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Abstract: This paper presents a new method for determining the third-order elastic constants
(TOEC:s) of an isotropic material utilising the acoustoelastic effect associated with Rayleigh
waves. It is demonstrated that the accuracy of the evaluation of TOECs can be substantially
improved by supplementing the classical equations of acoustoelasticity, which describe the
effect of applied stress on bulk wave speeds, with the nonlinear characteristic equation for the

propagation of Rayleigh waves in pre-stressed media.

The developed method is applied to the experimental evaluation of the TOECs of an
Aluminium alloy and the measured values are found to compare favourably with previously
reported results obtained using bulk waves. The observed discrepancies can be explained by
the anisotropy and non-homogeneity of the tested sample, specifically near the surface, which
affect the Rayleigh wave propagation. The developed method can be readily implemented for
Structural Health Monitoring applications; for example, the measurement of applied stresses
based on the acoustoelastic effect, or the monitoring of near-surface damage based on the

change in magnitude of the TOECs.
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1. Introduction

In classical linear elasticity, the stress-strain response of an isotropic material is fully described
by two second-order elastic constants. However, several experimentally observed phenomena,
such as the variation of wave speeds with applied loading [1-4] or changes in compressibility
with hydrostatic pressure [5-9], need consideration of the so-called third order elastic constants
(TOECs). These constants arise in the expansion of the elastic strain energy density function
and account for the contribution of the third-order products of the strain components. For an
isotropic material, it can be shown that, in addition to the two second-order elastic constants,
there are three independent third-order elastic constants corresponding to the third-order terms
in the power series expansion of the strain energy density [10]. Various definitions of these
constants were suggested by Brillouin [11], Biot [12,13], Landau & Lifshitz [14] and others

[15-18].

TOECs play an important role in various engineering applications; for example, the
evaluation of applied or residual stresses based on the acoustoelastic theory, which describes
the propagation of small-amplitude waves in a material subjected to finite deformations
[19,20]. Another important recent development exploits the much greater sensitivity of TOECs
as compared with second-order elastic constants to dislocation driven damage (fatigue, creep,
etc) [21-23]. This effect motivated the development of experimental techniques, such as second
and higher harmonic generation to evaluate the so-called early damage [24-27], i.e. damage
accumulated prior to the formation of a propagating crack. However, these experimental
techniques often require highly accurate measurements of the TOECs to allow for quantitative

damage identification.



TOECs are typically evaluated by measuring the change in bulk wave speeds with
applied stress and fitting the measured values into the analytical equations of the acoustoelastic
theory [28-30]. However, these measurements are still very challenging, and a large scatter is
normally reported. A high frequency signal (toneburst) in the MHz range is normally employed
in conjunction with a high sampling frequency of the data acquisition system to achieve a good
temporal resolution in the wave speed measurements. However, the excitation frequency is
restricted by certain natural limitations; for example, the wavelength (or the central frequency
of the toneburst) is limited by the size of the surface asperities or the material texture, which
can affect the measurements. However, it seems that spatial resolution has a greater effect on
the accuracy of the evaluation of TOECs with bulk waves, specifically for slender structures,
or small measurement gauge lengths. A significant improvement in the accuracy has been
achieved with non-contact measurement techniques, such as laser interferometry. However, the
reported values still have a large scatter; this might not be satisfactory for damage evaluation,
especially in the case of fatigue damage, where the change in the TOECs are expected to be

within 10 - 20% during the whole fatigue life.

An improvement in the evaluation of TOECs can be achieved using guided waves, which
can propagate over large distances without significant attenuation. The advantage of using
guided waves includes the possibility of an increased gauge length and hence, an expected
improvement in the spatial resolution [31]. Another advantage is the possibility of utilising
different types or modes of guided waves, which are known to be more sensitive to applied
stresses as compared to bulk waves, specifically near the cut-off frequencies [32]. On the other
hand, the main disadvantage of using guided waves is that it requires complex signal processing
techniques due to the dependence of the guided wave speeds on the frequency (dispersion) and

the excitation of multiple modes, which is inevitable in all guided wave excitation methods.



The present paper investigates the use of Rayleigh waves in conjunction with bulk waves
for the evaluation of TOECs. Rayleigh waves are a type of non-dispersive guided waves that
propagate near the surface of thick structures. The penetration depth of these surface waves
depends on the excitation frequency; this phenomenon can potentially be utilised for
tomography of damage or stress but this is beyond the scope of the current study. The structure
of this paper is as follows. In the next section, the acoustoelastic theory and the governing
equations for bulk waves and Rayleigh waves are reviewed. This set of analytical equations
forms the theoretical foundation for different methods of evaluating the TOECs. The accuracy
of these methods is investigated using Monte-Carlo simulations, taking into account various
types of probabilistic distributions of the wave speed measurements. Further, an example of
actual measurements, including the experimental set-up and signal processing methodology, is
presented, followed by a discussion of the outcomes of the theoretical study as well as the
experimental measurements. The main outcomes of this paper are briefly summarised in the

conclusion.

2. Review of governing equations of acoustoelasticity

The governing equations of acoustoelasticity are briefly recapped here following Ogden et al.
[33]. The equations for incremental motions due to the propagation of small-amplitude elastic
waves as well as the incremental constitutive equation for a homogeneously deformed medium,

can be written as:
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respectively, where A is the fourth-order tensor of instantaneous elastic moduli, p is the density
of the material in the deformed configuration, u is the incremental displacement vector
associated with the wave, x is the position vector in the deformed configuration, t is the time
and § is the incremental nominal stress tensor. The reader is referred to [34] for the derivation

of the above equations.

The strain energy function commonly used to evaluate the acoustoelastic effect in

engineering materials subjected to a small pre-stress is due to Murnaghan [15] and is given by

1 1
W= E(/l +2p)i% — 2ui, + §(l +2m)ij — 2miyi, + nis, (3)

where i, [, i3 are the principal invariants of the Green-Lagrange strain tensor E, givenby i; =
trE, i, = %[112 — tr(E)?] and i3 = det E, respectively. The parameters A and u are the classical

Lamé elastic constants and [,m, n are the Murnaghan or third-order elastic constants. Using
the above strain energy function, the elasticity tensor can be obtained to the first order in the

strain as [35]
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where E =trEand ] =1+ E.

For the experimental determination of TOECsS, the test specimen is generally subjected
to a static uniaxial stress state due to the simplicity of the loading apparatus. For a small applied
uniaxial stress g;; in the eq direction, the components of the strain tensor E can be evaluated
using the linear elasticity theory as follows:

A+ B = E = AE s
11_31(;1 011, 22 = L33 = 20+ )’ (5)

where K = 1 + 2u/3 is the bulk modulus. The expression for the Jacobian of the deformation
then reduces to
UE14 011

=1+ = T (6)

2.1. Bulk waves

Hughes and Kelly [1] first obtained the expressions for the stress-dependent speeds of bulk
waves propagating along the principal directions, i.e. along the direction e; of the uniaxial
stress, and along the mutually perpendicular directions, e, and e3, which are equivalent by
symmetry. Following Abiza et al. [36] and Hughes and Kelly [1], the expressions for the speed
of these principal waves can be written in terms of the components of the elasticity tensor A

as follows:
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where p, = pJ is the density of the material in the undeformed or unstressed configuration,
and the applied uniaxial stress 074 is positive in tension. The elastic moduli Ay, can be
evaluated by substituting Eq. (5) into Eq. (4). The speeds v;; and vy, in Egs. (7) and (8)
correspond to longitudinal and transverse waves respectively, propagating along the direction
e; of the applied uniaxial stress. In Eq. (9), v,, is the speed of the longitudinal wave
propagating along the direction e,, which is perpendicular to the applied uniaxial stress. In
Egs. (10) and (11), v,; and v, correspond to the speeds of transverse waves propagating along

the direction e, and polarised in the directions e and ez, respectively.

2.2.Rayleigh-Lamb waves

Mohabuth et al. [32] obtained the characteristic equations describing the acoustoelastic effect
for plane Lamb wave propagation in pre-stressed plates along the principal direction of the
applied uniaxial stress. The main steps in the derivation of these characteristic equations are
provided in Appendix A. By considering the limit of the plate-thickness tending to infinity, the
characteristic equations for Lamb wave propagation can be reduced to the equation governing
the acoustoelastic effect for Rayleigh waves. This special case was first investigated by
Dowaikh and Ogden [37] and the form of their original equation can be recovered by
substituting Eqs. (A8) and (A10) into Eq. (A9), replacing ¢ by cy and recalling that p = pyJ ™1,

as follows:
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The stress-dependent elastic moduli JeA 111, JA 1212, JA 222, and JA 41,1 in the above equation
have been defined previously in Eqgs. (7)-(10). The remaining elastic modulus JA44,, can be

obtained from Eq. (4) as
o
JAq105 = A + ﬁ[m +22m — An + 221 + 2w)]. (13)

The characteristic Eq. (12) governing the acoustoelastic effect for Rayleigh waves differs from
Egs. (7)-(11) for bulk waves in two important respects. Firstly, the governing equation for
Rayleigh waves contains all three TOECs, whereas the equations for bulk waves contain only
two out of the three constants. Secondly, the characteristic Eq. (12) for Rayleigh waves contains
the TOECs raised to exponents as well as terms involving products of the three TOECs. In
principle, this implies that by substituting measured values of the Rayleigh wave speed at three
known stress levels into Eq. (12), a system of three nonlinear equations can be obtained, from

which all three TOECs can be determined.

3. Comparison of different methods for the determination of TOECs

Egs. (7)-(11) provide a system of five linear equations in three unknown variables, [, m, and n
for known values of the density p,, Lamé constants, A and u, as well as the experimentally
determined values of the bulk wave speeds at a known stress level, ;. The unknown TOECs
can be determined by solving a system of any three out of five linear equations given by Egs.

(7)-(11). The system of Egs. (9)-(11) is preferred over other combinations since the



experimental setup for the measurement of bulk wave speeds perpendicular the direction of the
applied stress is relatively straightforward. As shown in Fig. 1, ultrasonic transducers can be
placed directly on the lateral surfaces of the specimen and the time of propagation of the bulk
wave across the specimen thickness can be measured by either using the pulse-echo or pitch-

catch arrangement of the transducers.

Experimental studies utilising this traditional method have reported a large scatter in the
obtained values of the constant [, relative to the constants m and n, despite careful
measurements of the bulk wave speeds. Some of these reported values for Aluminium alloys
are summarised in Table 1. The possibility of reducing the standard deviation in the values of
the TOEC:s is investigated by considering an alternative system of equations comprising the
characteristic Eq. (12) for Rayleigh waves and any two out of the three Egs. (9)-(11). Rayleigh
waves can be generated along the direction of the applied uniaxial stress by utilising a wedge-

transducer, as shown in Fig. 1.

Wedge transducer

Specimen (Rayleigh wave generation)

Direct-contact
ultrasonic transducers

(Bulk wave generation) — Propagation direction

<—1< s
7} (Rayleigh wave)
SHIRN

Propagation direction Tr'fmsyerse.wav'e
€1 (Bulk waves) polarisation directions

- @@

/

|
€3 Y .
1 Direction of applied
) I uniaxial stress

Fig. 1: Schematic diagram showing the propagation directions of the elastic waves and the direction

of applied stress.



Table 1: Experimentally determined TOECs for Aluminium alloys reported by Smith et al. [29]

Aluminium Third order elastic constants (GPa)
alloys l m n
28 -311+131 -401 +78 -408 + 34
B53S M -223 +61 =237+ 12 276 5
B53S P -201 +£22 -305+ 17 -300+6
D548 -387+10 -358£10 -320£3
JH77S -337+£32 -395+£13 -436 £7

The TOECs can be evaluated from the measurements of three wave speeds using any
three out of four Egs. (9)-(12). In this section, a comparative evaluation of the four possible
combinations of these equations is conducted to identify the best combination which yields the
smallest overall standard deviation in the obtained values of the TOECs. A numerical
sensitivity study is conducted based on the various input parameters listed in Table 2. Based
on the theoretical values of the Lamé constants, density and TOECs, the theoretical speeds of
the three bulk waves, v,,, v,; and v,5 and the Rayleigh wave, cg, are evaluated at the stress
level, g, using Egs. (9)-(12). Following that, four datasets of 500 random speed measurements
are generated with the following statistical distributions: (1) normal distribution with a standard
deviation of 1 m/s (Fig. 2); (2) normal distribution with a standard deviation of 10 m/s; (3)
uniform distribution over the interval defined by the theoretical speed + 1 m/s; and (4) uniform
distribution over the interval defined by the theoretical speed £ 10 m/s. For all four
distributions, the mean values are set equal to the theoretical speeds obtained from Egs. (9)-
(12). For each of the four statistical distributions, the TOECs are evaluated for 500° = 125

million combinations of three wave speeds.
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Fig. 2: Normal distribution of bulk and Rayleigh wave speeds with a standard deviation of 1 m/s. The

sample means are equal to the theoretical wave speeds calculated using the input parameters listed in

Table 2.

Table 2: Input parameters for the sensitivity study

Parameter Value
A (GPa) 54.308
u (GPa) 27.174
[ (GPa) -281.5
m (GPa) -339.0
n (GPa) -416.0
po (kg/m®) 2704
011 (MPa) 100




The results of the sensitivity study are summarised in Tables 3-5. In these tables, the
numerical values of the TOECs obtained using the four combinations of Egs. (9)-(12) are
presented for the various statistical distributions of wave speeds described previously. It can
be observed that the mean values of the TOECs presented in Tables 3-5 are within a few percent
of the exact values listed in Table 2, regardless of the choice of the statistical distribution or
the system of equations used. This is in accordance with the law of large numbers, which states
that the sample mean converges to the expected value as the number of repeat measurements
tends to infinity. However, the standard deviation in the numerical values of all three constants

is strongly linked to the scatter in the randomly generated wave speed distributions.

The best combination of three out of four Egs. (9)-(12) can be identified by comparing
the standard deviations in the numerically-evaluated values of the TOECs, presented in Tables
3-5. It is evident from the observation of Table 3 as well as Fig. 3 that the standard deviation
in the numerical values of the constant [ can be reduced substantially by utilising the
characteristic Eq. (12) for Rayleigh waves in conjunction with any two out of three Egs. (9)-
(11), i.e. by utilising one of the proposed methods 2-4 rather than the traditionally utilised
method 1. The standard deviation in the numerical values of the remaining constants, m and n
is relatively insensitive to the choice of the method of solution, i.e. the combination of Egs. (9)-
(12) used. Overall, method 2 appears to be most suitable for the evaluation of the TOECs since
it minimises the standard deviation for the constants [ and n, while providing marginally greater

standard deviation for the constant m, when compared to other methods.



Table 3: Comparison of the exact value of [ = -281.5 GPa against numerical values obtained using the

four combinations of wave speed measurements.

Wave speed Numerical value of [ (mean + std. dev.) in GPa

distribution about

theoretical value Method 1 Method 2 Method 3 Method 4
V22, V21, Va3 | V22, V21, CR | V22, V23, CR | V21, V23, Cp

Normal distribution

(std. dev. = 1 m/s) 2789+ 67.8 | -281.3+17.5 | -281.0+26.8 | -281.0 £26.0

Normal distribution

(std. dev. = 10 m/s) -282 £280 -282.0+23 | -282+37 -282 £ 30

Uniform distribution | » ¢ 5\ 393 | 80,6+ 162 | 281.0421.8 | -281.0 + 24.8

(Resolution = 1 m/s)

Uniform distribution | »¢) , 5o | 282103 |-282430 | -282+30

(Resolution = 10 m/s)

Table 4: Comparison of the exact value of m = -339 GPa against numerical values obtained using the

four combinations of wave speed measurements.

Wave speed Numerical value of m (mean =+ std. dev.) in GPa

distribution about

theoretical value Method 1 Method 2 Method 3 Method 4
V22, V21, V23 | V22, V21, CR V22, V23, CR V21, V23, CR

Normal distribution

(std. dev. = 1 m/s) -338.1£28.5 | -338.4+34.2 | -337.3£36.2 | -338.8+£29.6

Normal distribution

(std. dev. = 10 m/s) 341 £ 164 -340 £ 269 -333 £275 -331+£274

Uniform distribution | 5/ 3, 165 | 33774219 | 3387+ 164 | -339.0 + 169

(Resolution = 1 m/s)

Uniform distribution | 346, 164 | 3402260 |-333+275 |-331+274

(Resolution = 10 m/s)




Table 5: Comparison of the exact value of n = -416 GPa against numerical values obtained using the

four combinations of wave speed measurements.

Wave speed Numerical value of n (mean + std. dev.) in GPa
distribution about
theoretical value Method 1 Method 2 Method 3 Method 4
V22, V21, Va3 | V22, V21, CR | V22, V23, CR | V21, V23, Cp

Normal distribution
(std. dev. = 1 m/s) -414.7+259 | 4164+ 143 | -414.7+£32.0 | -416.0£ 12.6
Normal distribution
(std. dev. = 10 m/s) -417£210 -415+ 105 412+ 117 412 +113
Uniform distribution | ¢y 151 | 41614129 | 4157+ 12.6 | -416.1 7.5
(Resolution = 1 m/s)
Uniform distribution 1 450, 147 | 416643 |-409£77 | -419+71
(Resolution = 10 m/s)
> \ I
ES | Method 1 | @l = | Method 2 (b) |
2 0.02 = 0.02
_§ Eq. (9): va : % Eq. (9): vy
2 Eq (10) Va1 : o Eq (10) V1
2 0.01 FEq(1):ivys ! 1 2001 FBa(12:cg || -
E | =) |
o Lt | 3 =
& 0.00 ' & 0.00 :
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Murnaghan's constant, [ (GPa) Murnaghan's constant, [ (GPa)

= Method 3 : (c) > Method 4 | (d)
£ 0.02 1 2002 t ! .
g Eq. (9): va2 | £ Eq. (10):vp1 |
2 Eq (1 1) V23 2 Eq (1 1) VUy3
£ 001 [Eq(12:ce [y 1 £001 }Ea(2):c ]
E . 2
< | g
& 0.00 ! & 0.00
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Murnaghan's constant, [ (GPa)
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Murnaghan's constant, [ (GPa)

0

Fig. 3: The distribution of numerical values of the constant [ obtained for the wave speed distributions

shown in Fig. 2.



4. Linearisation of the governing equations of acoustoelasticity

One of the inherent shortcomings in the evaluation of TOECs based on wave speed
measurements is the propagation of errors during the calculations. As demonstrated in the
previous section, one way to improve the robustness of the calculations is to perform a large
number of repeat measurements at a single stress level. Alternatively, one can take advantage
of the approximately linear dependence of the wave speed on the applied stress within the
elastic region of the stress-strain curve, i.e. for gy, < A, u. Rather than making several repeat
measurements at a single stress level, the wave speed can also be measured at several
increments of the applied stress. The slope of the wave speed vs. applied stress plot can then
be evaluated using the method of least squares and the TOECs can be obtained from the
linearised form of Eqs. (9)-(11). The linearised equations can be expressed solely in terms of
the experimentally determined slope, dv,,/0d0,4, k € [1,2,3], and the known material

constants, A, u and p,, as follows:

v 1 22 ]
2000220 5o = 3|20 5 (m+ 2+ 200, (14)
002 vy, 1 A T
,001]21,0F11—§ m+gn+i+2u ’ (15)
0vyy 1 A+u
zpovzglom— S_K[m_ 2’,[ n_ZA:I (16)

In the above equations, the bulk wave speeds in the unstressed configuration are v,,q =

JA+2u)/py and v,y = Vy39 = +/1/po. The nonlinear governing equation (12) for

Rayleigh waves can also be linearised and written in terms of the experimentally determined
slope dcg/0d0;;. The resulting equation is quite lengthy and is presented in Appendix B. The

correctness of the linearised Eqs. (14)-(16), (B1) can be verified by attempting to recalculate



the known values of TOECs listed in Table 2 based on theoretical obtained slopes 0v,, /0044,

k €[1,2,3] and dcg/d0y;.

Table 6: Comparison of known and calculated values of TOECs obtained from linearised equations

| (GPa) |-281.5 -281.5 -274.2 -286.3 -204.3
m (GPa) | -339.0 -339.0 -335.4 -341.4 -339.0
n (GPa) | -416.0 -416.0 -423.3 -417.6 -416.0

The obtained values of the TOECs using various combinations of linearised equations
are presented in Table 6. As expected, the system of linear equations (14)-(16) exactly recovers
the known values of the TOECs. Methods 2 and 3, which utilise Eq. (14) and Eq. (B1) along
with either Eq. (15) or Eq. (16) provide approximate values for the TOECs within 2.5%. This
indicates a small error associated with the linearisation of the nonlinear Eq. (12). Method 4,
which utilises Egs. (15),(16) and (B1) must be avoided for the experimental evaluation of the

TOEC:s since it yields a large error of roughly 27% in the value of the constant [.

5. Experimental measurement of TOECs

5.1. Experimental setup

The bulk wave speeds were measured in an Aluminium specimen with dimensions
416.5x183.5mmx47.6mm, and density 2741 kg/m?3. The Lamé constants were evaluated using
bulk wave speed measurements in the unstressed specimen as A = 54.01GPa and u =
26.36GPa. Measurements of the bulk wave speeds were achieved by using a pair of identical
transducers on opposite sides of the specimen in a pitch-catch arrangement, as shown in Fig.
4. A pair of Olympus X1055 transducers were used for the excitation and sensing of

longitudinal waves at a central frequency of 2.25 MHz. The longitudinal wave transducers were



coupled to the surface of the specimen using ISO68 hydraulic oil. A pair of Olympus V153-
RM transducers were used for the excitation and sensing of transverse waves at a central
frequency of 1 MHz. The transverse wave transducers were coupled to the surface of the
specimen using a shear couplant with a high viscosity. The direction of polarisation of the
transverse waves was controlled using an alignment fixture shown in Fig. 4. The excitation
frequencies of the longitudinal and transverse waves were selected to match the central
frequencies of the available transducers but different excitation frequencies may equivalently

be used.

Transducer polarisation

Applied compressive stress perpendicular to applied stress

v vV v Vv v ¥ Direct-contact
w<u ultrasonic transducer
_ (Bulk wave generation)

Propagation direction of
Rayleigh waves

Transducer polarisation
(b) parallel to applied stress

Wedge transducer
(Rayleigh wave
generation)

R

Applied compressive stress

(a)

Fig. 4: (a) Experimental setup, (b) alignment fixture for generation and measurement of transverse

waves, (c) wedge transducer for generation of Rayleigh waves.



The excitation toneburst signal was generated using a Tektronix AFG 3021B arbitrary
function generator and amplified by 40 dB using a RITEC GA-2500A gated amplifier. A data
acquisition system with a sampling rate of 102.4MHz was used, giving a temporal resolution
of approximately 10ns. The signal was averaged 1000 times and a band pass filter was
implemented between 500kHz and 20MHz to increase the signal-to-noise ratio. The changes
in bulk wave speeds were recorded at 19 evenly-spaced increments of compressive uniaxial
stress in the range 0MPa to 104.7MPa. The measurements were repeated five times at each
load level to evaluate the consistency. Two strain gauges were bonded to the specimen to
measure the axial and lateral strains corresponding to the applied uniaxial compressive stress.
The lateral strain measurement was used to determine the change in the thickness of the
specimen during loading, i.e. the change in the propagation distance of the bulk waves. The
Rayleigh wave speed measurements for the same specimen were obtained from Hughes et al.
[38] and the experimental setup and signal processing approach are described in the latter

publication.

5.2. Signal processing

Fig. 5 (a)-(c) show the typical time domain signals for the three principal bulk waves travelling
perpendicular to the applied stress. All the recorded signals show the arrival of the primary
wave followed by multiple echoes, resulting from the reflection of the wave between the
parallel surfaces of the specimen. A small wave packet can be identified prior to the arrival of
the primary wave, which is a result of electromagnetic interference or cross-talk. The time of
flight is evaluated using the cross-correlation method. The measured values of the change in
bulk wave speeds with stress increment are shown in Fig. 5 (d)-(f). The observed trends are
consistent with the theoretical predictions of Eqs. (14)-(16). The slopes of the lines of best fit

as well as the upper and lower 95% confidence intervals for Fig. 5 (d)-(f) are recorded in Table



7. The corresponding values for Rayleigh waves are obtained from the analysis of the

experimental data collected by Hughes et al. [38]. These are also included in Table 7.

The observed scatter in the measurement of the longitudinal wave speed is found to be
much greater than the scatter observed in the measurement of transverse wave speeds. The
larger scatter can be attributed to two main reasons: (1) the time of flight of the longitudinal
waves is approximately half of the time of flight of the transverse waves, thereby increasing
the relative error in the measurements, and (2) the longitudinal waves undergo a phase shift

upon reflection, thereby complicating the calculation of the time of flight.

Table 7: Slopes of the wave speed vs. applied stress plots and the 95% confidence intervals obtained

using the nonlinear least-squares method

vy, 0V, 0vy3 dcg
004 d0y4 doy4 doy4
. . . : Hughes et al.
Units: (m/s)/Pa (Fig. 5d) (Fig. 5e) (Fig. 59) [38]
Best fit 3.562e-8 -9.009¢-8 3.706e-8 -3.534e-8
Lower 95% CI 3.211e-8 -9.132¢-8 3.604e-8 -3.184e-8
Upper 95% CI 3.912¢-8 -8.886¢-8 3.809¢-8 -3.884¢-8

In addition to the measurement presented in Fig. 5, the absolute values of the bulk and
Rayleigh wave speeds were also measured in the stress-free or unloaded configuration. The
transverse wave speeds polarised in the mutually orthogonal e; and e; directions (see Fig. 4)
were calculated to be v,; = 3069 m/s and v,3; = 3101 m/s in the unloaded specimen, i.e. a
difference of 32 m/s was observed. The speed of Rayleigh wave propagating in the unloaded
specimen along the e; and e5 directions were obtained as cg; = 2812 m/s and cp3 = 2836 m/s,
respectively. The latter speeds differed by 24 m/s. These differences indicate the directional

dependence of wave speed, i.e. anisotropy of the unloaded specimen.
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Fig. 5: (a)-(c) Time domain signal for three bulk waves propagating perpendicular to the applied
stress recorded using a pair of ultrasonic transducers in pitch-catch arrangement. (d)-(f): Change in
wave speed with incremental compressive loading — the circles represent the experimentally measured
values, the solid lines represent the lines of best fit, and the broken lines represent 95% prediction

intervals.

The TOECs can be determined from the experimentally measured slopes (Table 7) by

using any three out of four linearised Eqs. (14)-(16), (B1). In accordance with the outcomes of



the validation test, which are summarised in Table 6, Method 4, i.e. the combination of Egs.
(15),(16) and (B1) is not used for the determination of the TOECs. The values of the TOECs
calculated based on the remaining three methods are presented in Table 8. The values
determined using all three methods lie within the broad range of previously published values
for Aluminium alloys, some of which are summarised in Table 1. However, the values of the
TOECs obtained using the three methods are not consistent with one another and the largest

deviation is observed for the constant .

The agreement between TOECs values using the three methods when using experimental
data is not as good when compared against the outcomes of numerical study presented in
Section 3, as well as the outcomes of the validation test of the linearised system of equations
presented in Table 6. The discrepancies are attributed to the anisotropy of the tested specimen,
which was ascertained from the unequal transverse wave speeds v,; and v, in the unloaded
specimen, as well as the unequal Rayleigh wave speed, cg; and cgrg propagating along two
mutually orthogonal directions. The difference in wave speed in the unloaded specimen was
found to be 32 m/s for transverse waves polarised in orthogonal directions and 24 m/s of
Rayleigh waves propagating in orthogonal directions. This initial difference, attributed to
specimen anisotropy is significantly greater than the change in wave speed due to the
acoustoelastic effect, as reported in Fig. 5 and Table 7. Hence, it may be argued that the
erroneous results are due to the substitution of experimental data obtained for an anisotropic
specimen into the equations of acoustoelasticity theory derived for isotropic materials. A better
correspondence between the three methods for the experimental determination of TOECs can

be achieved by taking into account the specimen anisotropy.

It is well known that the values of the TOECs can be affected by the changes in

microstructure and accumulation of plastic deformations, which are expected to be quite



significant near the surface of the test specimen due to the fabrication process. Therefore, the
obtained values can be interpreted as different parameters, which are related to the mechanical

properties of an anisotropic and non-homogeneous material.

Table 8: TOECs determined from experimental measurements of bulk and Rayleigh wave speeds

Mean (GPa)
TOEC
Method 1 Method 2 Method 3
VU225 V21, V23 | V22, V21, Cr | V22, V23, CR
l -193.2 -106.1 -249.5
m -264.9 -222.4 -292.4
n -333.4 -416.4 -3514

6. Conclusion

In this paper, a new method for the evaluation of TOECs is presented. This method utilises
measurements of the change in Rayleigh and bulk wave speeds with an applied stress. This
method is applicable to homogeneous isotropic materials only as the theoretical equations are
based on the same underlying assumptions. It was demonstrated via numerical simulations that
the incorporation of Rayleigh wave speed measurements allows for a significant improvement
in the accuracy of the evaluation of TOECs. While it is also theoretically possible to determine
the TOECs solely from measurements of the Rayleigh wave speed due to the inherent non-
linearity of the characteristic equation, such an evaluation requires highly accurate

measurements as the non-linearity is relatively small.

In practical situations, the near surface material properties of the tested samples or
structures are often different to the bulk. The inhomogeneity, anisotropy, accumulation of
plastic deformation and damage associated with fabrication processes can affect the

measurements of the elastic wave speed. In this case, the evaluation of the TOECs using these



measurements does not seem to be appropriate, as the constants obtained do not represent the
bulk material properties. However, the actual changes in the wave speed can still be utilised
for stress measurement purposes or for the characterisation of near surface mechanical damage.
In addition, the near surface propagation nature of Rayleigh waves can be utilised for
measurements of the change in stress, material properties and damage with depth. However, it

would be very difficult to separate all these effects from one another in practical situations.
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Appendix A: Lamb wave dispersion equations

In this section, the derivation of the dispersion equations governing the acoustoelastic effect
for Lamb waves is briefly recapped. The results presented in this Appendix were obtained
previously in [32,39] and are included here for the sake of completeness. Consider an infinite,
isotropic plate of thickness D, with the reference Cartesian coordinates X; and X5 aligned with
the mid-plane of the plate and the coordinate X, aligned with the outward normal from the mid-
plane. The plate is subjected to a uniaxial stress state, with Cauchy stress g, along the X, axis.

The finite deformation can be expressed as

x; =AX, 1€{1,23}, (A1)



where the principal stretches 4; = 1 + Ej; can be written in terms of the applied stress o, using
Eq. (5). Now, consider the propagation of a small-amplitude plane wave confined to the x; —
X, plane, travelling with phase velocity ¢ in the x; direction. The general solution to the

governing equation for incremental motions, Eq. (1), is of the form:
w; = Ujeb*2eli=—ct) - j =1 2, (A2)

where u; is the particle displacement and Uj is the amplitude along the x; coordinate, ¢ is the
wavenumber along the x; direction, t is time and ¢ is the unknown ratio of the wavenumbers
in the x, and x; directions. The solution must satisfy the incremental traction-free boundary
conditions at the upper and lower surfaces of the plate, i.e. the corresponding incremental

nominal stresses must be zero at the free surfaces:

. ,D
$2=581=0, x;=%x—=+

5 : (A3)

N

After substituting Eq. (A2) into Eq. (1), a system of linear homogeneous equations is obtained.
Following the procedure outlined in Mohabuth et al. [32], the requirement for obtaining a non-

trivial solution to this system of equations can be expressed as:

c"121210‘12222054
+ {pc?(Azi21 + Azz22) — A1111A2222 — A1212A2121
(A4)
+ (Aq122 + Az121)%3a? + p2ct — pc?(Agp1y + Aiz12)

+ A1111A1212 = 0,

The lack of odd powers in the fourth-order Eq. (A4) implies that the four roots for a, denoted
by a,, q € {1,2,3,4} are related according to a, = —a; and a, = —a3. Using this relation

and the identity e” = cosh(z) + sinh(z), the solutions for u; and u, in Eq. (A2) can be



rewritten as a linear combination of the four independent solutions associated with the roots of

Eq. (A4) as follows [39]:

u; = {A; cosh(éa,x,) + A, sinh(éa;x,) + A5 cosh(éasx,)

+ A, sinh(Eazx,)}eGa=ct))

2 2
= {<ﬂ1111 — pc” — Ay11Q1
, =

; [A; cosh(éayx,) + A, sinh(Eaqx,)]
iy (Aq122 + Az121) ) ! fanx; 2 $anxz

(AS)

n <C’41111 - PCZ — Ay

2
3

, [A; cosh(éasxy)
iaz3(Ai122 + Az121) > 3 $a %2

+ A, sinh(€a3x2)]} eld(xi—c),

where the constants A,, q € {1,2, 3, 4} are functions of the displacement amplitudes U; (aq) in

Eq. (A2).

The incremental stress components corresponding to (A5) can be obtained from the
incremental stress-displacement relations given by Eq. (2). Satisfying the boundary conditions
(A3) with the obtained incremental stress components yields a homogenous system of four
equations in four unknowns, A,. Using the method presented in Mohabuth et al. [32], two
characteristic equations which ensure non-trivial solutions to this system of equations are

obtained as:
a;(n — {a) tanh(ya,) — a3(n — {a7) tanh(yas) = 0, (A6)
a;(n — {a3) tanh(yaz) — as(n — {af) tanh(ya,) =0, (A7)

which correspond to the anti-symmetric and symmetric Lamb wave modes, respectively, with

y =é&d/2 = wd/2c. The constants n and { are defined as [39]



n=(Ai111— PCZ)(c/l1212 —Azi21 — PCZ)»

(A8)

A2
¢ = Az (0‘11111 - - PCZ .

The characteristic equation governing the acoustoelastic effect for Rayleigh waves propagating
in an infinite half-space can be obtained by setting y = éd/2 — oo in equation (A6) or (A7)

and recalling that lim tanh(y) = 1, as follows
y—>oo

n + (ala?’ = 0- (A9)

Since Eq. (A4) is quadratic in a2, the product a; @3 can be readily expressed as

1
e = <(0‘11111 —pc?)(Aqp12 — PCZ))Z (A10)
1 Az222A2121

Appendix B: Linearised Rayleigh wave characteristic equation

The characteristic Eq. (12) governing the propagation of Rayleigh waves along the direction of

the applied uniaxial stress can be linearised for g;; — 0 as follows:
Ll + L2L3 + L4(£5 + LG) = 0, (Bl)

where the terms

dcg )
Ly =- <C1111 — 2p¢CRro %) PoCRro
(B2)

dcg 5
+ (61212 — Cy121 — 2poCryp %) (/1 +2u— pOCR,O)'



1
_ (A 21— pocdo) (1 = pocio) \? (B3)
L, = ’

p(d+2p)
dc
Ly = szzz(/‘l +2p — Pocﬁ,o) + <C1111 — 2poCRyo 6_;) A+ 2w, (B4)
Ly=@Q+2w)(A+2u—pycky) — 2%, (B5)
Ly
dc dc B6
B (C1111 = 2poCRro a_g) (/J - pOC}%,O) + (C1212 — 2poCryo a_c?) (A +2u— pOC}%,O) (B6)
2(’1 +2p— Pocﬁ,o)(“ - Pocﬁ,o) ’
L= Cazz2tt + Ca121(A + 21) (B7)
¢ 2u(A+2p) '

In Egs. (B2)-(B6), cg is the Rayleigh wave speed in the unstressed configuration, which can
be determined in terms of the known material constants, A, 4 and p,, by setting JA 111 =
JA 2202 = (A4 2u), JA 1122 = A, and JA 1212 = JA,121 = i in Eq. (12). The dimensionless
constants C;j; are closely related to the stress-dependent elastic moduli A jx;, and are defined

as follows:

1 A+u
Ciat = 5 [zl + A1+ — (4m + 41 + 10#)], (B8)
1 A
C1212 - 3_K [m + En + 4‘2. + 4“U.:I, (B9)
1 21
Ca222 =§[Zl —7(m+/1+2u)], (B10)

1 A
C2121 :3_K|:m+@n+l+2‘u.:|, (Bll)
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