

they focused on different damage types and materials [19],[20]. For linear guided wave, Sohn 

[38] used mode conversion technique to detect a notch on an aluminium plate. A reference-free 

damage detection method was introduced.  Santos et al. [22] employed guided waves to 

characterize the interface texture of two-layer concrete slabs. Numerical simulation studies 

were carried out to investigate the feasibility and performance of the proposed method. 

As compared with linear features of guided waves, the nonlinear features have attracted 

increasing attention due to its ability to detect both contact nonlinearity of cracks [23] and 

plasticity driven damages [24],[25] at impercipient level. In general, the linear features of 

guided waves usually require reference data to extract the damage related information for 

damage detection. But the varying operational [26],[27] and environmental condition [28],[29] 

can significantly affect the accuracy of extracting the damage related information using the 

reference data. Different to linear features of guided waves, the nonlinear features are potential 

to be developed as a reference free damage detection technique [30]. 

Pruell et al. [31] studied the plasticity driven nonlinearity using the second harmonic generation 

(SHG) due to phase and group velocity matching of the first and second symmetric modes of 

Lamb wave. They found that with larger plastic deformation, the acoustic nonlinearity induces 

larger magnitude of higher harmonic. Soleimanpour et al. [26] numerically and experimentally 

investigated the SHG due to contact nonlinearity at delamination in laminated composite beam. 

Various damage scenarios about different delamination layers and sizes were considered in 

their study. Lim et al. [33] investigated the binding conditions for nonlinear guided wave 

generation. Their study considered both propagating wave and stationary vibration. An 

aluminium plate specimen with a fatigue crack was used in their experimental studies. The 

binding conditions to generate modulated guided wave signals and sidebands were studied 

using both high and low frequency excitations. Yang et al. [34] investigated the SHG of the 

Lamb waves at fatigue crack in aluminium plate. 3D FE simulations and experiments were 

carried out to gain physical insights into the SHG phenomenon at fatigue crack. They also 

extended the work to investigate the SHG under practical situations, such as effect of the crack 

opening under applied loading condition and incident wave angle on the SHG [35]. 
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4.1.2. Detection of damage for bolted joints 

Research on detection of contact-type damage with nonlinear guided waves has attracted 

significant attention in recent years. The contact-type defects such as fatigue crack or 

delamination, are sources of contact nonlinearity phenomena contributing the generation of the 

second order harmonics. Another common type of structural deficiency related to the contact 

nonlinearity is the loosening of a bolted joint. The bolted joint is an essential component in 

many structures, e.g., wind turbines, bridges and framed buildings. Bolt loosening is one of the 

major concerns for engineers [36]. 

The loss of torque in one or more bolts can significantly decrease fatigue life of bolted joints 

[37], [38]. When bolt loosening occurs, the friction between the lapped areas of the joint 

reduces due to the decrease of the clamping force contributed by the bolts. In this situation, the 

applied load is directly transferred from one plate to the other through the contact area between 

the bolt and plates and this causes a stress concentration at the edge of the bolt hole [39]. When 

the structure is subjected to alternating loading, fatigue cracks can be developed at the edge of 

the bolt hole. Therefore, reliable and cost efficient non-destructive techniques capable to detect 

the bolt loosening and fatigue crack of bolted joint at critical load bearing structural 

components are essential for safety and integrity of a wide range of engineering structures. 

 

4.1.3. Linear guided wave for detecting bolt loosening 

There were a number of studies focused on detection of bolt loosening using linear guided 

waves. Wang et al. [40] investigated the relationship between the signal energy and applied 

torque levels at bolted connections. It was found that the wave energy propagated through the 

connection increases with the applied torque. In another paper, Wang et al. [41] proposed a 

time reversal method using the linear guided wave signals to monitor the bolted joints. 

Experimental study was carried out to investigate the relationship between the peak amplitudes 

of the time reversal focused signal and the bolt preload. However, the linear guided waves have 

some issues that need to be addressed before it can be applied in practical situations. For 

examples, as mentioned before, the linear features of guided waves are sensitive to the 

temperature change [19],[21]. Moreover, the boundary reflection of the linear guided waves 

within the lapped areas at the bolted connection would affect the linear features utilised in the 

detection algorithms of bolt loosening [44].  



Chapter 4. Bolted Joint Integrity Monitoring Using Second Harmonic Generation of Guided Waves 

69 

 

4.1.4. Nonlinear guided wave for detecting bolt loosening 

Different to linear features, the nonlinear features of guided waves are more robust for 

structures with complex geometry [45] and under varying temperature condition. One of the 

most commonly used nonlinear features of guided waves is SHG due to the contact nonlinearity. 

This phenomenon can be described by Contact Acoustic Nonlinearity (CAN) [46]. When 

guided wave interacts with a contact-type of damage, such as fatigue crack and loosen bolt, 

repetitive collisions between contact surfaces occurs. During the collisions, the compressive 

and tensile pressure of the wave closes and opens the contact surfaces, respectively. However, 

only the compressive pressure of the wave can transmit through the closed contact surfaces. 

Therefore, after the incident wave interacting with the contact surfaces, the wave shape is 

rectified nearly half-wave. The higher harmonics are generated due to this nonlinear waveform 

distortion. This phenomenon is schematically illustrated in Figure 4-1.[25]  

 

Figure 4-1: Schematic diagram of contact nonlinearity at contact surfaces 

 

Biwa et al. [47] used bulk waves to study the SHG due to the variation of contact pressure 

between two separate aluminium blocks at the contact interface. They found that the amplitude 

of the second order nonlinear parameters decreases with the contact pressure. The study 

suggests that the SHG of the bulk wave is sensitive to the change of contact pressure between 

two contact surfaces. The bolt loosening causes a loss of contact pressure at the interface of a 

bolted joint so the nonlinear features can be used to detect bolt loosening at the bolted 

connections. In the study carried out by Lee and Jhang [48], although it focused on detecting 

the fatigue crack in an aluminium block using the SHG of ultrasonic bulk wave, they also 

experimentally investigated the closing effect of the fatigue crack. They found that the 

magnitude of the applied pressure is inversely proportional to the magnitude of the SHG. This 



Chapter 4. Bolted Joint Integrity Monitoring Using Second Harmonic Generation of Guided Waves 

70 

means that the contact nonlinearity reduces with the increasing torque contributed by the bolt, 

and vice versa. However, the safety inspection using bulk wave is only able to provide a 

localised assessment for structures. In practical situation, most of the structures have 

inaccessible areas. It is difficult to inspect these inaccessible areas using the bulk wave. 

Different to bulk wave, guided wave propagates along the structure, which can cover a large 

inspection area and can be used to inspect inaccessible locations. 

In the literature, there were several studies investigated the feasibility of using the SHG of 

guided waves to detect the bolt loosening. For example, Amerini and Meo [20] studied the 

effect of bolt loosening and tightening at the bolted connection using nonlinear guided waves. 

They showed that the spectral amplitude difference between the carrier frequency (A1) and the 

second harmonic frequency (A2) at bolt loosening condition is much lower than that at 

tightening condition. They proposed a hyperbolic tangent function to predict the spectral 

amplitude difference for different magnitudes of the torque applied at the bolt. However, 

defining the damage index related to A1 may involve some problems, as the wave reflection 

and contact pressure would significantly affect the amplitude of the linear wave [44]. They also 

suggested that there is no clear change of damage index when the magnitude of the applied 

torque increases beyond around 6 Nm, which means the proposed damage index may not be 

able to provide early detection of bolt loosening. 

This study is different from the previous research efforts published in the literature.  It deals 

with the characteristics of SHG when a loosened bolt connection is weakened by fatigue cracks. 

The latter represents a typical practical situation, which is of a main concern for engineers as 

discussed above. The current study provides a comprehensive numerical and experimental 

insights into the complex contact nonlinearity caused by combination of bolt loosening and 

fatigue cracks. These insights could further advance the non-destructive techniques for 

integrity monitoring of the bolted joints using nonlinear guided wave.   

The paper is organized as follows. Sections 2 and 3 describe the setup of experiment and three-

dimensional (3D) finite element (FE) model of bolted connections, respectively. Then, the 

experimental and FE simulation results are discussed in detailed in Section 4. This section 

employs the experimentally verified 3D FE model to investigate the SHG when a loosened bolt 

is weakened by fatigue crack located at the edge of the bolt hole. Different levels of bolt 

loosening are investigated using the experimentally verified 3D FE model. Finally, conclusions 

are drawn in Section 5. 
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4.2. Experiment 

4.2.1. Experimental specimens 

The experimental study considered a single-lap connection and T-joint connection as shown in 

Figure 4-2a and b, respectively. The lengths of the specimens are relatively short so that it can 

also demonstrate the proposed nonlinear guided wave approach is applicable to the situation 

having wave reflections from the boundaries, which has been demonstrated that it is hard to be 

handled using linear guided wave approach in Section 1.2.1. The first specimen is a single-lap 

connection as shown in Figure 4-2a. The specimen consists of two 5 mm thick plates with in-

plane dimension of 50 mm × 24 mm. The second specimen is a T-joint connection (Figure 

4-2b), which consists two 5mm thick plates with in-plane dimensions of 70 mm × 24 mm and 

24 mm × 24 mm, respectively. Both specimens are made of G250 mild steel and the material 

properties are shown in Table 4-1. A M10 steel bolt was used to connect the two steel plates of 

each specimen. A torque wrench with electronic readings was used to tighten the bolt and 

measure the magnitude of the applied torque. The minimal torque that can be measured by the 

torque meter is 6.8 Nm and the sensitive of the measurement is ±2%.  

 

Figure 4-2: a) Single-lap joint and b) T-joint specimen used in experiment 

 

Table 4-1: Material properties of the G250 mild steel plate 

Young’s Modulus (GPa) 205 

Poisson Ratio 0.29 

Density (kg/m3) 7870 
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Table 4-2: Material properties of the Ferroperm Pz27 Piezoceramic disc 

Young’s Modulus (GPa) 59 

Poisson Ratio 0.389 

Density (kg/m3) 7700 

 

4.2.2. Actuating and sensing guided wave 

Rectangular piezoceramic transducers (Ferroperm Pz27) with 6 mm × 12 mm in-plane 

dimension and 2 mm thickness were bonded to the surface of the plate by conductive epoxy. 

These piezoceramic transducers were used to excite and receive the wave signals. The material 

properties of the transducers are listed in Table 4-2. Figure 4-3 shows a schematic diagram of 

the experimental setup. A computer controlled signal generator (NI PIX-5412) was used to 

generate the excitation signal, which was a narrow-band 10-cycle sinusoidal tone burst pulse 

modulated by a Hanning window. 50 kHz and 200 kHz excitation frequencies were considered 

in this study. The excitation signal has a peak-to-peak output voltage of 10 V and was amplified 

by a factor of four using an amplifier (KROHN-HITE 7500) before it was sent to one of the 

transducers. The other transducer was used to measure the wave signals on the specimen. The 

measured signals were then digitized by a data acquisition system (NI PXIe-5105). The quality 

of the measurements was improved by averaging the signals with 64 acquisitions.  

 

Figure 4-3: Schematic diagram of experimental setup 

 

4.2.3. Experimental observation of SHG due to bolt loosening 

The torque level was increased stepwise from 8 Nm to 20 Nm in steps of 2 Nm. The 

experimental process was repeated independently 10 times for each specimen and the 
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excitation frequency, respectively. The measured 200 kHz wave signal at the single-lap joint 

specimen with torque equals to 8 Nm is shown in Figure 4-4. Figure 4-4a and b show the 

measured time-domain signal and the frequency-domain signal processed using fast Fourier 

transform, respectively. As shown in Figure 4-4b, besides the SHG at frequency 2f, there are 

also other higher order harmonics, e.g., third (3f) and fourth (4f) harmonics. But the focus of 

the current study is to investigate the feasibility of using SHG to detect bolt loosening. 

The extracted SHG amplitude, A2, against the magnitude of applied torque for all 10 tests are 

summarised in Figures 5 and 6. Figures 5 and 6 show the averaged results for the single-lap 

joint and T-joint, respectively. The error bars are calculated at different applied torque 

magnitudes (levels).  

 

Figure 4-4: Measured a) time-domain and b) frequency-domain signals from single-lap joint 

specimen for 200 kHz excitation frequency and 8 Nm torque 

 

The results indicate that the averaged SHG amplitude generally decreases with the increasing 

applied torque. For cases considering single-lap joint and T-joint with 50 kHz excitation 

frequency (Figure 4-5a and Figure 4-6a), comparing to loosened bolt, the SHG amplitude 

decreases by more than 60% when the bolt is tightened. When the 200 kHz excitation is used, 

the SHG amplitude of the tightened bolt is only reduced by about 10% at the bolt loosening 
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condition (Figure 4-5b and Figure 4-6b). The results also demonstrate that the magnitude of 

SHG for the single-lap joint at bolt loosening condition are larger than that for the T-joint, 

especially for the case when 50 kHz incident wave is used. 

 

Figure 4-5: Averaged SHG amplitude against applied torque for the single-lap joint specimen 

with error bars for a) 50 kHz, and b) 200 kHz excitation frequency 

 

Figure 4-6: Averaged SHG amplitude against applied torque for the T-joint specimen with 

error bars for a) 50 kHz, and b) 200 kHz excitation frequency 

 

Below are possible reasons that contribute to the observed features of the SHG behaviour with 

the change of the torque level, as well as the variation of the results. 

1) The wave in the single-lap joint is transmitted through the bolted area and interacts with 

the two plates. The contact behaviour at the interface has a significant impact on the 

wave signals. Between each individual test, the contact characteristic at the interface 

can be quite different, especially when the bolt is loosened. Thus, the amplitude of the 
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SHG has larger fluctuation at the bolt loosening condition. For the T-joint specimen, 

the wave energy can pass through the bolted area without any interaction at the interface, 

therefore, the amplitude of the SHG is smaller than that in the single-lap joint specimen 

at the bolt loosening condition. Also, the variation of the SHG for the single-lap joint 

is larger than that for the T-joint. 

2) The actual contact pressure at the bolted joint does not vary linearly with the applied 

torque. In each time of the torque is applied in the experiment, there may be a small slip 

between the washer and plate, the top plate and base plate, and the bolt and washer. 

Therefore, this changes the effective contact area and would result in different clapping 

behaviours and magnitudes of friction force. 

3) As the bolt hole is normally designed to be slightly larger than the diameter of the thread, 

the gap and the contact area between the bolt thread and the plates can vary in different 

tests. Obviously, this can affect the measured amplitude of the SHG induced by contact 

nonlinearity. 

4) The measurement error of the torque meter and rounding error of data acquisition 

process could influence the variation of the SHG in the measured data. 

 

4.3. Three-dimensional Explicit Finite Element Simulations 

4.3.1. FE modelling of bolt loosening 

The configurations utilized in the experimental study were modelled using 3D explicit FE 

method. ABAQUS/CAE was used to model the specimen geometry and loading/contact 

conditions as shown in Figure 4-1. In the FE model, only the plates and washer of the specimens 

were modelled and the effect of the bolt tightening was modelled by applying pressure on the 

washer. The schematic diagrams of the FE models are shown in Figure 4-7. The dimensions of 

the FE models are exactly the same as those specimens used in the experiment. The specimens 

were modelled using 8-node linear brick elements with reduced integration (C3D8R). 

Hourglass control was used to ensure the stability of the simulations. The in-plane dimension 

of the element is 0.4 mm × 0.4 mm. This ensures that there are at least 20 elements in the 

wavelength of the incident wave and second harmonic wave. The thickness of the element is 

0.5 mm so there are ten elements in the thickness direction of the plates. 
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Figure 4-7: Schematic diagram of the FE model for the a) single-lap joint and b) T-joint 

 

The interaction between the plates at the joint location was modelled by ‘hard’ normal 

interaction and frictional tangential interaction with friction factor equals to 0.5 Error! 

eference source not found.. The excitation signal and excitation frequencies are the same as 

those used in the experiment, which are narrow-band 10-cycle sinusoidal tone burst pulse 

modulated by a Hanning window, and at 50 kHz and 200 kHz. The guided wave was generated 

by applying nodal displacement at the top edge of the piezoceramic transducer, and the 

propagating waves were measured using the strain of an element. The bolt tightening condition 

was modelled by applying evenly distributed pressure on the washers. The magnitude of the 

pressure is determined by [36]: 

P =
T

kdA   (1) 

where P is the pressure, T is torque applied on the bolt, k is the torque coefficient, d is the 

nominal diameter of the bolt, and A is the area of washer. k = 0.2 is usually used for steel 

bolts[36]. In this study, the pressure on the washer is applied through a quasi-static loading 

using ‘smooth step’ in ABAQUS to avoid inducing any shock wave on the specimens due to 

sudden loading condition. The FE simulation of the bolt loosening includes two steps, 1) the 

washers are loaded using dynamic explicit procedure with smooth loading to avoid the transient 

effect in applying the pressure, and then 2) guided waves are excited and SHG is induced due 

to the interaction between the incident wave and the joint with bolt loosening.  
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4.4. Results and Discussions 

4.4.1. FE calculated and experimentally measured SHG due to bolt loosening 

Figure 4-8 shows the FE calculated and experimentally measured amplitude of SHG, which is 

normalized by the averaged value of A2 at different torque levels of the corresponding case. 

The averaged experimental results of the 10 individual tests are also shown in Figure 4-6. It is 

evident that, for both excitation frequencies, the amplitudes of the SHG decrease with the 

increasing torque. Meanwhile, the variation and trend of the experimental and FE calculated 

results are very similar. The results indicate that the FE model is capable to provide a 

reasonable prediction of the SHG for the bolt with different levels of the applied torque. 

 

Figure 4-8: FE calculated and experimentally measured normalised second harmonic 

amplitude for single lap joint using a) 50 kHz and b) 200 kHz excitation frequency; and T-

joint using c) 50 kHz and d) 200k Hz excitation 

 

4.4.2. Effect of excitation frequency 

As shown in the experimental and FE results, the selection of excitation frequency plays an 

important role in detecting the bolt loosening level. Also, the wave modes of the guided wave 

generated by the piezoceramic transducer highly depend on the excitation frequency. In this 

section, the wave motion of the excited guided wave is investigated to determine the efficiency 

of different wave modes in SHG due to bolt loosening. 
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In the literature, it has been shown that the 3D FE simulation can accurately predict the linear 

wave propagation in both isotropic and composite materials [52],[53]. This study employs the 

3D FE model to investigate the 50 kHz and 200 kHz linear wave propagation to reveal the 

dominant wave mode at each excitation frequency. The model has the same thickness, width, 

material properties and distances between actuator and measurement points as the FE models 

described in Section 3.1, except that the length of the model is extended to 1 m to avoid the 

wave reflected from the boundaries. The model is shown in Figure 4-9. Since the guided wave 

propagation is a local phenomenon, the only difference between the extended length model and 

the model shown in Figure 4-7 is the wave reflected from the boundaries. 

 

 

Figure 4-9: 3D FE model for studying the in-plane and out-of-plane deformation of the 

guided wave propagation 

Both the in-plane and out-of-plane displacements are measured at the measurement point as 

shown in Figure 4-10. Figure 4-10 shows that the out-of-plane displacement of the 50 kHz 

guided wave is at least two times larger than that of 200 kHz guided wave. This is because the 

dominated wave mode is the fundamental anti-symmetric mode (A0) at 50 kHz. However, both 

50 kHz and 200 kHz guided waves have very similar magnitude of in-plane displacement. 

Based on the results presented in Section 4.1, the A0 guided wave, which has dominant out-of-

plane motion, is more sensitive to the SHG due to changes of the contact pressure at the bolted 

joint. This is consistent with the findings in the previous research [49]. This explains that when 

200 kHz is chosen as the excitation frequency, the amplitude reduction of the SHG with the 

increasing torque is less significant than that of 50 kHz guided wave. 
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Figure 4-10: FE calculated in-plane and out-of-plane displacement at: a) 50 kHz and b) 200 

kHz excitation frequency 

 

4.4.3. Effect of fatigue cracks at loosened bolts 

As discussed in Section 1, fatigue cracks are very common in bolted joints due to cyclic loading 

of the structure or due to the change of environmental condition. The fatigue crack would 

enhance the complexity of the contact nonlinearity and guided wave interaction with the 

overlapped area at the bolted joints, and hence, affecting the behaviour of SHG. It has been 

demonstrated that the 3D FE model is capable of predicting the SHG features due to the 

interaction of low-frequency guided wave and fatigue crack0. The similar methodology will be 

utilized in the current numerical study. 

A 3D FE model containing two 3 mm long fatigue cracks at two sides of the bolt hole is 

considered in this section. The fatigue cracks are modelled by duplicating the FE nodes at the 

crack surface areas and the locations are shown in Figure 4-11. The measurement is also taken 

at the same location as the FE model shown in Figure 4-7 in Section 3.1. ‘Hard’ contact is 

defined between the crack surfaces and a friction factor of 1 is used to model the frictional 

interaction between the crack surfaces, which also takes into account the rough fatigue crack 

surfaces in real situation [34]. The features of the SHG at the bolted joint with fatigue cracks 

are observed at different torque levels. 
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Figure 4-11: 3D FE model of a) single lap joint and b) T-joint with fatigue cracks at the bolt 

hole 

Figure 4-12 shows the ratio of the second harmonic amplitude obtained from the FE model 

with the fatigue cracks to the second harmonic amplitude obtained from the FE model of the 

tightened bolt (intact specimen and the value of the torque for intact bolted joint is 20 Nm), 

and it is defined as  

  (2) 

where A2 is the second harmonic amplitude of the FE model with the fatigue cracks, and A2, 

T=20Nm is the second harmonic amplitude of the intact bolted joint (tightened bolt) when the 

torque is 20 Nm. 

 

Figure 4-12: Second harmonic amplitude ratio of a) single-lap joint and b) T-joint 

 

The results of the single-lap joint with fatigue cracks are shown in Figure 4-10a. The second 

harmonic amplitude ratio increases with the applied torque. When the bolt is loosened, part of 
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the wave energy is transferred from the fundamental frequency to second harmonic frequency 

due to “the breathing phenomenon” of the wave-crack interaction. But the second harmonic 

wave generated at the fatigue cracks cannot propagate through the joint with the loosened bolt. 

While the bolt is tightened, second harmonic wave due to the fatigue cracks can travel through 

the bolted joint, and most of the wave energy is transferred from the fundamental frequency to 

the second harmonic frequency due to contact nonlinearity at the fatigue cracks. However, as 

described in Sections 4.1, at the bolted joint, the amplitude of SHG decreases when the applied 

torque increases. So, in this case, the increase of A2 due to the fatigue cracks is more significant 

than the decrease of A2 due to tightened bolt. 

For the T-joint (Figure 4-10b), when 200 kHz guided wave is used, the variation of the 

amplitude ratio is similar to that of single-lap joint. In contrast, when 50 kHz guided wave is 

used, the second harmonic amplitude ratio decreases when the torque increases. The reason 

may be that, for the T-joint, the fatigue cracks is located at the same plate of the actuator and 

measurement point, so the generated second harmonic wave due to fatigue crack is still able to 

propagate through the bolted joint even the bolt is loosened. For the 50 kHz guided wave, when 

the magnitude of the applied torque increases, the variation of the second harmonic amplitude 

ratio is dominated by the contact nonlinearity at the overlapped area of the two plates. 

For the results in Figure 4-8 and Figure 4-12, when 200 kHz guided wave is used, the variation 

of second harmonic amplitude due to increasing torque shows an opposite trend when the 

fatigue cracks are modelled as compared with the results of the FE model without the fatigue 

cracks. Meanwhile, when 50 kHz guided wave is used as the incident wave, the variations of 

the second harmonic amplitude ratio for the single-lap joint with and without the fatigue cracks 

also show an opposite trend. As compared, for the T-joint, the trend and variation of the second 

harmonic ratio for the FE models with and without the fatigue cracks are similar to each other. 

It is possible to use 200 kHz guided wave to detect the damage and distinguish the damage 

type at the bolted joint by continuous monitoring the second harmonic amplitude. When 

incident wave is generated at 50 kHz, it is only possible to detect damages and distinguish the 

damage type at the single-lap joint.  

 

4.5. Conclusions 

In this study, SHG induced by the contact nonlinearity due to the bolt loosening in single-lap 

joint and T-joint has been studied in detail. It has been demonstrated that the FE and 
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experimental results have the same tendency that the value of the second harmonic amplitude 

for the tightened bolts is smaller than that for the loosened bolts. The study has shown that the 

use of the guided wave mode with dominated out-of-plane displacements (e.g. A0 guided wave) 

can result in much more distinctive reduction in the second harmonic amplitude and also less 

variation as compared to the case when the in-plane displacements dominated guided wave 

mode is used (e.g. the fundamental symmetric mode (S0) guided wave).  

The numerical case study using 3D explicit FE simulations has been carried out to investigate 

the combined effect of bolt loosening and fatigue crack at bolt hole. Different trends and 

variations of the second harmonic amplitude against the applied torque and different excitation 

frequencies have been observed. The results have been compared with the corresponding cases 

without fatigue cracks. The results have indicated that it is possible to distinguish the situation 

when the joint with loosened bolt is weakened by the fatigue cracks. 

The current study focuses on the bolted joint with a single bolt. But in the practical condition, 

the structure component can contain a group of bolts. Future studies can be carried out on full-

scale structural components and bolted joint within a group of bolted connections. This will 

further justify the feasibility of using the SHG in detecting and distinguishing the bolt loosening 

with and without the fatigue cracks in practical situation. 
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Abstract 

The use of fibre reinforced polymer (FRP) has been widely recognised to be an effective and 

economical way to strengthen existing structures or repair damaged structures for extending 

their service life. This study investigates the feasibility of using nonlinear guided wave to 

monitor crack-induced debonding in FRP strengthened metallic plates. The study focuses on 

investigating the nonlinear guided wave interaction with the crack-induced debonding. A three-

dimensional (3D) finite element (FE) model is developed to simulate the crack-induced 

debonding in the FRP strengthened metallic plates. The performance of using fundamental 

symmetric (S0) and anti-symmetric (A0) mode of guided wave as incident wave in the second 

harmonic generation at the crack-induced debonding is investigated in detail. It is found that 

the amplitude of the second harmonic and its variation with different damage sizes are very 

different when using S0 and A0 guided wave as the incident wave, respectively. The results 

suggest that it is possible to detect potential damage and distinguish its type based on the 

features of the generated second harmonic. 

 

Keywords: FRP strengthening; second harmonic generation; fatigue crack; debonding; finite 

element simulation, nonlinear guided wave 

 

5.1. Introduction 

FRP strengthened aluminium plates have been widely used in aircraft structures due to its 

ability in fatigue crack grow resistance, high tensile strength and low density [1],[2]. 

Meanwhile, externally bonded composite patches have also been applied to repair cracks in 

aircraft structures. The composite repair provides efficient load transfer and reinforcement for 

the structures with cracks, and thus, it prevents or retards the crack propagation [1].  

For the FRP strengthened aluminium plates, damages, such as fatigue crack and debonding, 

can also be generated due to impact or fatigue loading Thus, it needs a reliable damage 

detection system that can detect both fatigue crack and debonding to ensure the safety and 

integrity of the structure. For composite repaired aluminium plates, the existing crack can still 

propagate under fatigue loading [4]. Meanwhile, debonding between the composite patch and 

damaged structure can be initiated by poor bonding or propagation of fatigue crack [5]. The 



Chapter 5. Second Harmonic Generation of Guided Wave at crack-induced debonding in FRP 

Strengthened Metal Plates 

88 

debonding area can grow under loading and result in losing the strength of the reinforcement. 

As a result, it is necessary to monitor the integrity of the composite repair structures constantly. 

 

5.1.1. Linear guided wave 

Guided wave, with the ability to inspect a larger area compared with the ultrasonic bulk wave 

[6] and high sensitivity to small and different types of damages [7]-[9], provides an attractive 

approach for damage detection. In the last two decades, guided wave has attracted significant 

research interests [6], [9]. In general, the studies focused on understanding the physical insights 

into the guided wave interaction with different types of damages, e.g. thickness reduction [10], 

crack [11],[12], delamination [13]-[16] and debonding [17],[18], and developing guided wave 

based damage detection techniques using time-of-flight information of the waves [19], 

maximum-likelihood estimation [20], imaging approach [21], phase-array approach [22], 

model-based approach [23], [24] and time-reversal approach [25] etc.  

Guided wave has been used to detect and monitor damages in the metallic plates strengthened 

by externally bonded materials. Pavlopoulou et al. [26] used linear Lamb wave propagation 

through a notched aluminium plate bonded with an aluminium patch. The experiment showed 

that the crack and debonding growth under cyclic tensile loading could be monitored by their 

proposed damage detection method using outlier analysis. Puthillath and Rose [27] 

experimentally studied the adhesive and cohesive weakness on an aluminium aircraft skin 

repaired by a titanium repair patch using Lamb wave propagation. They observed the energy 

level of the received Lamb wave after propagating through the defect area. Ihn and Chang [4] 

carried out an experimental study using a built-in piezoelectric senor/actuator network within 

a composite repair patch bonded on a notched aluminium plate. They proposed to use 

fundamental anti-symmetric (A0) and symmetric mode (S0) of Lamb wave to detect the 

debonding and fatigue crack on the repaired material, respectively. It should be noted that of 

the aforementioned studies only focused on using linear guided wave, which is not as sensitive 

as the nonlinear guided wave in detecting incipient damages and early state of material 

degradations [28]. 

 

5.1.2. Nonlinear Guided Wave induced by Contact Nonlinearity  

Different to linear guided wave, nonlinear guided wave correlates the presence and 

characteristics of a damage with measured signals whose frequencies differ from the 
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frequencies of the input signal to the structures. The generation of signal with different 

frequencies is a result of a nonlinear transformation of the input energy due to damage or other 

nonlinearities. 

Higher harmonic generation is one of the commonly used nonlinear features. The generation 

of higher harmonics of contact-type defects, such as fatigue cracks, delamination and 

debonding, is mainly due to \contact nonlinearity [29]. Taking fatigue crack as an example, 

when guided wave propagates through the fatigue crack, the compressional part of the wave 

closes the crack while the tensile part open it. As a result, the compression part of the wave can 

pass through the crack, while the tensile part cannot, and a nearly half-wave rectification of the 

waveform occurs after the wave passes through the crack [30]. Previous studies proved the 

ability of using nonlinear guided waves, typically higher harmonic generation, to detect 

delamination and fatigue cracks [31]-Error! Reference source not found.. Soleimanpour et 

l. [32] investigated the higher harmonic generation of A0 guided wave at a delamination in 

composite beams. Both experiments and FE simulations were used to provide physical insights 

into the higher harmonic generation due to delaminations with sizes and locations. Yang et al. 

Error! Reference source not found. investigated the second harmonic generation in an 

luminium plate with a fatigue crack. They found that S0 guided wave is more sensitive to the 

fatigue crack than A0 mode, and it can generate larger magnitude of second harmonic. 

In practical situation, when the fatigue crack appears in the FRP strengthened metallic plate, it 

could lead to debonding between the FRP and metallic plate at the area surrounding the fatigue 

crack. The study of higher harmonic generation due to the combined effect of both fatigue 

crack and debonding in the FRP strengthened metallic plate was very limited in the literature. 

Most of the existing studies only considered the fatigue crack or debonding separately [34]. 

Therefore, this study investigates the second harmonic generation due to the interaction of 

guided wave at crack-induced debonding. In this study, three-dimensional (3D) finite element 

(FE) simulation, which was proved to be capable of providing a reliable prediction on both 

linear [35] and nonlinear Error! Reference source not found. guided wave features at the 

amages in structures, is used to gain physical insights into the higher harmonic generation 

phenomenon. This study indicates the feasibility of using second harmonic generation in 

monitoring the propagation of fatigue crack and debonding in the FRP strengthened metallic 

plate. 
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The rest of the paper is arranged as follow. Section 2 describes the details of the 3D FE model, 

in which the crack-induced debonding is also described in detail. Section 3 presents the results 

and discussion of a series of numerical case studies using the 3D FE model. Finally, 

conclusions are presented in Section 4. 

 

5.2. Three-dimensional finite element model 

5.2.1. Modelling of guided wave propagation in FRP strengthened aluminium plate 

A FRP strengthened aluminium plate is modelled using commercial FE software, ABAQUS. 

The schematic diagram of the plate model is shown in Figure 5-1. The model consists of a 

400mm×200mm×1.6mm aluminium plate, in which the top and bottom surface of the 

aluminium plate are strengthened by a 400mm×200mm×0.8mm three-ply [0]3 unidirectional 

composite laminate. The lamina is made by Cycom® 970/T300 unidirectional carbon/epoxy 

prepreg tapes with 0.55 fibre volume fraction and 0.2 mm thickness[35]. The material properties 

of the lamina are shown in Table 5.1. In the model, the fibres of the composite laminate are all 

align with 1-axis direction as defined in Figure 5-1. For the aluminium plate, the Young’s 

modulus, Poisson ratio and density of the material are 70GPa, 0.33 and 2700kg/m3, respectively.  

 

Figure 5-1: Schematic diagram of the 3D FE model in ABAQUS 
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Table 5-1. Material properties of Cycom® 970/T300 lamina 

E11(GPa) E22(GPa) E33(GPa) G12(GPa) G13(GPa) G23(GPa) ν12 ν13 ν23 ρ(kg/m3) 

128.75 8.35 8.35 4.47 4.47 2.90 0.33 0.33 0.44 1517 

 

The incident guided wave is a 200kHz narrow-band six-cycle sinusoidal tone burst pulse 

modulated by a Hanning window. Figure 5-2 shows the phase and group velocity disperse 

curves of the FRP strengthened aluminium plate obtained from DISPERSE. The figures show 

that only S0 and A0 guided wave can be excited at 200kHz. The guided wave is excited at the 

location of the plate as shown in Figure 5-1. The guided wave is excited by applying the nodal 

displacement to two half circle transducer regions located at the top and bottom surface of the 

plate. Both reflected and transmitted signals at the damage are measured at the measuring 

points MP1 and MP2 as shown in Figure 5-1, respectively. 

 

Figure 5-2: Phase and group velocity dispersion curve of the 3.2mm thick FRP strengthened 

aluminium plate 

 

For the excitation of S0 guided wave, in-plane displacement is applied to the circumferences of 

the transducer region located at the top and bottom surface of the plate, at which the 

displacement is applied in radial direction as shown in Figure 5-3a. While for the excitation of 

A0 guided wave, out-of-plate displacement is applied to the whole surface of the transducer 

regions at the top and bottom surface as shown in Figure 5-3b. The magnitude of the 

displacement is 1μm. The propagating guided wave signal is obtained at the measurement 

points as shown in Figure 5-1. The S0 and A0 guided wave is measured through the strain in 1-

axis and 3-axis direction as shown in Figure 5-1, respectively. 
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Figure 5-3: Excitation of S0 and A0 guided wave on a half circle transducer region 

 

Eight-noded 3D fully integrated linear brick elements, C3D8I, in which each node has three 

translational degrees-of-freedom (DoFs), are used to model the FRP strengthened plate. The 

element size is 0.4mm×0.4mm×0.4mm so the FRP strengthened plate are modelled by eight 

layers of elements in the through-thickness direction, in which the aluminium plate and each 

of the composite laminate is modelled by four and two layers of elements, respectively. In the 

in-plane direction, there are at least 20 elements per wavelength for the incident wave at 

excitation frequency, i.e. 200kHz (10mm for A0 guided wave and 35mm for S0 guided wave) 

and 10 elements per wavelength for the second harmonic guided wave at 400kHz (5mm for A0 

guided wave and 16mm for S0 guided wave). The simulation is solved using the 

ABAQUS/Explicit. 

 

5.3. Modelling of crack-induced debonding 

A fatigue crack is first modelled in the aluminium plate by inserting a seam as shown in Figure 

5-4, which generates duplicated nodes at the pre-defined crack location as shown in Figure 5-1. 

The composite laminate is bonded to the top and bottom surface of the aluminium plate using 

tie constraint at the contacting interfaces, except for the areas modelled as debonding as shown 

in Figure 5-4. The width of the debonding is fixed at 8mm. For the fatigue crack and debonding, 

hard normal contact and friction tangential contact are applied to the contacting interfaces to 

prevent nodes penetration, and thus, simulating the clapping behaviour when the guided wave 

interacts with the contact-type defects. For the fatigue crack, a friction coefficient of 1.5 is used 

Error! Reference source not found., and for the debonding, a friction of 0.23 coefficient is 

sed [36].  



Chapter 5. Second Harmonic Generation of Guided Wave at crack-induced debonding in FRP 

Strengthened Metal Plates 

93 

 

Figure 5-4: FE model of the FRP strengthened aluminium plate with a 20mm long fatigue 

crack and two 20mm long debonding areas 

 

Figure 5-5 shows the snapshots of A0 guided wave propagating on the model as shown in 

Figure 5-4. Figure 5-5a clearly shows that A0 guided wave is properly excited, and the peak of 

the wave is in the fibre orientation of the FRP. As shown in Figure 5-5b, when the wave 

propagate through the damage area, both reflected and transmitted wave from the damage are 

observed. Meanwhile, Figure 5-5b also shows that the debonding and fatigue crack are opened 

by the guided wave. 
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Figure 5-5: Snapshots of guided wave propagation in the FRP strengthened aluminium plate 

with a 20mm long fatigue crack and a 20mm long debonding: a) A0 guided wave excited by 

the actuator, and b) transmitted and reflected wave from the damage area and the cross-

section view at the damage area. 

 

5.4. Case studies and discussions 

A series of case studies were carried out to investigate the crack-induced debonding on the 

higher harmonic generation of the guided wave in the FRP strengthened aluminium plate. 

Three scenarios were considered in this study. In each scenario, the S0 and A0 guided wave was 

used as incident wave, separately. Below is a summary of the scenarios considered in this study: 

Scenario 1. There is no debonding between aluminium and composite laminates. Only the 

fatigue crack is modelled and the crack lengths considered are 8mm, 12mm, 16mm and 

20mm. 

Scenario 2. Both fatigue crack and debonding are modelled, and both crack lengths and 

debonding lengths considered are 8mm, 12mm, 16mm and 20mm. 
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Scenario 3. Both figure crack and debonding are modelled. The crack length is fixed at 8mm 

but the debonding lengths considered are 8mm, 12mm, 16mm and 20mm. 

Figure 5-6a shows the time-domain signal obtained at the measurement point MP1, i.e. 

reflected wave, from the plate with a 20mm long fatigue crack only. In Figure 5-6, S0 guided 

wave was used as the incident wave. The obtained time signal was processed using Short Time 

Fourier Transform (STFT), which provides the time-frequency information of the signal. The 

spectrogram parameters in the STFT were carefully selected by a series of trials to ensure the 

balance between time and frequency resolution. Figure 5-6b and c show the spectrogram of the 

incident wave and the second harmonic wave, respectively. The results show that the second 

harmonic, which is reflected from the fatigue crack, arrives later than the incident wave. The 

arrival time of the incident wave and second harmonic wave has good agreement with the 

arrival time calculated based on the group dispersion curve in Figure 5-2. 
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Figure 5-6: Reflected S0 guided wave obtained from the model with a 20mm fatigue crack, a) 

time-domain signal, b) the corresponding spectrogram, and c) spectrogram with modified 

colour scale for displaying the second harmonic component 

 

The amplitude profiles of the spectrogram at 200kHz (f0) and 400kHz (2f0) were extracted and 

plotted in Figure 5-7. The peak of the second harmonic amplitude profile was obtained and 
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compared with the results obtained in other scenarios. The second harmonic amplitude was 

normalised by the maximum amplitude of the signal at fundamental frequency obtained at the 

damage centre location of the corresponding intact FRP strengthened plate. For Scenario 1 

considering only the crack growth, the normalised second harmonic amplitude is denoted as 

A2,c, while for Scenarios 2 and 3, the normalised second harmonic amplitude is denoted A2,c+d 

and A2,d, respectively. The subscripts ‘c’, ‘c+d’ and ‘d’ mean the results obtained from the 

model with the crack only, crack and debonding, and debonding with fixed crack length, 

respectively. 

 

Figure 5-7: Amplitude profile at fundamental frequency (blue line) and second harmonic 

frequency (red line) for the model with a 20mm fatigue crack and S0 incident wave. 

 

5.4.1. Scenario 1 

For the Scenario 1, the model contains a fatigue crack only. Figure 5-8 shows that the value of 

A2c obtained with S0 incident wave is higher than that of using A0 incident wave for different 

crack lengths in both reflected and transmitted signals. Meanwhile, when crack size increases, 

the value of A2,c increases monotonously of using both S0 or A0 guided wave as incident wave. 

However, when A0 guided wave is used as the incident wave, both the magnitude and the rate 

of increase of A2,c are smaller than that of using S0 as incident wave. The results suggest that 

the S0 guided wave is more sensitive to the fatigue crack than A0 guided wave, which is 

consistent with the findings in previous research Error! Reference source not found.. 
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Figure 5-8: Variation of normalised second harmonic with fatigue crack length for Scenario 

1: the model with fatigue crack only (A2,c) 

 

5.4.2. Scenario 2 

For the Scenario 2, both fatigue crack and debonding are modelled, and the length of both of 

them increase simultaneously. Figure 5-9 shows that the value of A2,c+d for the reflected and 

transmitted wave signals increases with the fatigue crack and debonding length when S0 and 

A0 guided wave is used as incident wave, respectively. For transmitted wave, the value of A2,c+d 

for the case of using A0 incident wave is higher than that of using S0 incident wave. However, 

the value of A2,c+d for using S0 incident wave is higher than that of using A0 incident wave in 

the case of reflected wave. The ratio of A2,c+d to A2,c is also shown in Figure 5-10, which shows 

the difference of the second harmonic amplitude between the model with both crack and 

debonding, and crack only. Figure 5-10 shows that when S0 incident wave is used, the value of 

A2,c+d is about four times higher than A2,c when both fatigue crack and debonding are existed 

in the model. There are two reasons that the value of A2,c+d is larger than the A2,c. Firstly, it can 

be due to the frictional contact between debonding interfaces induced by S0 guided wave. 

Secondly, compared with the results of Scenario 1, when there is no debonding, the interaction 

of the crack interfaces is restricted by the composite patches. However, this restriction is 

released when the composite patches are debonded. In contrast, when A0 guided wave is used, 

the A2,c+d/A2,c ratio increases more significantly when the damage length increases, and the 

A2,c+d/A2,c ratio of the transmitted wave is larger than that of reflected wave. The observations 

from Figure 5-9 and 5-10 indicate that A0 guided wave is more sensitive to debonding than S0 
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guided wave. The results also show that the second harmonic guided wave induced by 

debonding are mainly scattered in the wave propagation direction. 

 

Figure 5-9: Variation of normalised second harmonic with fatigue crack and debonding 

length on model with fatigue crack and debonding (A2,c+d) 

 

Figure 5-10: Ratio of A2,c+d /A2,c for different fatigue crack and debonding lengths. 

 

5.4.3. Scenario 3 

For the Scenario 3, the fatigue crack length is fixed at 8mm and the debonding length increases 

from 8mm to 20mm. As shown in Figure 5-11, when S0 incident wave is used, the value of A2,d 

remains about the same magnitude for both transmitted and reflected wave despite the increase 

of the debonding length. When A0 incident wave is used, the value of A2,d in the transmission 

direction is higher than that when S0 incident wave is used. For the reflection direction, the A2,d 
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value obtained by using S0 incident wave is higher than that of using A0 incident wave. Similar 

finding was obtained in the work of Soleimanpour et al. [32], in which the second harmonic 

amplitude varies with the delamination length without a clear trend when A0 incident wave is 

used. It should be noticed that the second harmonic of the transmitted wave using A0 incident 

wave is much higher than that of the reflected wave. Comparing with the results of the model 

with the fatigue crack only, the ratio between the A2,d and A2,c decreases when A0 and S0 

incident wave is used, respectively, and the decreasing rate in the transmitted wave of using A0 

incident wave is more obvious (Figure 5-12). Meanwhile, the ratio of using A0 incident wave 

is also higher than that of using S0 incident wave. This is similar to the results of the Scenario 

2. 

 

Figure 5-11: Variation of normalised second harmonic with fatigue crack and debonding 

length for model with both fatigue crack and debonding (A2,d) 

 

Figure 5-12: Ratios of A2,d /A2,c with different debonding lengths. 
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5.5. Conclusions 

This study has presented an investigation of the second harmonic generation due to guided 

wave interaction with the crack-induced debonding in the FRP strengthened aluminium plate. 

In this study, 3D FE simulations have been used to predict the wave propagation and scattering 

at the crack-induced debonding in the FRP strengthened aluminium plate. Three different 

damage scenarios, fatigue crack only, both crack and debonding, and debonding with the fixed 

crack length have been considered. In each damage scenario, a six-cycle 200 kHz S0 and A0 

incident wave have been used separately to reveal the second harmonic generation due to the 

contact nonlinearity.  

The simulation results have shown that for different damages and different incident wave 

modes, the second harmonic amplitude variation against the damage length has a unique 

characteristic. It has been observed that S0 incident is more sensitive for fatigue crack and A0 

incident wave is more sensitive to debonding. This indicates that normal contact is the major 

source of nonlinearity contributing the second harmonic generation as compared with the 

frictional contact. The results have also shown that when A0 incident wave is used, the second 

harmonic amplitude is generally larger than that when S0 incident wave is used for the model 

with debonding. In addition, when S0 incident wave is used, the second harmonic amplitude 

increases only when the length of the fatigue crack increases, while the increase of debonding 

length will not obviously increase the second harmonic amplitude. For the model with 

debonding, the second harmonic amplitude of the transmitted wave is larger than that for the 

reflected wave, especially when A0 incident wave is used. For the model with the fatigue crack 

only, the second harmonic amplitude of reflected wave is slightly larger than that of transmitted 

wave when S0 incident wave is used. 

These findings have shown the potential of using A0 and S0 guided wave in detecting and 

identify the damage, such as debonding or/and fatigue crack, in the FRP strengthened metallic 

plate. Further work can be carrying out experimental tests to study the practical feasibility of 

using nonlinear guided wave to detect and distinguish different types of defects in the FRP 

strengthened metallic plate. 
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Abstract 

The study presents a finite element (FE) prediction of acoustoelastic effect of Lamb wave 

propagation in pre-stressed plates. A three-dimensional (3D) FE model is developed to 

incorporate the acoustoelastic effect in simulating Lamb wave in plates subjected to different 

levels and types of stresses. The change of phase velocity due to axial stresses is obtained with 

the consideration of different stress magnitudes, biaxial stress ratios and wave propagation 

angles. Good agreement is found between the FE prediction and analytical results. A series of 

numerical case studies are also carried out to investigate the effect of bending stress. The study 

proves the feasibility of using the FE simulation to predict the acoustoelastic effect of Lamb 

wave propagation on pre-stressed plates for cases that do not have analytical results. This 

demonstrates the importance of incorporating the acoustoelastic formulation in the 3D FE 

simulation. 

 

Keywords: Acoustoelasticity, Lamb wave, pre-stressed plate, finite element, finite 

deformation 
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6.1. Introduction 

6.1.1. Structural Health Monitoring using guided waves 

Structural health monitoring (SHM) has attracted significant attention in last two decades. 

Different damage detection methods were developed in the literature [1]-[4]. In particular, 

ultrasonic guided wave has proved to be one of the promising approaches for detecting damage 

[5]-[8]. Different types of waves have been investigated, such as Lamb wave [9], [10] and 

Rayleigh wave [11]-[13]. In the literature, the studies have focused on fundamental 

understanding of guided wave propagation and scattering at damage [14]-[16], and developing 

damage detection techniques using guided waves [17]-[20]. In particular, Lamb wave is one of 

the focuses in these studies, which is a special type of ultrasonic guided wave. Lamb wave can 

propagate in thin-walled structures with traction-free surface conditions, and travel at relatively 

long distance with very little energy loss. A number of studies were carried out to investigate 

the feasibility and sensitivity of using guided wave in damage detection for different types of 

structures, for example, beam [21],[22], plate [23],[24], pipe [25],[26] and concrete. The 

findings show that Lamb wave has potential to provide new opportunities for cost-effective 

safety inspection of structures [28],[29]. 

In the last decade, a wide range of damage detection techniques was developed using Lamb 

wave. In general, these methods rely on comparing the current data with a reference data to 

extract the damage information for damage detection and identification [30],[31]. However, 

the varying environmental and operational conditions [32],[33], such as temperature and 

loading condition change, usually mask the signal changes caused by the damage [34]. This 

limits the transition of the damage detection techniques to real-world applications. In the 

literature, a number of techniques were developed to compensate the error due to variation in 

temperature and loading conditions [35],[36]. Alternatively, some studies investigated the 

nonlinear guided wave in the damage detection to address this issue [37]-[39].  

One fundamental solution to this issue is to investigate and quantify the effect of these varying 

conditions on Lamb wave propagation. The focus of the current paper is on the effect of 

variations in applied or thermally induced stresses on Lamb wave propagation, which is 

comparable to the effect of moderate temperature fluctuation. The next subsection will provide 

a brief review on the existing developments related to acoustoelastic effect of the Lamb wave 

propagation in prestressed plates. 
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6.1.2. Acoustoelastic effect of Lamb wave propagation 

Acoustoelastic effect is known as the effect of stress on the wave propagation in a pre-stressed 

media. It has been studied since the development of the finite deformation theory by 

Murnaghan [40], who formulated the material nonlinearity using third order elastic constants. 

Some pioneering studies in this area include the research of Hughes and Kelly [41], who 

derived equations relating the wave velocity to the applied stress and also experimentally 

measured the acoustoelastic effect. The other study of Egle and Bray [42] measured the 

acoustoelasticity and showed how to obtain higher-order elastic constants from the experiment 

data.  

In the literature, many developments and studies based on the theory of acoustoelasticity 

mainly focused on bulk waves (Pau and Scalea [43]). The acoustoelastic effect is usually 

quantified by measuring the velocity change of the propagating wave on the nonlinear media. 

However, the velocity change of ultrasonic bulk wave due to applied stress is small (Mohabuth 

et al. [44]). In recent years, guided waves have attracted increasing research interests due to its 

high sensitivity to micro changes of material properties and ability to propagate over long 

distance. Gandhi et al. [45] provided a comprehensive analysis of the acoustoelastic effect due 

to biaxial loading through analytical formulation and experimental measurements. However, 

their work only considered the first order in the infinitesimal strain tensor. In a more recent 

study by Mohabuth et al. [44], they developed the governing equation for the propagation of 

small amplitude waves in a pre-stressed plate using the theory of incremental deformations 

superimposed on large deformation. The development was extended to estimate the effect of 

applied or thermally-induced stresses on the Lamb wave propagation [46].  In similar time, 

Packo et al. [47] studied the dispersion of finite amplitude Lamb wave on nonlinear plates with 

the consideration of up to fourth order elastic constants. 

Analysis of geometrically complicated structures or structures subjected to complex loadings 

using analytical approach is infeasible. Previous theoretical studies focused on acoustoelastic 

effect of Lamb wave propagation in plates were all based on analytical approach and these 

studies only focused on simple structures or structures subjected to simple loadings. It is 

important to develop a numerical approach so that the study of acoustoelastic effect on Lamb 

wave propagation is extendable to complicated situations. It is possible to simulate the 

acoustoelastic effect using FE simulation, by which different complex structures or structures 

subjected to complex loadings can be modelled and investigated. 
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In the current study, a material subroutine is developed in ABAQUS based on Murnaghan’s 

energy function [40] to model the phase velocity change due to applied stress. The FE model 

is then validated by comparing the simulation results with the analytical results obtained by 

Mohabuth et al. [44]. The validated FE model is then used to predict the acoustoelastic effect 

of Lamb wave propagation in the pre-stressed plate. The study could contribute the 

development of practical damage detection techniques using Lamb wave. 

The current paper is structured as follows. In Section 2, a theoretical basis of the acoustoelastic 

effect of Lamb wave is elaborated, followed by a derivation of the constitutive equation to 

develop the material nonlinearity in ABAQUS VUMAT in Section 3. Then, the FE model with 

nonlinear material is developed in Section 4, and the simulation results of the FE model is 

validated by comparing them with the theoretical solutions obtained from previous studies. A 

series of case studies is then carried out using the validated FE model in Section 5, which 

considers the acoustoelastic effect of Lamb wave on a plate under bending. Finally, conclusions 

are drawn in Section 6. 

 

6.2. Governing equations for acoustoelastic Lamb wave propagation 

According to Mohabuth et al. [44], the position of the material particle in the reference (βr) 

and current (β0) configurations is denoted by 𝑿 and 𝒙, respectively. The deformation gradient 

F is defined by 

𝐅 =
∂𝐱

∂𝐗
                                                                   (1) 

The nominal and Cauchy stress tensors are given by 

𝐒 =
∂𝑊

∂F
, 𝛔 = 𝐽−1F

∂𝑊

∂F
                                                     (2) 

where W is the strain energy function and 𝐽 = det𝐅. In the study of Mohabuth et al. [44], the 

strain energy function is defined by deformation gradient. The corresponding incremental 

constitutive equation of the stress tensor is given in component form by 

Ŝ0pi
= A0piqj

𝑢j,q                                                        (3) 

where Ŝ0pi
 are the components of the incremental nominal stress tensor. A0piqj

 are the 

components of the fourth-order elasticity tensor of instantaneous elastic moduli [44], [45]. 𝑢 is 
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the displacement vector relative to β0, and a comma indicates partial differentiation with 

respect to Eulerian coordinates. 

 

 

Figure 6-1: Cartesian coordinate system defined in the mid-plane of the plate with stresses 

applied in axes 1 and 2 direction and Lamb wave propagation in axis 1’ direction 

 

As shown in Figure 6-1, consider an isotropic plate with density of ρ defined in a Cartesian 

coordinate system located at the mid-plane of the plate. The equation of motion in a prestressed 

plate is given by 

𝐴0𝑝𝑖𝑞𝑗  
𝜕2𝑢𝑗

𝜕𝑥𝑝𝜕𝑥𝑞
= 𝜌

𝜕2𝑢𝑖

𝜕𝑡2                                                     (4) 

When considering a Lamb wave propagating along axis 1’ direction with an angle of θ, the 

equation of motion can be transformed to the rotated coordinate system 

𝐴0𝑝𝑖𝑞𝑗

′
 

𝜕2𝑢𝑗

′

𝜕𝑥𝑝
′

𝜕𝑥𝑞
′

= 𝜌
𝜕2𝑢

𝑖

′

𝜕𝑡2
                                                  (5) 

and the relationship between the two elasticity tensors before and after transformation is 

𝐴0𝑝𝑖𝑞𝑗

′
= 𝛽𝑝𝑟𝛽𝑖𝑘𝛽𝑞𝑠𝛽𝑗𝑙𝐴0𝑟𝑘𝑠𝑙                                           (6) 

where 𝛽𝑖𝑗 is the cosine of the angle of rotation. In the following discussions, all the equations 

are formulated based on the original coordinate system. 

The wave motion is assumed as 

𝑢𝑗 = 𝑈𝑗𝑒𝑖𝜉(𝒙𝟏+𝜶𝒙𝟑−𝒄𝒕)                                                   (7) 
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where 𝜉 is the wave number in 𝑥1 direction, 𝑐 is the phase velocity along 𝑥1 direction, and 𝛼 

is the ratio of 𝑥3 to 𝑥1 wave numbers. Substitute the equation to the equation of motion yields 

the Christoffel equations 

KijUj = 0                                                            (8) 

and the parameters Kij are given by 

K11 = ρc2 − A01111 − 𝛼2𝐴01313, 

K22 = ρc2 − A01212 − 𝛼2𝐴02323, 

K33 = ρc2 − A01313 − 𝛼2𝐴03333, 

K12 = K21 = −A01112 − 𝛼2𝐴01323, 

K13 = K31 = −𝛼(𝐴01133 + 𝐴01331), 

K23 = K32 = −𝛼(𝐴01233 + 𝐴01332),                                         (9) 

For non-trivial solutions of the displacement amplitude Uj, the determinant of the K matrix 

goes to zero. This yields a six order equation with six solutions 𝛼𝑞, q ∈ {1,2,3,4,5,6}, which is 

expressed as 

P6α6 + P4α4 + P2α2 + P0 = 0                                          (10) 

where the coefficients can be found in Error! Reference source not found.. To satisfy the 

tress-free boundary condition, the approach developed in the work of Nayfeh and Chimenti 

Error! Reference source not found., and the displacement ratios between U2 to U1 and U3 to 

U1 are defined 

Vq =
U2q

U1q
,  Wq =

U3q

U1q
                                                    (11) 

The expansion of 𝑉𝑞 and 𝑊𝑞 can also be found in the work of Nayfeh and Chimenti Error! 

eference source not found.. With the displacement ratios, the displacement filed of the Lamb 

waves can be written as 

u1 = ∑ U1qeiξ(𝐱𝟏+𝛂𝒒𝐱𝟑−𝐜𝐭)6
𝑞=1 , 

u2 = ∑ V𝑞U1qeiξ(𝐱𝟏+𝛂𝒒𝐱𝟑−𝐜𝐭)6
𝑞=1 , 

u3 = ∑ 𝑊𝑞U1qeiξ(𝐱𝟏+𝛂𝒒𝐱𝟑−𝐜𝐭)6
𝑞=1 ,                                         (12) 



Chapter 6. Lamb Wave Propagation on Prestressed Plates by Finite Element Modelling 

113 

Substitute the displacement relations to equation (3), gives the expression for stresses in 3 

direction 

Ŝ33 = ∑ iξD1qU1qeiξ(𝐱𝟏+𝛂𝐪𝐱𝟑−𝐜𝐭)6
q=1 , 

Ŝ13 = ∑ iξD2qU1qeiξ(𝐱𝟏+𝛂𝐪𝐱𝟑−𝐜𝐭)6
q=1 , 

Ŝ23 = ∑ iξD3qU1qeiξ(𝐱𝟏+𝛂𝐪𝐱𝟑−𝐜𝐭)6
q=1 ,                                       (13) 

where the coefficients 𝐷1𝑞, 𝐷2𝑞 and 𝐷3𝑞 are defined with the elasticity tensor and displacement 

ratios Error! Reference source not found.. For the stress-free condition at the upper (d/2) and 

ower (-d/2) surfaces of the plate, there are six equations in terms of the amplitudes U11, U12, …, 

U16, and the determinant is 

|

|

𝐷11𝐸1 𝐷12𝐸2 𝐷13𝐸3

𝐷21𝐸1 𝐷22𝐸2 𝐷23𝐸3

𝐷31𝐸1 𝐷32𝐸2 𝐷33𝐸3

𝐷14𝐸4 𝐷15𝐸5 𝐷16𝐸6

𝐷24𝐸4 𝐷25𝐸5 𝐷26𝐸6

𝐷34𝐸4 𝐷35𝐸5 𝐷36𝐸6

𝐷11�̂�1 𝐷12�̂�2 𝐷13�̂�3

𝐷21�̂�1 𝐷22�̂�2 𝐷23�̂�3

𝐷31�̂�1 𝐷32�̂�2 𝐷33�̂�3

𝐷14�̂�4 𝐷15�̂�5 𝐷16�̂�6

𝐷24�̂�4 𝐷25�̂�5 𝐷26�̂�6

𝐷34�̂�4 𝐷35�̂�5 𝐷36�̂�6

|

|

= 0                  (14) 

where �̂�𝑞 = 𝐸𝑞
−1 = e−iξα𝑞

𝑑

2. The determinant leads to two uncoupled characteristic equation 

D11G1 cot(γα1) − D13G3 cot(γα3) + D15G5 cot(γα5) = 0, 

D11G1 tan(γα1) − D13G3 tan(γα3) + D15G5 tan(γα5) = 0,                     (15) 

corresponding to symmetric and anti-symmetric Lamb wave modes, respectively, and γ =

ξ d 2⁄ = 𝜔𝑑 2𝑐⁄ . The parameters Gi  are provided in Error! Reference source not found.. 

Consequently, with the elasticity tensor defined through nonlinear energy function and 

equation (15), the dispersion relation of Lamb wave can be obtained. 

 

6.3. Finite element modelling of acoustoelastic effect 

In ABAQUS/Explicit, VUMAT can be used to define the mechanical constitutive behaviour 

based on the nonlinear strain energy function of Murnaghan [40], which is written as: 

𝑊(𝐄) =
1

2
(𝜆 + 2𝜇)𝑖1

2 − 2𝜇𝑖2 +
1

3
(𝑙 + 𝑚)𝑖1

2 − 2𝑚𝑖1𝑖2 + 𝑛𝑖3                      (16) 
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where 𝜆 and 𝜇 are the lamé elastic constants; l, m and n are the third order elastic constants. 

𝑖1 = 𝑡𝑟𝐄, 𝑖2 =
1

2
[𝑖1

2 − 𝑡𝑟(𝐄)2], 𝑖3 = 𝑑𝑒𝑡𝐄, respectively. 𝐄 is the Green-Lagrange strain tensor 

given by: 

𝐄 =
1

2
(𝐂 − 𝐈)                                                            (17) 

where I is the identity tensor and C is the right Cauchy-Green deformation tensor, defined as: 

𝐂 = 𝐅T𝐅 = 𝐔𝟐                                                         (18) 

where U is the right stretch tensor.  

In ABAQUS, the stress in VUMAT of ABAQUS/Explicit is the Cauchy stress tensor in Green-

Naghdi basis, 

�̂� = 𝐑T𝛔𝐑                                                             (19) 

where R is rotation tensor, and R is a proper orthogonal tensor, i.e., 𝐑−1 = 𝐑T. The relationship 

between F, U and R is given by  

𝐅 = 𝐑𝐔                                                               (20) 

So, equation (19), with the energy function presented in equation (16) can be translated to, 

�̂� = J−1𝐑T𝐅𝐓𝐅T𝐑 = J−1𝐑T𝐑𝐔𝐓𝐔T𝐑T𝐑 = J−1𝐔
∂𝑊(𝐄)

∂𝐄
𝐔T                   (21) 

where T is the second Piola-Kirchhoff (PK2) stress. The stress in VUMAT must be updated 

with the equation at the end (𝑡 + ∆𝑡) of an integration step and stored in stressNew(i), based 

on the values of F and U given in the subroutine at the end of previous step (𝑡). 

 

6.4. Numerical Case Studies 

6.4.1. 3D Finite Element Model 

A 3D FE model of a 6061-T6 aluminium plate was created in ABAQUS and wave propagation 

problem was solved by explicit integration approach [49]. The material properties of the 6061-

T6 aluminium are shown in Table 6-1. The thickness of the plate is 3.2mm and the in-plane 

dimension is 240mm×240mm. The element type used in the model is the 8-node linear brick 

with reduced integration, and hourglass control (C3D8R). The in-plane dimension of an 

element is 0.25×0.25mm2 to ensure that there are at least 20 elements per wavelength. There 
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are 10 elements in the thickness direction, and hence, the thickness of each element is 0.32mm. 

To reduce the computational cost, only a quarter of the plate (120mm×120mm) is modelled 

using symmetric boundary conditions due to the symmetric nature of the model (Figure 6-2). 

As shown in Figure 6-2, biaxial stresses are applied to the plate, which are defined as σ1 and 

σ2, with 

σ2 = λσ1                                                             (22) 

where λ defines the biaxial stress ratio. In this study, quasi-static loading with a duration of 

2ms is used to apply the initial stress on the plate to minimise transient effect due to the loading 

process on the propagating wave signals in the later step. After the plate is stressed, the 

fundamental symmetric mode (S0) of Lamb wave is excited by applying in-plane nodal 

displacement to nodes at the circumference of a quarter of10mm diameter circle located at the 

bottom right of the modelled quarter plate. The excitation is a 250kHz 4-cycle narrow-band 

sinusoidal tone burst pulse modulated by a Hanning window. The measurements are taken in 

five different directions, i.e., 0°, 22.5°, 45°, 67.5° and 90°. There are six measurement points 

in each direction as shown in Figure 6-2. The first measurement point is 30mm away from the 

excitation, and all the five points are equally spaced at 4mm. In this study, pure S0 mode is 

excited to validate the FE model.  

 

Table 6-1: Material properties of 6061-T6 aluminium [48] 

λ (GPa) μ (GPa) l (GPa) m (GPa) n (GPa) Density (kg/m3) 

54.3 27.2 -281.5 -339.0 -416.0 2704 
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Figure 6-2: Schematic diagram of the FE model with applied stresses 

 

6.4.2. Plate with applied biaxial stresses 

Figure 6-3 shows the time domain signal of the excited Lamb wave propagate in 𝜃  = 0° 

direction for the FE model with nonlinear material defined in VUMAT and linear material 

defined without using material subroutine, respectively. It can be seen that for the results 

obtained from nonlinear material model, there is a clear shift of the peak of the Lamb wave 

signal when the plate is under an 80MPa biaxial tension. In contrast, for the wave signals 

obtained from linear material model, there is no shift of the peak no matter the model is loaded 

or not. 
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Figure 6-3: FE simulated Lamb wave signal at 𝜃 = 0° propagation direction in a plate with a) 

nonlinear material properties and b) linear material properties. 

 

The signals of the Lamb wave propagation are measured in different wave propagation 

directions (θ).  Using the measured signals, the phase velocity can be calculated by 

𝐶𝑝 =
2π𝑓𝑑

∆𝜙
                                                             (23) 

where 𝐶𝑝 is the phase velocity, 𝑓 is the excitation frequency, 𝑑 is the distance between two 

adjacent measurement points and ∆𝜙 is the phase change between the two points. In this study, 

as the plate undergoes in-plane deformation due to pre-stress, the distance 𝑑  used for the 

formula is the distance after deformation. Five phase velocities are calculated in each direction 

using signals measured at six measurement points, and the averaged velocity is calculated. The 

effect of the plate thickness change due to the stress effect is not considered as the change of 

thickness is very small and its influence on phase velocity is negligible. 
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The dispersive nature of Lamb wave simulated in FE model can introduce some errors to the 

velocity calculated from the FE model based on the time-windowed data of the calculated wave 

signals. According to the dispersion curve of the 6061-T61 aluminium (Figure 6-4), the 

excitation frequency used in the simulation is chosen in a region having relatively flat phase 

velocity so that the dispersive effect can be minimised. For the fundamental anti-symmetric 

mode (A0) of Lamb wave at low frequency region (< 500kHz) and S0 Lamb wave at frequency 

region of 500 – 1000kHz, as well as the higher order anti-symmetric and symmetric modes 

Lamb wave, they are very dispersive. In this study, the excitation signal has a larger number of 

cycles to reduce the frequency bandwidth so that the phase velocity change can be estimated 

accurately. 

 

Figure 6-4: Phase velocity dispersion curve of 6061-T6 Aluminium 

Four cases are used to validate the accuracy of the 3D FE model with the material nonlinearity. 

Case 1 investigates the effect of stress ratio λ, in which different values of λ are considered and 

σ1 = 80MPa. Case 2 investigates the effect of stress magnitude, in which σ1 = 80MPa and λ = 

-0.5 and -1. Case 3 studies the effect of wave propagation angle, in which σ1 = 0MPa, 20MPa, 

40MPa, 60MPa and 80MPa and λ = -1, -0.5, 0, 0.5 and 1. Case 4 analyses the effect of wave 

excitation frequency, in which the considered excitation frequency 200kHz (fd = 640kHz-mm) 

is different to the excitation frequencies considered in Cases 1 – 3 with different stress ratios λ 

and σ1 =80MPa . Table 6-2 is a summary of these cases. 
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Table 6-2: Summary numerical case studies of biaxial stresses 

 Investigation σ1 (MPa) σ2 (MPa) λ 
Excitation 

frequency 

Case 1 Biaxial stress ratio λ effect 80 -80, -40, 0, 40, 80 -1,-0.5,0,0.5,1 250kHz 

Case 2 Stress magnitude effect 
0,20,40,60,80 0,-20,-40,-60,-80 -1 250kHz 

0,20,40,60,80 0,-10,-20,-30,-40 -0.5 250kHz 

Case 3 Wave propagation angle effect 80 -80,-40,0,40,80 -1,-0.5,0,0.5,1 250kHz 

Case 4 Wave excitation frequency effect 80 -80-40,0,-40,80 -1,-0.5,0,0.5,1 200kHz 

 

In Case 1, the value of σ2 is fixed at 80MPa while the values of σ1 are -80MPa, -40MPa, 0MPa, 

40MPa and 80MPa. The corresponding biaxial stress ratios λ are -1, -0.5, 0, 0.5 and 1. Figure 

6-5 shows the results of the phase velocity change against different values of biaxial stress ratio 

λ. The analytical solutions calculated based on the equations developed in [44] and the 3D FE 

simulation results are shown in Figure 6-5: Phase velocity change for different values of stress 

ratio λ with fd = 800kHz-mm, σ1 = 80MPa, in which they are presented by solid and dash-

dotted lines, respectively. There is very good agreement between the analytical solutions and 

FE simulation results in all wave propagation angles (𝜃 =  0°, 22.5°, 45°, 67.5° and 90°). 

The results also show that the phase velocity change has a linear relationship with the biaxial 

stress ratios. It should be noted that when the biaxial stress ratio λ = 1, the phase velocity 

changes in all propagation directions are all negative with the same magnitude. In comparison, 

when λ = -1, there is no velocity change in 45o direction, and for propagation directions in 22.5o 

and 67.5o, as well as 0o and 90o, the magnitude of velocity changes are the same but in opposite 

signs. It can be seen that, when λ is changed from -1 to 1, phase velocity change in 90o 

propagation direction experiences the largest variation, while in 22.5o direction the variation is 

trivial as compared with those in all other directions.  
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Figure 6-5: Phase velocity change for different values of stress ratio λ with fd = 800kHz-mm, 

σ1 = 80MPa 

 

Figure 6-6 and Figure 6-7show the effect of the stress magnitude on the phase velocity change 

of the S0 Lamb wave. The values of σ1 considered in Case 2 are 0MPa, 20MPa, 40MPa, 60MPa 

and 80MPa, and the biaxial stress ratios λ are -1 and -0.5. This means that the σ2 are 0MPa, -

20MPa, -40MPa, -60MPa and -80MPa for λ = -1 as shown in Figure 6, and 0MPa, -10MPa, -

20MPa, -30MPa and -40MPa for λ = -0.5 as shown in Figure 6-7: Phase velocity change for 

different stress levels with fd = 800kHz-mm, λ = -0.5. The same as Figure 6-5, there is very 

good agreement between the analytical solutions and FE simulation results in Figure 6-6 and 

Figure 6-7. Figure 6-6 considers the stresses adding in x1 and x2 direction are of the same 

magnitude (λ = -1). Therefore, the values of the phase velocity change are the same in 𝜃 =

0° and 90°, and 𝜃 = 22.5° and 67.5°, respectively, but they are in opposite sign. There is no 

change in the phase velocity for 𝜃 = 45° regardless the changes in the applied stress. Different 

to Figure 6-6, Figure 6-7 considers λ = -0.5. The phase velocity change in 𝜃 = 45° is no longer 

equal to zero when biaxial stress is applied on the plate. Also, the values of the phase velocity 

change for wave propagation at 𝜃 < 45° are larger than those at 𝜃 > 45°. This is because the 

stress value in x1 direction is always larger than x2 in Case 2. 
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Figure 6-6: Phase velocity change for different stress levels with fd = 800kHz-mm, λ = -1 

 

Figure 6-7: Phase velocity change for different stress levels with fd = 800kHz-mm, λ = -0.5 

 

Figure 6-8 shows the phase velocity change in relation to the wave propagation angle. The 

wave propagation angles considered are 𝜃 =  0°, 22.5°, 45°, 67.5° and 90°. Biaxial ratios λ = -

1, -0.5, 0 , 0.5 and 1 while σ1 = 80MPa are considered in Case 3. As shown in Figure 6-8, it is 

found that the phase velocity changes are always the same for different biaxial stress ratios 

when the propagation angle roughly is equal to 22.5o. When λ = 1, the phase velocity is the 

same for all wave propagation angle. Figure 6-9 shows the results of Case 4, in which are 

setting are the same, expect the excitation frequency is 200kHz. The phenomena of the phase 

velocity change in relation to the wave propagation angle and biaxial stress ratio are very 
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similar. The results in Figure 6-8 and Figure 6-9 show that there is good agreement between 

the analytical solutions and FE simulation results. 

Overall, the FE simulation results from the model with material subroutine matches very well 

with the analytical results in all cases. It can be observed that the tensile stress reduces the 

phase velocity while the compressional stress increases the phase velocity of the S0 Lamb wave. 

The phase velocity changes in different cases with different loads, propagation angles and 

stress ratios are quite different.  

 

Figure 6-8: Phase velocity change for different wave propagation directions with fd = 

800kHz-mm, σ1 = 80MPa 
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Figure 6-9: Phase velocity change for different wave propagation directions with fd = 

640kHz-mm, σ1 = 80MPa 

 

6.5. Acoustoelastic effect of Lamb wave propagation under bending stress 

6.5.1. Modeshape of Lamb wave under applied bending stress 

A 2D plane strain model is first developed in ABAQUS to investigate the variation of the 

modeshape of S0 Lamb wave propagation on a plate under a bending stress. The dimension of 

the plate is 1000mm long by 3.2mm thick. 4-node bilinear plane strain quadrilateral elements 

are used with reduced integration and hourglass control (CPE4R). The element size is 0.25mm 

in length and 0.32mm in depth to ensure there are at least 10 elements in the thickness direction 

and 20 elements per wavelength. The excitation is a 250kHz 4-cycle narrow-band sinusoidal 

tone burst pulse modulated by a Hanning window. The S0 Lamb wave is excited at the middle 

of the plate. The bending stress is applied at both ends of the plate and varies linearly through 

the plate thickness. The material nonlinearity sub-routine is modified to accommodate the 2D 

plane strain condition. The measurement location is at 400mm away from the excitation 

location. At this location, both in-plane and out-of-plane displacements of the nodal points 

located along the plate thickness are calculated for the plate at stress free condition and the 

under a maximal bending stress of 80MPa. 

 

Figure 6-10: a): In-plane and b) out-of-plane displacement modeshape with and without 

applied bending stress 
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As shown in Figure 6-10, it can be seen that when the plate is at stress free condition, the in-

plane displacement modeshape of the S0 Lamb wave is symmetric about the mid-plane of the 

plate, while the out-of-plane mode shape is antisymmetric. As compared, when the plate is 

under the bending stress, both in-plane and out-of-plane displacement modeshapes are distorted.  

 

6.5.2. Phase velocity change due to applied bending stress 

In this section, the validated 3D FE model with material nonlinearity effect is used to simulate 

the acoustoelastic effect on Lamb wave propagation in plate under bending stress. The 3D FE 

model has same set-up (excitation frequency and location, boundary conditions, and FE mesh) 

as the one shown in Figure 6-2. Measurements are calculated for the nodal points at the top, 

mid-plane and bottom of the plate. A bending stress is applied along the surface highlighted in 

Figure 6-11, and the maximal magnitude of the stress is varied from 20MP to 80MPa.  

 

Figure 6-11: 3D FE model under bending stress 

Results are shown in Figure 6-12. As shown in Figure 6-12a and b, the variation of phase 

velocity change against applied bending stress is linear in all propagation directions. 

Meanwhile, it should be noticed that, the phase velocity change obtained from the top and 

bottom of the plates in the same propagation direction under the same stress condition has very 

similar magnitudes but with opposite sign. In addition, as shown in Figure 6-12c, the phase 

velocity changes are about zero in all directions for all stress conditions. The results indicate 

that the phase velocity change is caused by the applied bending stresses. The region above and 

below the mid-plane of the plate are under tension and compression, respectively. As a result, 
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the phase velocity changes in Figures 6-12a and b have opposite trend. At the location of the 

mid-plane, the stress is zero so the value of the phase velocity change is almost zero despite 

increasing the applied bending stress.  

 

Figure 6-12: Phase velocity change with measurement calculated at the a) top, b) bottom, and 

c) mid-plane of the plate for different propagation directions and under different magnitudes 

of maximal bending stresses 

 

6.6. Conclusions 

The study provides a numerical analysis of the acoustoelastic effect of S0 Lamb wave on a 

prestressed plate through the 3D FE model with nonlinear material model formulated based on 

Murnaghan’s energy equation. A series of case studies have been conducted and the 3D FE 

calculated phase velocity changes have been compared with the analytical results. The 3D FE 

results show nearly perfect match with the analytical solutions with the consideration of 

different stress ratios, stress magnitudes and propagation angles. The results indicate that the 

3D FE model with VUMAT subroutine, is able to simulate the acoustoelastic effect due to the 

nonlinear characteristics of a material under pre-stressed condition. The study has also 

investigated a more complicated stress situation, in which the bending stress has been 
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considered. The effects of the applied bending stress on the in-plane and out-of-plane 

displacement modeshapes have been studied. The analytically validated 3D FE model has been 

used to investigate the bending stress effect on the S0 Lamb wave propagation in the plate. 

 The study has shown that the 3D FE model with nonlinear material model could be 

used to predict the acoustoelastic effect on the Lamb wave propagation in plate subjected to 

applied stress, including those complicated stress situations, where the analytically solution are 

not available. Meanwhile, the outcome of this study also provides physical insight into the 

acoustoelastic effect on the S0 Lamb wave propagation. The findings contribute to the further 

developments of damage detection using Lamb waves. 
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ABSTRACT 

This paper presents a three-dimensional (3D) finite element (FE) modelling of applied stresses 

effect on second harmonics generation of finite amplitude Lamb wave in an aluminium plate. 

In this study, the proposed 3D FE model incorporates stress constitutive equations formulated 

by Murgnahan’s strain energy function to takes into account the acoustoelastic effect of higher 

harmonic generation of Lamb wave propagation in weakly nonlinear media. The stress 

constitutive equations formulated by Murgnahan’s stain energy function are implemented in 

the 3D FE model using VUMAT in ABAQUS. The proposed 3D FE model is first validated 

by comparing with the simulation results with previous studies in the literature. The validated 

3D FE model is then used to predict the variation of the relative second order nonlinear 

parameter (β’), at different wave propagation angles and distances under different scenarios of 

applied stresses. It is found that the proposed 3D FE model is able to provide a reliable 

simulation of the material nonlinearity of Lamb wave propagation in plate subjected to applied 

stress. The results show that the applied stresses can change the relative nonlinear parameter 

and the changes are different for different cases of applied stresses and wave propagation 

directions. A parametric study is also performed to investigate the effect of applied stresses on 

a plate with fatigue crack. The results show that the applied stresses can profoundly change the 

β’ value due to contact nonlinearity. 

 

KEYWORDS: Second harmonic, material nonlinearity, prestressed plate, finite element 

simulation, VUMAT, Abaqus, acoustoelastic effect 

 

7.1. Introduction 

The importance of Structural Health Monitoring (SHM) in engineering field is evidenced by 

different damage detection techniques developed in the last decade [1]-[3]. Non-destructive 

evaluation (NDE) using ultrasonic guided waves, such as Rayleigh wave [4][5] and Lamb wave 

[6] [7], has become a widely used technique to assess the safety condition of engineering 

structure. As compared with ultrasonic bulk wave, which provides point-by-point inspection, 

ultrasonic guided wave inspection technique is more efficient due to its ability to propagate 

long distances [8]-[10]. In the last two decades, different damage detection techniques using 
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conventional linear guided wave were developed [11]-[13]. However, conventional linear 

guided wave approach is limited to detect gross damages and their performance in damage 

detection is significantly affected by varying environmental conditions [14],[15], such as 

temperature changes and external loadings, while nonlinear guided wave is robust in detecting 

micro-structural defects.  

 

7.1.1. Nonlinear guided wave 

The nonlinear features of ultrasonic wave are revealed in frequency-domain of measured 

signals, e.g. higher harmonics [16][17] and sidebands [18][19] etc., which are different from 

the excitation frequency when the wave travels through structures with material nonlinearity. 

According to the review of Jhang [24], the nonlinearity can arise mainly from two aspects, 

material nonlinearity and contact nonlinearity due to contact-type damages. For higher 

harmonic generated due to contact nonlinearity, different types of guided wave were 

investigated, such as bulk wave [21], Rayleigh wave [4]-[5][22] and Lamb wave. Recently, the 

study of higher harmonic generation due to Lamb wave interaction with contact-type of damage 

has attracted significant attention. A number of studies focused on different types of damage, 

such as delamination [23]-[25], fatigue cracks [26]-[28], debonding [28][30], loosen bolt 

connections [29][32].  

The studies of material nonlinearity using Lamb wave can be found in the literatures. The 

theoretical studies of material nonlinearity include research of Deng [16], Chillara and 

Lissenden [33], Wan et al. [34]. According to the studies of Pruell et al. [35] and Kim [36], 

material nonlinearity can be enhanced due to plastic deformation of a plate subjected to fatigue 

loading. The variation of the second order nonlinear parameter can be used to predict the fatigue 

life of the material. The study of Hong et al. [17] combined the intrinsic material nonlinearity 

and contact nonlinearity of a fatigue crack for damage detection.  

In the literature, it has been demonstrated by studies concerning material nonlinearity that 

phase velocity matching and non-zero power flux are two necessary conditions to achieve a 

cumulative second order nonlinear parameter with increasing propagating distances. Most of 

the studies considered the cumulative second order nonlinearity due to the first order symmetric 

(S1)-second order symmetric (S2) mode pairs of Lamb wave propagation. However, high 

frequency Lamb wave includes multiple wave modes, which makes it difficult to distinguish 

the modes that satisfy phase matching and non-zero power flux conditions. Moreover, Lamb 
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waves are excited with finite frequency bandwidth and S1 and S2 Lamb wave are highly 

dispersive. Thus, there is only a fraction of the propagating waves strictly satisfy the velocity 

matching conditions.  

Wan et al. [34] demonstrated that the velocity change of the fundamental symmetric (S0) mode 

Lamb wave is very small in the low frequency region. It approximately satisfies the velocity 

matching condition and the cumulative material nonlinearity can also be observed within a 

certain propagation distance. The distance is closely related to the difference of phase velocity 

between the primary and second harmonic Lamb waves. The study also shows that the data 

processing becomes much easier when only one single Lamb wave mode exists, which can be 

achieved by using dual-PZT excitation in the low frequency region [38]. Different studies have 

also demonstrated the low frequency S0 Lamb wave can be effectively used for detecting 

contact-type damage. 

The previous studies using nonlinear Lamb wave showed that this feature is able to depict the 

weak nonlinearity on an intact plate and a plate with plasticity-driven nonlinearity under cyclic 

loading [35], and it can also be used to detect fatigue crack [39]. These findings demonstrated 

the potential of using nonlinear Lamb wave to develop a practical NDE technology to monitor 

the current conditions of a structure throughout the life cycle.  

 

7.1.2. Acoustoelastic effect 

Besides the change of structural discontinuity, the impact of stresses on the propagating wave 

on prestressed media, which is known as acoustoelastic effect, could also change the detected 

nonlinearity. Most studies on acoustoelastic effect on weakly nonlinear media using guided 

waves are based on the change of phase velocity of the propagating. Gandhi et al. [40] provided 

a comprehensive analysis of the acoustoelastic due to biaxial loading through analytical 

formulation and experimental measurement. However, their work only considered the first 

order in the infinitesimal strain tensor. In the more recent study by Mohabuth et al. [41], they 

developed the governing equation for the propagation of small amplitude waves in a pre-

stressed plate using the theory of incremental deformations superimposed on large 

deformations. Their study was also extended to plates subjected biaxial stress condition. The 

dispersion of finite amplitude Lamb wave on nonlinear plates was studied with the 

consideration of up to fourth order elastic constants by Packo et al. [43]. The study of Pau and 

Lanza di Scalea [44] provided a theoretical insight of the stress effect on the second harmonics.  
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In the literature, there was very limited studies on the stress effect of the cumulative 

characteristic of second harmonic Lamb wave in isotropic material with weak nonlinearity. In 

this study, a three-dimensional (3D) FE model is proposed to gain fundamental understanding 

on stress variation effect of second harmonic Lamb wave against wave propagation distance. 

The proposed 3D FE model could be applied to study the second harmonic generation on 

damaged structures under prestress conditions. The 3D FE model would also show the potential 

of using second harmonic generation to estimate the stress magnitude in a prestressed material.  

The paper is structured as follows. Section 2 describes the constitutive equations formulated 

by Murgnahan’s strain energy function. Section 3 provides the details of implement the 

constitutive equations through VUMAT in ABAQUS. In Section 4, a 2D plane strain model 

used in the literature is modelled using the proposed FE model and the results are compared to 

verify the VUMAT in ABAQUS. Section 5 presents a study of the effect of different biaxial 

stress ratios, applied stress direction and magnitude on the higher harmonic generation. The 

study is extended to consider a prestressed plate with a fatigue crack. Finally, conclusions are 

drawn in Section 6. 

 

7.2. Constitutive Equations 

In this study, the definition of position for material particle in the reference and current 

configuration follows the definition of Mohabuth et al. [41][42], which are defined as 𝑿 and 𝒙, 

respectively. The deformation gradient F is defined as 

𝑭 =
𝜕𝒙

𝜕𝑿
                                                                 (1) 

The Green-Lagrange strain tensor used in this study is given by: 

𝐄 =
1

2
(𝐂 − 𝐈)                                                          (2) 

where I is the identity tensor and C is the right Cauchy-Green deformation tensor, which is 

defined as: 

𝐂 = 𝐅T𝐅 = 𝐔𝟐                                                          (3) 

where U is the right stretch tensor.  

The strain energy function according to Murnaghan [46] is written as: 
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W(𝐄) =
1

2
(𝜆 + 2𝜇)𝑖1

2 − 2𝜇𝑖2 +
1

3
(𝑙 + 𝑚)𝑖1

2 − 2𝑚𝑖1𝑖2 + 𝑛𝑖3                         (4) 

where 𝜆 and 𝜇 are the lamé elastic constants; l, m and n are the third order elastic constants. 

𝑖1 = tr(𝐄), 𝑖2 =
1

2
[𝑖1

2 − tr(𝐄)2], 𝑖3 = det (𝐄), respectively. The partial derivatives of W with 

respect to E give the second Piola-Kirchhoff (PK2) stress 

𝐓 =
∂W(𝐄)

∂𝐄
                                                                (5) 

The relationship between Cauchy stress and PK2 stress is 

𝛔 = J−1𝐅𝐓𝐅T =  J−1𝐅
∂W(𝐄)

∂𝐄
𝐅T                                         (6) 

where J = det (𝐅). 

 

7.3. VUMAT Implementation 

In ABAQUS/Explicit, VUMAT can be used to define the mechanical constitutive behaviour 

of the nonlinear material property formulated in Section 2. In ABAQUS, the stress in VUMAT 

of ABAQUS/Explicit is the Cauchy stress tensor in Green-Naghdi basis and is given by 

�̂� = 𝐑T𝛔𝐑                                                             (7) 

where R is rotation tensor, and R is a proper orthogonal tensor, i.e., 𝐑−1 = 𝐑T. The relationship 

between F, U and R is given by 

𝐅 = 𝐑𝐔                                                                (8) 

Using Equations (6) and (8), Equation (7)  can be translated to 

�̂� = J−1𝐑T𝐅𝐓𝐅T𝐑 = J−1𝐑T𝐑𝐔𝐓𝐔T𝐑T𝐑 = J−1𝐔
∂W(𝐄)

∂𝐄
𝐔T                     (9) 

Equation (9) provides the stress constitutive equation that is used in the VUMAT subroutine. 

The stress in VUMAT must be updated with the equation at the end (𝑡 + ∆𝑡) of an integration 

step and stored in stressNew(i), based on the values of F and U given in the subroutine at the 

end of previous step (𝑡).  
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7.4. Numerical Validation 

This section presents a validation of the VUMAT subroutine developed based on the stress 

constitutive equations described in Section 2. The second harmonic generation calculated by 

the FE model with the developed VUMAT subroutine is first validated by comparing the results 

presented by Wan et al. [34]. A similar two-dimensional (2D) plane strain model is created in 

ABAQUS/Explicit and constitutive equations are simplified to 2D condition and implemented 

in the VUMAT of ABAQUS. Figure 7-1 shows the schematic diagram of the FE model, which 

is 2mm thick and 1000mm long aluminium plate. The Lamb wave signal is excited at the left 

end of the plate and the excitation signal is a sinusoidal tone burst pulse modulated by a 

Hanning window. The excitation signal is applied through the displacement at the nodal points. 

A fixed boundary condition is assigned to the right end of the plate. Both 6061-T6 and 7075-

T651 aluminium plates are considered in the study and the material properties are shown in 

Table 7-1. 

 
Figure 7-1: Schematic diagram of 2D FE plate model in ABAQUS 

 

Table 7-1. Material properties of 6061-T6 and 7075-T651 

Material ρ (kg/m3) λ (GPa)  μ (GPa) l (GPa) m (GPa) n (GPa) 

6061-T6 2704 50.3 25.9 -281.5 -339 -416 

7075-T651 2810 52.3 26.9 -252.2 -325 -351.2 

 

In this study, the element size is controlled to ensure there are at least 20 elements exist per 

wavelength so that it can ensure the accuracy of the simulations. There are 8 elements in the 

thickness direction. Since the second harmonic generation is of interest, the element size is 

chosen based on the wavelength of the second harmonic Lamb wave. The element is a 4-node 

bilinear plane strain quadrilateral with reduced integration (CPE4R). 
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7.4.1. Second harmonic amplitude variation against propagation distance 

In the first set of validation study, the maximum cumulative propagation distance (MCPD) 

within which the displacement amplitude of second harmonic increases with the propagation 

distance [34] is investigated. The excitation signals of 300kHz and 400kHz fundamental 

symmetric mode (S0) Lamb wave are used separately. The number of cycles of the wave signal 

is 18 and the excitation magnitude of the displacement is 5μm. The time dependant strain 

component in x direction is obtained and transformed to frequency-domain by Fast Fourier 

Transform (FFT). For the 300 kHz excitation, measurements are taken at every 50mm and for 

400 kHz excitation the measurements are taken at every 12.5mm. Figure 7-2 shows the excited 

signal calculated at 200mm away from the excitation location in time- and frequency-domain 

and the excitation frequency is 300kHz. 

 

Figure 7-2: a) Time-domain and b) frequency spectrum of strain in x direction calculated at 

200mm from the excitation location with 300kHz excitation signal 

 

The amplitude of the second harmonic for the two different excitation frequencies is obtained 

and plotted as shown in Figure 7-3. It can bee see that the MCPD for 300kHz and 400kHz cases 

are 200mm and 62.5mm respectively. As compared to the corresponding theoretical value of 

220.02mm and 69.51mm, which are consistent with the results presented in [34]. This indicates 

the proposed FE model provide correct prediction. 
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Figure 7-3: Second harmonic amplitude against propagation distance for excitation frequency 

is a) 300 kHz and b)400 kHz 

 

7.4.2. Second order nonlinear parameter ratio between different materials 

The second validation study is carried out through obtaining the slope ratio of the linearly 

cumulative second order nonlinearity with propagation distances when different materials are 

used. The excitation frequency is chosen as 100 kHz, as the second harmonic amplitude keeps 

increasing until the propagation distance reaches 7764.72mm [34]. The number of cycles of 

the excitation signal remains to be 18. The S0 Lamb wave is excited on both 6061-T6 and 7075-

T651 aluminium plates. 

In this study, the relative nonlinear parameter β’ is defined as: 

𝛽′ =
𝐴2

𝐴1
2                                                               (10) 

where A1 and A2 are the amplitude at the excitation frequency and the second harmonic 

respectively in frequency-domain. The calculated relative nonlinear parameters (β’) for the two 

plates with different material properties at different propagation distances are shown in Figure 

7-4. As shown in Table 7-1, the nonlinear parameters, l, m and n, of 6061-T6 are larger than 

those of 7075-T651. The larger nonlinear parameters introduce larger values of relative 

nonlinear parameter and a higher rate of increasing amplitude with propagation distance. The 

slope of for the curve of 6061-T6 is about 0.00228 (mm-1), while for the curve of 7075-T651 

the slope is about 0.00205 (mm-1). As a result, the ratio between the two slopes is around 1.11, 

compared to the actual value of 1.12 [34]. Based on the two sets of validations, the FE model 

with VUMAT subroutine coded with the stress constitutive equation obtained from 
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Murnaghan’s strain energy function is able to provide a reliable prediction of the material 

nonlinearity. 

 

 

Figure 7-4: Relative nonlinear parameter with propagation distance 

 

7.5. Three-dimensional finite element model of prestressed plate 

The 3D FE model used in this study is a 500mm500mm plate with 2mm thickness. By taking 

advantage of symmetric nature of the plate, only 1/4 of the actual in-plane dimension of the 

plate is modelled with the use of symmetric boundaries as shown in Figure 7-5. The material 

of the plate is 6061-T6 aluminium. The S0 Lamb wave is excited at the corner of the model by 

applying 5μm displacement to the nodal points at the circumference of the 1/4 of a circle with 

a 10mm diameter. The excitation frequency of the Lamb wave is 200kHz and the number of 

cycles is 8. According to the requirement for the maximum size of the element as discussed in 

Section 4, the in-plane element size for the 3D mode is 0.4mm and there are 8 elements in the 

thickness direction, which results in an aspect ratio of 1.6. The elements are 8-noded linear 

brick with reduced integration (C3D8R). 

Stresses are applied at both free boundaries as σ1 and σ2, with σ2 = λσ1. The stresses are 

applied by adding a quasi-static loading with a duration of 0.004sec. After the plate is stressed, 

Lamb wave is excited, and the propagating wave is measured in five different directions (θ) as 

illustrated in Figure 7-5. Similar with the second set of the validation study in Section 4.2, the 

relative nonlinear parameter is obtained and compared for the 3D FE model under different 
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loading scenarios. In this study, positive stress value means that the stress is applied as tension 

while negative value means the stress is applied as compression. 

 

 

Figure 7-5: Schematic diagram of the 3D FE model in ABAQUS 

 

The out-of-plane strain component in time-domain without considering the boundary reflection 

is obtained and transformed to frequency-domain by FFT, from which the relative nonlinear 

parameter is calculated using Equation (10). Figure 7-6 shows the variation of the relative 

nonlinear parameter ’ with the propagation distance increased from 30mm to 105mm away 

from the excitation location. For different loading ratios at different propagation directions, the 

value of ’ increases linearly with increasing propagation distance. For the stress-free case and 

the loading case when λ = 1, the slopes (k) of the increasing ’ are the same in all propagation 

directions. In contrast, when λ = -1 or 0, the k value obtained at different propagation directions 

differs to each other, and the difference of k value is larger when λ = -1 than that when λ = 0. 

For larger stress magnitude, the increasing slope of the relative nonlinear parameter is larger 

as shown in Figure 7-7.  
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Figure 7-6: Relative nonlinear parameter for cases with a) stress free; b) σ1 = 100MPa, λ = 1; 

c) σ1 = 100MPa, λ = -1; d) σ1 = 100MPa, λ = 0; and e) σ1 = -100MPa, λ = 1 condition 
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Figure 7-7: Relative nonlinear parameter of different stress magnitudes with propagation 

distance in the 45o propagation direction and λ = 1. 

To compare the results of different cases, a normalised slope k’ is defined by 

𝑘′(𝜆, 𝜎1) =
𝑘(𝜆,𝜎1)

𝑘𝑠𝑡𝑟𝑒𝑠𝑠 𝑓𝑟𝑒𝑒
                                                               (11) 

where kstress free is the slope for stress free case and k(λ, σ1) is the slope for the plate subjected to 

stresses with different λ and σ1 conditions. The results are obtained and demonstrated in Figure 

7-8. It is found that when θ ≈ 22.5o, the normalised slope is the same when the magnitude of 

σ1 is the same despite the differences in λ. For the asymmetric loading, i.e., λ = 1 or 0, the slope 

of the increment of ’ decreases when the propagation angle varies from 0o to 90o. Interestingly, 

it is observed that the average value of the normalised slope for (λ, σ1) = (-1, 100MPa) and (λ, 

σ1) = (1, 50MPa) is the same with k’ for (λ, σ1) = (1, 0) and (λ, σ1) = (0, 50MPa), respectively. 

It is noticeable for the two antisymmetric pairs, the stress summation, σ1 + σ2, is the same for 

each pair. 

For the biaxial compression case (λ, σ1) = (1, -100MPa), the values of k’ at different 

propagation directions are the same and are smaller than that of the stress-free condition. In 

contrast for the two biaxial tension cases, the values are larger than stress free condition, and 

the difference in k’ value between stress-free and (λ, σ1) = (1, 100MPa) cases is twice as large 

as the difference between stress-free and (λ, σ1) = (1, 50MPa) cases. Moreover, the results 

show that the variation of k’ is parallel for (λ, σ1) = (0, 100MPa) and (λ, σ1) = (0, -100MPa), 

which have the same stress magnitude though one is in uniaxial tension while the other is in 

uniaxial compression. The pattern of the relative slope variation indicates that it is possible to 

estimate the stress ratios and directions on a prestressed plate. However, the slope increases for 

increased stress is not very distinctive. Considering the measurement errors in experimental 

tests, it is a challenging task to give reliable estimation of stress magnitude based on the slope 

of the increment of experimentally measured relative nonlinear parameter. 
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Figure 7-8: Normalised slope of the increasing relative nonlinear parameter with propagation 

distance for different loading scenarios. 

On the other hand, the change of nonlinear parameter under applied stress exerts uncertainty in 

fatigue damage detection. It was revealed in the study of Pruel et al. [35], the maximal increase 

of normalised nonlinear parameter throughout the fatigue life of the aluminium plate is roughly 

more than 10%. Referring to Figure 8, the maximal variation of the nonlinear parameter is 

roughly ±8%, which occurs in the stress case of (λ, σ1) = (1, -100MPa) at 0o and 90o 

propagation direction. As a result, a benchmark test would be necessary for monitoring fatigue 

damage on prestressed structural components. 

 

7.6. Detecting fatigue crack on a prestressed plate 

As demonstrated in Section 5, the second harmonic could be affected by applied stress on 

structures. The tensile stress could open an initially closed fatigue crack and change the contact 

behaviour of the crack surface, as a consequence, the second harmonic generation due to 

contact nonlinearity could be altered and this adds difficulty in detecting the fatigue crack in 

the structures. In this section, the same 3D FE model used in Section 5 is employed and a 

fatigue crack (Figure 7-9) is also created on this 3D FE model. The second harmonic generation 

under biaxial tension, i.e., (λ, σ1) = (1, 100MPa), is investigated in this section. 

A 4 mm long fatigue crack located around 30mm away from the excitation is modelled using 

seam in ABAQUS and interaction effect between two crack surfaces is modelled by frictional 
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tangential contact and ‘Hard’ normal contact, which prevents mutual penetration of these crack 

surfaces [46]. The measurements are taken at the same locations and wave propagation 

directions as those used in Section 5. Three 3D FE models are considered, an intact plate, a 

plate with the fatigue crack without any applied stress, and a plate with the fatigue crack under 

biaxial tension. The results are compared and shown in Figure 7-10. 

 

Figure 7-9: Schematic diagram of the 3D FE model with the fatigue crack 
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Figure 7-10: Relative nonlinear parameter obtained from the intact plate, unstressed, and 

stressed plate with the fatigue crack in a) 0o, b) 22.5o, c) 45o, d) 67.5o and e) 90o propagation 

directions 

The results in Figure 10 show that when the fatigue crack is modelled without applying any 

stresses, the relative nonlinear parameter is obviously higher than that from the intact plate. It 

indicates that the effect of the contact nonlinearity at the fatigue crack is more dominant in 

second harmonic generation than the intrinsic material nonlinearity. However, when the biaxial 

tension is applied, the ’ drops to about the same level of that from the intact plate, except for 

the cases of 0o and 22.5o propagation directions, at which the fatigue crack is close to the 

measurement points. The phenomenon can be due to the fact that the fatigue crack is opened 
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by the tensile stress, which dramatically reduces the contact area between the crack surfaces, 

and thus, it reduces the second harmonic generation due to the contact nonlinearity. This 

parametric study demonstrates that the second harmonic generation due to the fatigue crack 

can be overlooked if the plate is under tension and the fatigue crack is opened by tensile stress. 

However, it should be noted that the 3D FE model does not consider the plastic deformation 

around the fatigue crack, which will also generate extra second harmonics [35]. Further study 

can be conducted to confirm the reliability of second harmonic generation technique in 

detecting fatigue damage on a prestressed plate with the consideration of the plastic 

deformation effect. 

 

7.7. Conclusions 

The study has presented the 3D FE simulation of the stress effect on higher harmonic 

generation due to material nonlinearity. The second order material nonlinearity has been 

modelled by VUMAT in ABAQUS using stress constitutive equations formulated by 

Murnaghan’s strain energy function. The nonlinear material model has been first validated 

using the 2D plate by comparing the results with results in the existing study. There is good 

agreement between the simulation results calculated by the proposed nonlinear material model 

and the results in the existing study. 

The 3D FE model of the prestressed plate has been modelled and investigation has been carried 

out on the variation of the relative nonlinear parameter for different stress magnitudes, biaxial 

stress ratios, propagation distances and propagation directions. It has been found that based on 

the variation features of relative nonlinear parameter, it is possible to estimate the biaxial stress 

ratios and stress directions, despite the difficulty in achieving the accurate stress magnitude 

measurement of the relative nonlinear parameter variation with propagation distance. The 

results have also illustrated that the applied stress changes the value of ’ and the change 

increases with propagation distance. Finally, the proposed 3D FE model has been used to study 

the stress effect on both material nonlinearity and damage detection of the plate with the fatigue 

crack. The results have shown that the second harmonic generation due to the contact 

nonlinearity can be overlooked if the plate is under tension and the fatigue crack is opened by 

the tensile stress. 
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Chapter 8. Conclusions 

8.1. Summaries and Significances 

This PhD study has investigated the nonlinear phenomena associated with low-frequency GWs 

and presence of damage, specifically focusing on the SHG. The methodology is based on 

experimental guided wave techniques, 3D implicit FE method and a theoretical analysis. As 

one outcome of this thesis, it has found that the 3D FE simulations can be implemented to study 

various nonlinear features of GW interactions with defects, and thus, these simulations can 

provide a cost-effective alternative to experimental studies. As mentioned before, this thesis 

represents a compendium of published and submitted research articles in leading journals in 

the research area. 

In the first two papers (Chapters 2 and 3), the focus is on the investigation of the nonlinear 

phenomena associated with the presence of fatigue cracks. It is firstly found that the S0 mode 

GW, which is dominated by the in-plane displacements, is more sensitive to the fatigue cracks 

than A0 mode of GW. Then, the GW set-up parameters, such as incident wave angle, sensor 

locations respect to the crack, and external loads on the material that would affect second 

harmonic generation of GW are investigated. It is also validated that the FE model of fatigue 

crack is able to predict the SHG behaviour. The first two studies (Chapters 2 and 3) provided 

important physical insights into SHG and can be used in design of a practical damage detection 

system based on the nonlinear GW. 

The literature on detecting loosen bolt using GW is very limited, especially on using the 

nonlinear GWs. A feasibility study of using SHG for detecting the loosening in bolted joints is 

a research topic of the third paper (Chapter 4). This study showed that for a loosen bolt, the A0 

mode of GWs is more sensitive than S0 mode. Although it is shown that the variation of second 

harmonic amplitude due to the different tightening torque can provide the information about 

the integrity of the bolted joint, the reliability of the method remains limited for potential 

practical application as the fluctuation of the results are relatively large. 

It is concluded from the research outcomes of the previous studies (Chapters 2 – 4) that 

different GW modes are sensitive to defects with different contact behaviours. Based on this 

observation, a 3D FE model aluminium plate repaired with a composite patch weakened by a 

fatigue crack and delamination is developed. The results show that it is possible, by using 

different GW modes to detect different types of defects i.e. fatigue cracks and delaminations.  
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Besides the contact nonlinearity, material nonlinearity also contributes significantly to the 

generated second harmonic of GW. In the fifth paper (Chapter 6), a VUMAT subroutine is 

developed based on the Murnaghan’s strain energy function to evaluate the effect of the 

material nonlinearity on the generation of the second harmonic. The FE model with nonlinear 

material subroutine is validated by comparing with theoretical solutions of the phase velocity 

change due to stresses and the second order nonlinear parameter variation with the wave 

propagation distance. The results from the FE model give a very good agreement with the 

theoretical solutions. The previous studies on acoustoelastic effects of GW were all based on 

theoretical and experimental approaches. However, compared with the theoretical analyses and 

experimental tests, the FE-based approach provides a more convenient, flexible, 

comprehensive and cheaper way to study the acoustoelastic effects in a prestressed waveguides 

and structures. Meanwhile, this approach also provides an opportunity for a more general 

material definition in studying the nonlinear GW phenomena and features associated with 

defects and damage. 

Based on the verified material nonlinearity model (subroutine) in Chapter 6, a comprehensive 

3D FE model is developed in the sixth paper (Chapter 7) to combine the effects of material 

nonlinearity, contact nonlinearity and stress applied on second harmonic generation. The 

reliability of the model with subroutine in SHG of material nonlinearity is firstly validated by 

comparing with the theoretical results from a previous research. In the first parametric study 

with the nonlinear material model, the variation of SHG due to applied stresses, propagation 

directions and distances is investigated. According to the results, it shows that the SHG due to 

acousto-elastic effects can be used to predict the amplitude and stress ratio of the applied bi-

axial stress on the plate. At the same time, the results also indicate that with the increasing 

propagation distance of waves and amplitude of stresses applied, SHG due to material 

nonlinearity under loading is comparable to that generated by fatigue damage. Thus, it is 

important to consider the acousto-elastic effect when developing a practical fatigue damage 

detection system. In the second parametric study, the model is used to study the effects of 

applied stress on both material nonlinearity and contact nonlinearity of a plate with a fatigue 

crack. The results have shown that the second harmonic generation due to the contact 

nonlinearity can be overlooked if the plate is under tension and the fatigue crack is opened by 

the tensile stress. 
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8.2. Recommendation for future researches 

In the case of fatigue cracks and bolt loosening, future research can be carried out on the 

development of in-situ damage detection systems. Some of the problems still remain to be 

solved. Firstly, all the previous studies on the fatigue crack used only one specimen to reveal 

some important characteristics of SHG. However, as the SHG depends on the interaction of 

crack interfaces, and the crack profile, i.e., crack opening and shapes, can be quite different on 

each specimen, it is worth to investigate the effects due to the difference in the crack profiles 

in the same material and with the same lengths of the cracks. This could improve the reliability 

and repeatability of the experimental results. Meanwhile for bolt joints, it would also be of 

interest to look into the feasibility of using the method to detect bolt loosening  in a group of 

bolts and find out which specific bolted connections are defective. As for the composite patch, 

new experimental tests can be carried out to confirm the findings from the FE simulations 

presented in this thesis.  

In addition, with the developed nonlinear material subroutine, the study could be extended to 

different types of structures, such as pipes, for which the analytical solutions for the nonlinear 

GW are unknown and very difficult (or impossible) to derive. As GWs in a pipe wall is much 

more dispersive than in a plate, the experimental measurements can also be very challenging 

without some fundamental understandings of the nonlinear GW features for the pipe 

geometries. Studies relating to fatigue crack or plastic deformation in pipes can be carried out 

by considering different modes of GWs. 

Finally, the 3D FE model with the fatigue crack could be further improved by taking the 

plasticity-driven nonlinearity into the consideration. There are always some plastic zones 

around the tips of a fatigue crack due to a high stress concentration, the presence of these plastic 

zones may contribute to the generation of second harmonic of GW. This effect would be of a 

great interest for further investigations. 




