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Abstract

The adoption of renewable energy has long been regarded as an effective
solution to fulfil the growing demand for electricity and reduce greenhouse
gas emissions. Ocean wave energy is a promising and reliable resource in the
renewable energy mix, which exhibits higher power density and continuity
than solar and wind energy. Furthermore, the overall potential of ocean wave
energy is estimated as being much as 3.7 terawatts, which is double the
current global demand for electricity.

Although the first wave energy converter (WEC) design appeared as early
as 1790, the technology of wave energy conversion is still at an early stage
of commercialisation. Compared with solar and wind energy plants, the
existing WEC systems have relatively small power generation capacity and
exhibit greater costs associated with investment, infrastructure and main-
tenance. Consequently, wave energy conversion is currently at an economic
disadvantage in the renewable energy mix.

This thesis studies the efficiency improvement of a single-tether sub-
merged spherical point absorbing wave energy converter by utilising an
asymmetric mass distributed buoy. The spherical point absorber with asym-
metric mass distribution is referred to as SPAMD in the thesis. The main
contribution lies in frequency-domain modal analysis, parametric optimisa-
tion and high-fidelity modelling of the system. This Ph.D. research answers
three questions: (i) What effect does mass distribution have on the dynamics
of a submerged spherical buoy; (ii) how does the mass distribution of the
buoy affect the power output of the SPAMD in irregular waves; and (iii)
do the nonlinear hydrodynamic effects compromise the performance of the
SPAMD?

To understand the working principle and evaluate the efficiency improve-
ment of the SPAMD, a frequency-domain modal analysis is conducted over
typical wave frequencies. The influence of a power take-off device on the
performance of the SPAMD is discussed on the basis of a modal analysis.
The efficiency improvement over a generic point absorber for regular waves
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is assessed over different frequency regimes. Recommendations pertaining
to the application of an asymmetric mass distributed buoy in wave energy
harvesting are provided.

The design considerations of the mass distribution of the buoy are also
investigated under irregular waves characterised by the Pierson-Moskowitz
spectrum. A spectral-domain model, including viscous drag effects, is de-
veloped to evaluate the performance of the SPAMD efficiently. Attention is
given to the power absorption bandwidth, the mean power output and the
dynamic mooring loading caused by the configuration of mass distribution.
Suggestions regarding the configuration of the mass distribution of the buoy
are provided according to the facility cost and the system performance.

The final part of this thesis explores the trajectory and power analysis
of the SPAMD in a high-fidelity simulation. A numerical wave tank has
been developed from the Navier-Stokes equations, to simulate the fluid-
structure interface during the operation of the SPAMD. It was found that the
nonlinear hydrodynamics significantly modify the trajectory of the device as
the wave height grows. The large change in the motion trajectory of the buoy
decreases the efficiency of the converter in terms of wave energy harvesting.
The efficiency improvement of the SPAMD in comparison with the generic
point absorber is demonstrated in the numerical wave tank experiment.
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Glossary of symbols

Symbol SI unit Quantity

α rad/deg Mooring point angle
β rad/deg Tether angle
δ - Phase function indicator
η m Wave elevation
θy rad Pitch displacement of buoy
κ - Air-water interface curvature
λ m Wavelength
µ m2/s Dynamic viscosity
ν m2/s Water kinematic viscosity
φ m2/s Velocity potential
φs m2/s Velocity potential for scattered wave
φ0 m2/s Velocity potential for incident wave
φd m2/s Velocity potential for diffracted wave
φr m2/s Velocity potential for radiated wave
ϕ rad/deg Mass offset angle
ω rad/s Wave frequency
ωx rad/s Natural frequency of buoy’s surge mode
ωz rad/s Natural frequency of buoy’s heave mode
ρ kg/m3 Water density
σ - Coefficient of water surface tension
A kg Hydrodynamic added mass matrix
B kg Hydrodynamic damping matrix
K N/m Stiffness matrix
M kg Mass matrix
Fexe N Wave excitation force
Frad N Wave radiation force
Fbuoy N Net buoyancy force
Fvis N Viscous drag
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Symbol SI unit Quantity

Fpto N PTO force
Fhydro N Total hydrodynamic force
Fre N Hydrodynamic restoring force
Z N·s/m Radiation impedance
x m Displacement vector
v kg Matrix of eigenvectors
Bpto N/m PTO damping coefficient
CD - Viscous drag coefficient
d m Submergence depth
g m/s2 Gravitational acceleration
H m Wave height
h m Water depth
J kW/m Wave energy flux
J−1 - Inverse Jacobian matrix
Kpto N/m PTO stiffness
k m−1 Wavenumber
L m Initial tether length
m kg Mass of buoy
m1 kg Mass of spherical hull
m2 kg Additional offset mass
m/mw - Weight-to-buoyancy ratio
m1/m2 - Weight-to-buoyancy ratio
~n - Surface normal vecotor
P kW Power
p Pa Pressure
q - Efficiency improvement ratio
r m Radius of buoy
rgy m Mass offset radius
S(ω) W/rad Spectral variance density
SB - Moving body surface
T s Wave period
~u m/s Velocity vector of a body surface along its surface normal
V m3 Volume of buoy
Vs m3 Maximum swept volume of buoy
~v m/s Water particle velocity vector
x m Surge displacement of buoy
z m Heave displacement of buoy
(u, v, w) m/s Particle velocity in Cartesian coordinate
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Chapter 1

Introduction

1.1 Background of global energy production

Energy is a fundamental requirement for the operation of contemporary
society. The global primary energy mix (2018) is shown in Figure 1.1.

27%

5%

7%

4%

33%

24%

Coal

Oil

Gas

Nuclear

Renewable (hydropower)

Renewable (other)

Figure 1.1: The division of primary energy, adapted from [4].

• Fossil fuels are the main primary energy source, with a more than 84%
share because it is abundant and reliable. Coal resources are widespread
and found throughout the Asia-Pacific region, North America, Europe
and parts of Eurasia. Oil and natural gas are unevenly distributed
in North and South America, the Middle East and parts of Eurasia.
Among fossil fuels, natural gas has the largest growth rate (1.6%) due
to concerns about air pollution and greenhouse gas emissions brought
on by coal and oil burning.
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• Hydropower is the largest exploited and most economical clean energy
resource. Hydropower originates from the kinematic energy contained
in falling water or steams. Hydropower resources are pre-dominantly
found in Asia, North and South America, and the share of hydropower
has remained steady at around 6% of the global primary energy mix
for many years.

• Nuclear energy is generally used to produce steam for turbines to gen-
erate electricity. Nuclear power can fulfill intensive electricity demands
with low carbon emissions. However, the management of nuclear waste
and the potential for accidents in nuclear plants is a of significant con-
cern to the public. Since Japan’s Fukushima nuclear accident, many
countries have cancelled or suspended the development of nuclear
plants, and consequently the share of nuclear energy has decreased to
5% of the primary energy demand.

• Renewable energy (other) includes solar, wind, marine energy and
biomass etc, accounting for less than 5% of the share in the primary
energy demand. The potential of renewable energy is that it is incredibly
abundant and everlasting. For example, the annual solar energy that
can be easily harvested is estimated to be 5× 104 EJ [16]. The annual
growth rate of renewable energy is around 7.5%, which is the fastest in
the primary energy mix [4].

The current energy mix is faced with a crucial challenge. On the one
hand, due to continuous prosperity in fast-growing economies (e.g. China
and India), the global primary energy demand is increasing at about 7%
annually, and there will be a significantly large demand gap by 2040 [4].
On the other hand, the global warming caused by widespread use of fossil
fuels has become an increasing threat to the sustainability of society, which
means that carbon reduction is an essential task. According to the Paris
Agreement in 2015 [27], 175 countries should make efforts to constrain the
global temperature to 2°C above the pre-industrial period and realise zero net
carbon emission in the latter half of this century. Therefore, renewable energy
has been regarded as a solution to mitigate global warming and decouple
economic growth from fossil fuels. Among the renewable energy mix, ocean
wave energy is relatively continuous and predictable, and consequently it has
received increasing attention from the scientific and industrial communities.
The potential of global ocean wave energy is estimated to be 32,000 (TW·h)
annually, which is the same order of magnitude as for electricity demand
[20]. Considering the efficiency of exploitability is around 10% - 25% [1], the
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amount of ocean wave energy which might be converted into electricity can
potentially fulfill a significant amount of our future energy needs.

1.2 Ocean wave energy

Ocean wave energy originates from solar energy. As solar radiation is un-
evenly delivered over the surface of the earth, the resulting atmospheric
pressure difference creates winds that blow over an area of the surface of
ocean and thus ocean surface waves are formed [22]. Although the rate of
solar energy input to waves is less than 1 W/m2, the wave energy flux can
continuously accumulate to 100 kW/m as the waves travel over oceanic
distances. It should be noted that there are few energy losses after wind-
generated waves travel thousands of kilometres in deep water.

As oceanic waves are generated by local and distant winds, the ocean
wave energy resource is mainly distributed between 40° to 60° of the northern
and southern hemispheres, belonging to the mid to high-latitude temperate
storm belt. Figure 1.2 shows the global annual mean wave power estimates.
It can be seen that high wave power regions include the west coast of the
British Isles, the western Pacific coast of the US and Canada, the coast of
Southern Chile and Southern Africa, and the south coasts of Australia and
New Zealand. It should also be noted that the wave energy resources of the
Atlantic and the Pacific ocean have remarkable seasonal variability in the
northern hemisphere [32].

Figure 1.2: The global annual average wave energy flux, adapted from [2].

Australia has a world-class wave energy resource off its coast, where the
average instantaneous wave power is approximately 3.47 PW [14]. Figure 1.3
illustrates the time-averaged wave power across the Australian shelf waters.
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The largest annual mean wave power is 48 kW/m [19], appearing off the
coast of Western Australia. This is mainly because Western Australia has a
steep continental shelf and therefore merely 3.4% of wave power loss occurs
when the wave power propagates from deep water to the coastline. The entire
southern Australian margin is a potential area for the wave energy industry
(35-65 kW/m annual average wave power) because the southern Australian
margin is dominated by temperate storms from west to east [12]. The eastern
Australian margin has a moderate wave power level of 26.7 kW/m annual
mean wave power, which is regarded as another suitable area for wave energy
harvesting [28]. Hughes and Heap [14] suggested that northern Australia is
not suitable for current wave energy technology because of the low wave
power density (< 10 kW/m annual average wave power) and the significant
seasonal variability.

Figure 1.3: Mean wave energy flux off the Australian coast over the period
from 1979 to 2010, adapted from [13].
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1.3 Primary considerations for wave energy
technology

Since the Oil Crisis in the 1970s, more than 1,000 conceptual wave energy
converters (WECs) have been proposed by the scientific and industrial com-
munities. Despite several decades of development, the current wave energy
technology is still in the early stage of commercialisation. This is partially
because the development of wave energy technology is an interdisciplin-
ary problem, involving consideration of economic viability, survivability in
extreme wave conditions and environmental impact.

• Economics of wave energy technology is the main consideration for
potential investors to support this industry. The profitability and com-
petitiveness of wave energy projects are generally quantified by the
levelized cost, which is defined as the ratio of the cost to income over
the lifespan of project [24]. The cost of deploying wave energy techno-
logy mainly consists of pre-operating expenses, construction expenses,
operational expenditure and decommissioning costs [1]. Specifically,
the operational expenditure can be considerably reduced by employing
techno-economic development strategies in the design of wave energy
converters [22]. The main income of a wave farm comes from the sale
of electricity. The estimated electrical power of a wave farm is equal
to the sum of the power output of each single wave device with the
absence of hydrodynamic interaction among the units. However, there
is no prior experience of running a large-scale wave farm, which means
the published economic analyses might be inaccurate [3, 10, 11].

• Survivability is closely associated with the commercial viability of
wave energy technology. The WECs are expected to operate efficiently in
small to intermediate wave conditions and to avoid damage in extreme
wave conditions. Although it is difficult to estimate real-time wave
loading in energetic sea states precisely, the knowledge and approaches
of maritime engineering can be migrated to the wave energy industry
[8, 21, 29]. Furthermore, submergence and self-protecting controls are
also important approaches to ensure the safety of the devices [9, 23, 25,
33].

• Environmental impacts of deploying wave energy technology in mar-
ine environments are still unknown to regulators. Although a few
small arrays have already been tested in real marine environments (e.g.
Pelamis Wave Energy Converter [31] and CETO 5 [17]), the impact of

5



Chapter 1 Introduction

deploying WECs in large wave arrays remains unknown. The potential
environmental impact includes biotic habitat loss due to installation
[15], electromagnetic effects from electric cables [30], underwater noise
and vibration during operation [5, 18, 26], toxic material leakage [7]
and the negative visual impact of floating or fixed WECs, etc. It should
be noted that the low-frequency noise and vibration generated by the
operation of WECs, have been proven to be a significant disturbance
for marine mammal communication [5].

1.4 Thesis

1.4.1 Thesis aims and scope

A point absorbing wave energy converter, or point absorber for short, is
defined as a wave device that is much smaller in size than an incident
wavelength. Point absorbers are able to extract incident wave energy in the
vicinity of devices and have the capacity to generate in the order of MW [6].
The Cylindrical Energy Transfer Oscillator (Carnegie owned CETO) is an
example of a single-tether point absorber, which is one of the wave energy
technologies approaching commercialisation [22]. However, as a heaving
point absorber, the CETO system is significantly less efficient than multi-
mode ones (see Chapter 2), which weakens the applicability and economics
of the CETO device.

This thesis is dedicated to improving the efficiency of submerged single-
tether spherical point absorbers for small wave amplitudes by employing a
buoy with asymmetric mass distribution. The main objectives of this study
include:

(i) to investigate the dynamics and working principle of a submerged
single-tether spherical point absorber with asymmetric mass distribu-
tion (SPAMD), and to compare the power output of the SPAMD with
generic single-tether point absorbers.

(ii) to investigate the impact of mass distribution of the spherical buoy on
the performance of the SPAMD;

(iii) to assess the mean annual power output of the SPAMD in real sea
states;

(iv) to investigate the trajectory and power variability of the SPAMD due to
hydrodynamic nonlinearities caused by large motion of the SPAMD.
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1.4.2 Thesis outline

With the exception of Chapters 2, 3 and 7, this thesis is organised as a
collection of papers that have been published for peer-review in high-ranked
journals and conference proceedings. Note that the papers presented in this
thesis have been reproduced as published, with the exception of format,
page and section numbering, trivial grammatical corrections, typographical
corrections, along with minor changes to a number of symbols/parameters
to ensure consistency throughout the thesis.

Chapter 2 provides a broad literature review survey of existing wave
energy conversion technologies, especially for wave activated bodies. The
theory of wave power absorption and the design factors that have impact on
the performance of the converters are also presented. The scientific research
contributions are specified through this critical literature review and detailed
in the following Chapters 4-6.

Chapter 3 summarises the fundamental knowledge of linear wave theory
and relevant governing equations for wave-structure interaction. Based on
linear wave theory, the modelling approaches for wave-structure interaction
in frequency-domain and spectral-domain modelling are presented. Further-
more, the numerical modelling method based on the Navier-Stokes equations
is also presented and employed for nonlinear hydrodynamic analysis of the
wave energy converters.

A novel coupled resonant multi-mode point absorber prototype (i.e.
SPAMD) is proposed in Chapter 4. The dynamic governing equations, work-
ing principle and power assessment are investigated in the frequency-domain.

Asymmetric mass-distribution optimisation of the proposed coupled
resonant prototype is conducted for maximising the power output in real sea
states. In Chapter 5, the impact of mass-distribution on the kinematic and
power absorption bandwidth of the system are also investigated to provide a
guideline for the wave energy industry when designing such devices.

A nonlinear hydrodynamic analysis of the proposed coupled resonant
prototype is presented in Chapter 6. The hydrodynamics of the coupled
resonant prototype is modelled numerically, based on the Navier-Stokes
equations, to investigate the performance of the system due to nonlinear
hydrodynamics.

Finally, the contributions to the research field are concluded in Chapter 7,
along with the recommendations for future work.
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1.4.3 List of publications included as part of the thesis

1. Meng, F., Ding, B., Cazzolato, B. S. and Arjomandi, M. (2019). “Modal
analysis of a submerged spherical point absorber with asymmetric mass
distribution”. Renewable Energy 93, pp. 223 - 237.

2. Meng, F., Cazzolato, B. S., Li, Y., Ding, B. and Arjomandi, M. (2019).
“A sensitivity study on the effect of mass distribution of a single-tether
spherical point absorber”. Renewable Energy 141, pp. 583 - 595.

3. Meng, F., Rafiee, A., Cazzolato, B. S., Ding, B.,and Arjomandi, M. (2019).
“Nonlinear hydrodynamics analysis of a submerged spherical point
absorber with asymmetric mass distribution”. Accepted by Renewable
Energy.

1.4.4 Additional publications relevant to the thesis but not
forming part of it

1. Meng, F., Rafiee, A., Cazzolato, B. S., Ding, B., Arjomandi, M., Piper,
J., Sergiienko, N., and Hu, Q. (2017). “Numerical simulation of a sub-
merged spherical point absorber with asymmetric mass distribution”.
In: Proceedings of the 12th European Wave and Tidal Energy Conference. Ed.
by A. Lewis. Cork, Ireland, pp. 1128-1–1128-8.

2. Ding, B., da Silva, L. S. P., Sergiienko, N., Meng, F., Piper, J. D., Bennetts,
L., Wagner, M., Cazzolato, B. and Arjomandi, M. (2017). “Study of fully
submerged point absorber wave energy converter-modelling, simulation
and scaled experiment”. In: The 32nd International Workshop on Water
Waves and Floating Bodies (IWWWFB). Dalian, China. pp. 1 - 4.

3. Schubert, B., Meng, F., Sergiienko, N., Robertson, W., Cazzolato, B. S.,
Ghayesh, M., Rafiee, A., Ding, B., and Arjomandi, M. (2018). “Pseudo-
nonlinear hydrodynamic coefficients for modelling point absorber wave
energy converters”. In: Proceedings of the 4th Asian Wave and Tidal Energy
Conference. Ed. by J. Chen. Taipei, Taiwan, China. pp. 1 - 10.

4. Ding, B., Sergiienko, N., Meng, F., Cazzolato, B. S., Hardy, P. and Ar-
jomandi, M. (2018). “Enhancing the relative capture width of submerged
point absorbing wave energy converters”. In: Proceedings of the 4th Asian
Wave and Tidal Energy Conference. Ed. by J. Chen. Taipei, Taiwan, China.
pp. 1 - 10.
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Chapter 2

Wave energy conversion:
A literature review

This thesis is focused on improving the efficiency of single-tether spherical
point absorbers by using a submerged buoy with asymmetric mass distri-
bution (referred to as SPAMD). The aims of this chapter are to review the
efficiency of existing wave energy prototypes, identify the considerations in
WEC design optimisation, introduce the nonlinear hydrodynamics acting on
WECs and clarify the research motivation of this thesis.

2.1 Categories of wave energy converters

Wave energy has the potential to be a high-quality renewable energy resource
for electricity generation because of the outstanding energy density in ocean
waves. However, the reciprocating nature of the water flows poses a challenge
for conventional mechanical energy converters like stream turbines, which
can only operate efficiently under constant uni-directional flows. This is one
of the main reasons why wave energy technology is still at the initial stage
of commercialisation. Since the Oil Crisis in the 1970s, more than 1000 wave
energy converter patents have been proposed to address the difficulty of
wave energy absorption, pioneered by the likes of the Cockerell raft [15], the
Salter duck [50], the Bristol cylinder [17] and NEL oscillating water column
(OWC) [33].

According to the operating principles summarised by IEA–Ocean Energy
Systems [40], existing WECs can be classified into oscillating water columns,
wave activated bodies, overtopping and submerged pressure differential
devices. Each of the categories includes fixed and floating types.

Oscillating water column devices (OWCs) utilise an air column that is
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Turbine

Chamber

(a) Oscillating water column. (b) Oscillating body.

Turbine

(c) Overtopping device.

Chamber Turbine

(d) Submerged pressure differential.

Figure 2.1: The operating principle of existing WECs, adapted from [40].

periodically compressed and decompressed by incident waves, to drive an
air turbine through ducts to generate electricity. The air column is usually
sealed in one or more partly submerged oscillating chambers, as shown
in Figure 2.1a. The design of the chamber plays an important role in the
performance of the OWC device because the energy conversion from the
slow oscillating internal water column to high-speed airflow happens in the
chamber. The early chamber designs were vertical columns with a constant
cross section, which cannot effectively compress the airflow to drive the tur-
bine of OWC [41]. Therefore, the inclined oscillating chamber with shrinking
cross-section area is now widely applied to improve the efficiency of the
OWC [8].

As the high-speed air flow in the enclosed chamber of OWCs is bidirec-
tional, the turbines are required to self-rectify the changing flow to keep a
certain rotational direction. For example, Wells type turbines use symmetrical
aerofoils that are insensitive to the air flow direction to address this challenge.
This technology has been tested in the Azores Pico Plant [23] and LIMPET
[1].

Wave activated bodies utilise one or more oscillating bodies induced by
wave loads to deliver the mechanical power to a power take-off device, as
shown in Figure 2.1b. An efficient wave activated body must be a good wave
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generator, which interacts destructively with the incident waves [11, 12, 21].
In general, fully submerged devices have poorer wave generation capability
as compared to their surface-piercing counterparts as the wave power decays
exponentially with submergence depth. However, the submerged bodies can
be good candidates for wave power applications if they operate in close
proximity to the water surface and take advantage of multiple motion modes
[12, 54]. More details on the efficiency of this WEC type are presented in
Section 2.2.

Hydraulic and direct-drive PTOs are the most commonly used PTO types
for wave activated bodies. A hydraulic PTO is suitable for large wave ac-
tivated bodies because this system can handle heavy wave loads at most
wave frequencies [26]. However, the containment of hydraulic fluid might
be a threat to the marine environment, which might restrict the application
of hydraulic PTOs. Conversely, a direct-drive PTO system is generally ap-
plied to small to medium-sized wave activated bodies (e.g. the single-tether
floating point absorber by Uppsala University [19]), because it simplifies
the transformation from the oscillation of a body into the movement of an
electrical generator, and tends to be more efficient, responsive and compact.

Overtopping devices collect the water of incident waves by using a
reservoir above the water surface, to drive low head turbines which generate
electricity (see Figure 2.1c). The advantage of the overtopping device is that
the efficiency of the system is almost independent of incident wave periods.
To achieve a certain level of power capacity, the size of the overtopping
device is usually as large as the wavelength, which results in the challenge of
controlling and stabilising the structure. Furthermore, exceeding overtopping
rate can degrade the performance of the system, which is another engineering
challenge in this field [27, 34]. Hydro turbines are generally employed as
low-head turbines in overtopping devices, converting the potential energy
of the collected seawater in the reservoir into usable electricity. A hydro
turbine has the benefit of more than 90% energy conversion efficiency and
low maintenance requirements [57]. Therefore it has been widely applied
in many overtopping devices such as Wave Dragon [35], Tapchan [38] and
Floating Wave Power Vessel [3].

Submerged pressure differential devices utilise the pressure difference
between the environment and system internals to develop the relative motion
of PTO units or drive air turbines. It mainly consists of a base (seabed-situated
or bottom-referenced) and a flexible structure. The structure can be designed
as one or multiple deformable air chambers, which are expended to the
environment and squeezed under the varying hydrodynamic pressure from
wave crest to trough such as Bombora [2] and M3 wave (see Figure 2.1d)
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[6]. Another design of a flexible structure is a movable rigid cylinder, which
allows the enclosed air chamber to be compressed and released for electricity
generation, such as Archimedes Wave Swing [59].

Most of the first and second generation of WEC systems (e.g. Salter duck)
were designed for onshore or nearshore, with consideration for low capital
cost and accessibility for maintenance [45]. However, there is considerable
wave energy loss when incident waves travel from deep water to shallow
water, resulting in a reduction in the harvesting potential. Therefore, most of
the third generation of WEC systems (e.g. CETO 5) are sited in intermediate
or deep water, even though the systems are subjected to greater wave loads
in extreme sea states.

2.2 Oscillating bodies

2.2.1 Wave energy absorption principles

Wave activated bodies are designed to extract the incident wave energy
through wave-structure interaction. The wave-structure interaction results in
the diffraction and radiation of water waves. The capability of radiating waves
determines the efficiency of wave activated bodies. From the perspective of
wave interaction, the incident wave energy is completely extracted only if the
reflected waves (for short waves) or transmitted waves (for long waves) are
diminished. In other words, the body should radiate waves with optimum
amplitudes and phases that can cancel the upstream reflected waves or
downstream transmitted waves [24]. It should be noted that the pattern
of radiated wave is determined by the motion modes of the oscillating
body: heave motion generates monopole-type radiated waves which are
symmetrically circular; while the surge or pitch motion leads to dipole-type
radiated waves which are asymmetric [16].

The terminator has the largest theoretical capture width, which is defined
as the ratio of the mean absorbed wave power to incident wave power
resource [24]. Figure 2.2 illustrates perfect incident wave destruction by using
an infinite long terminator oscillating vertically and horizontally. Conversely
a single-mode terminator with a symmetrical cross-section can only achieve
up to 50% wave energy absorption through one motion mode (i.e. heave,
surge and pitch), because it only cancels 50% of the upstream wave elevation
[24]. It is interesting to note that there is no additional benefit for oscillating
bodies to use three modes (i.e. heave, surge and pitch) to extract wave energy
because both surge and pitch can generate dipole radiated waves. It should be
noted that a body with asymmetric cross-section might have the potential to
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generate radiated waves that perfectly destroy the incident waves. Therefore,
it is possible to extract the majority of incident wave energy by only using
one motion mode, e.g. Salter duck [20].

Incident wave

Monopole-type radiated wave (heave mode)

Dipole-type radiated wave (surge/pitch mode)

Incident + radiated waves

Figure 2.2: Incident wave cancellation by a 2D-body, adapted from [24].

For axisymmetric point absorbers, the theoretical maximum power extrac-
ted from sinusoidal waves from each mode, PA, is defined by the radiation
property of the body, given by [21]:

PA =

{
λ

2π J heave mode
λ
π J surge\pitch mode

(2.1)

where J is the wave energy flux, λ is the wavelength.
However, the capacity factor poses another power limit for the oscillating

body. For submerged wave energy converters oscillating in deep water, the
power limit due to the PTO constraint, PB, is given by [10, 25, 58]:

PB =
8π3

3T3 e−2krρVsHr, surge\heave mode (2.2)

where T is the wave period, k is wavenumber, r is the radius of body, ρ

is the water density, Vs is the maximum swept volume of the buoy, which
is the function of oscillation amplitude and the cross-section area of the
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buoy, H is the wave height. It can be seen that the power limit presented in
Equation (2.1) is independent of the shape of the body. In contrast, PB is a
function of the geometry of the oscillating body [54].

Equation (2.1) and Equation (2.2) define the upper bounds on the max-
imum wave energy absorption of the oscillating body with finite dimension
for low and high wave frequencies. The graph of these two upper power
bounds is known as Budal’s diagram (see Figure 2.3) [11], which is frequently
used to evaluate the design of prototypes and the performance of control al-
gorithm. Figure 2.3 shows the upper power absorption limits of a submerged
spherical point absorber oscillating in surge and heave. It can be seen that
the heave and surge modes have distinct power absorption limits over the
wave periods of interest. For short waves, the dipole radiation pattern caused
by the surge motion results in a higher power limit PA; while for long waves,
the heave motion of the oscillating body is not likely to be saturated by the
PTO constraint and therefore the heave mode has a higher power limit PB.

Po
w

er

Wave period

Volume stroke limit

R
ad
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tio

n
lim

it

Heave
Surge

Figure 2.3: An example of the upper power absorption limits of a submerged
spherical point absorber oscillating in surge and heave, adapted from [54].
The solid lines represent the absorbed power by the WEC under optimal
control, which are limited by the radiation property of the system at low
wave periods and the volume stroke of the PTO at high wave periods

.

It can be concluded that oscillating WECs can increase wave power
absorption from multiple oscillation modes compared with a single mode.
However, multi-mode WECs require multiple PTO units to couple and control
the motion of the buoy, which complicates the system and reduces the overall
reliability. Therefore, there are still a considerable number of oscillating WEC
designs predominantly utilising a single mode to extract wave energy. In
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Chapter 4, a new coupled resonant concept is proposed, where only one
external PTO unit is employed to extract 100% of the wave power for a
selected frequency range.

2.2.2 Design optimisation

Although wave activated bodies have the potential to absorb 100% of the
incident wave power for certain wave frequencies, the efficiency of the system
is still unsatisfactory in realistic sea states (irregular waves) because the wave
activated body usually has a narrow bandwidth in comparison with the wave
spectrum [25]. Therefore, it is necessary to optimise the design of the WECs
to improve their performance for the candidate deployment sites.

Prior to design optimisation, the wave climate of candidate deployment
sites should be surveyed in terms of the annual statistics of the wavelength,
wave height, wave periods and wave direction distribution. The information
about the wave climate is usually integrated in a scatter diagram, together
with the corresponding probability of occurrence. The scatter diagram is used
to determine the operational sea states for design optimisation according
to the corresponding wave energy contribution. It is recommended that
the amount of selected operational sea states should be fewer than 10 and
each contributes 5-25% wave energy of the total. Furthermore, each of the
operational sea states should have a probability of occurrence of more than
0.5% [41].

The geometrical shape is an important aspect for an optimisation study,
because it determines the hydrodynamic efficiency and absorption band-
width of wave activated bodies, especially for heaving devices. One objective
of geometrical optimisation is to select optimal shapes, mainly among axisym-
metric geometries. This is because the performance of axisymmetric buoys
are insensitive to the wave direction. For example, Goggins and Finnegan
[29] benchmarked 12 candidate cylindrical buoys with different bottoms to
maximise the efficiency of a floating point absorber for the Atlantic marine
energy test site. Backer [18] compared hydrodynamic efficiency between a
cylinder with a conical bottom and a cylinder with a hemispherical bottom.
Another objective of geometrical optimisation is to determine the optimum
dimension for a given geometry. For example, Soulard et al. [56] determined
the optimum radii of a two-body spherical heaving point absorber through a
statistical analysis. Barbarit and Clement [5] and McCabe [36] employed ge-
netic algorithm to determine the optimal diameter and drafts of the SEAREV
device, to achieve an increase in power and a decrease in structural cost. It
should be noted that the absorbed power is calculated from the response

19



Chapter 2 Wave energy conversion: A literature review

amplitude operator (RAO), which might be overestimated due to the tether
slack caused by the large motion of the buoy. Therefore, it is suggested
the geometrical shape should be optimised with consideration of motion
constraint to avoid exaggerating the result [22, 29, 36, 55].

PTO configuration is an essential part of the design optimisation because
it can improve the power extraction efficiency of wave activated bodies. One
objective of PTO optimisation is to improve the coupling between PTO units
and the oscillating body. For example, Sergiienko et al. [53] presented an
optimisation on the inclination angle of the mooring system, to improve
power output and controllability of a three-tether point absorber. Moretti
et al. [39] employed dual parallelogram-shaped soft dielectric elastomers
to obtain more controllability of a sea-bottom referenced surging converter.
Furthermore, the power absorption bandwidth can be broadened via PTO
optimisation. For conventional hydraulic PTO systems, Schlemmer et al. [51]
proposed a hydraulic transformer circuit to enlarge the power capacity of
the Wavebob point absorber, where dual hydraulic motors were employed
to provide two operational modes for high and low sea states. Studies with
similar outcomes were also reported by Henderson [31], Falcão [4] and Ricci
et al. [47], etc. For direct drive generators, Zhang et al. [68] and Xiao et al.
[65] installed mechanical springs or magnets to the ends of a generator, to
create a bistable condition that allows the PTO system to achieve a wider
absorption bandwidth.

The mass-related parameters are the dominant optimisation mechanisms
for coupled resonant converters because they determine the natural frequency
and motion of the coupled system. For a coupled resonant system with an
internal pendulum-type PTO, the efficiency of the converter is mainly affected
by the natural frequency of the pendulum. Therefore, the tuning parameter
is the distance from the mass to the centre of gyration [9, 14, 48]. In contrast,
for a coupled resonant system with external PTOs, the tuning parameter is
the mass distribution of the whole oscillating body. In Chapter 5, a sensitivity
study is presented to investigate the impact of mass distribution on the
performance of a coupled resonant system with an external PTO.

Increasing attention is paid to multi-objective design optimisation because
the hydrodynamic efficiency cannot demonstrate the commercial viability
of the prototype, e.g. Salter’s duck and the Bristol cylinder. The additional
objectives of optimisation include the cost of system design, construction,
transportation, installation, maintenance, and decommissioning, etc. For
example, Cordonnier et al. [14] developed an economic model considering en-
ergy production, capital expenditures, operational expenditures and lifetime,
to guide the design optimisation of the coupled resonant device SEAREV.
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It was found that the latest generation shows significant improvement in
commercial viability with respect to the former ones. Another example is
the optimisation study presented by Piscopo et al. [44], where the radii of
a two-body spherical point absorber was optimised with consideration of
the annualised energy production per unit area of the buoy’s surface and
the Levelised Cost of Energy (LCoE). However, multi-objective optimisation
is usually time-consuming for personal computers due to the considerable
computational loads. Therefore, various evolutionary algorithms have been
employed to accelerate the optimisation procedure, e.g. the genetic algorithm
[36] and the random hill-climbing algorithm (1+1)-EA [64].

2.3 Nonlinear hydrodynamics for WECs

The mathematical dynamic models widely used in power production assess-
ment and design optimisation are usually developed from linear potential
theory which assumes the motion of structure is small relative to the wave
height in order to linearise the boundary conditions. This is because the
computational load is heavy due to the considerable number of study cases,
whilst the accuracy is not paramount. As is the case with real-time model-
based control, the linear potential model is also the first option for initial
modelling of controller performance. However, the assumptions of linear po-
tential theory are only valid for traditional offshore engineering applications
rather than WECs, due to the fact that the wave activated body is designed to
have large motion amplitudes for maximising power absorption. It has been
demonstrated that the linear models overestimate the response of heaving
and surging converters [7, 42, 67].

Some efforts have been made to improve the accuracy of the linear models
within the framework of potential theory. McCabe et al. [37] developed a
time-varying parameter model for a pitching point absorber at resonance, in
which the hydrodynamic coefficients were linearly interpolated according to
the immersed surface of the oscillating body. It was found that response of
the time-varying parameter model is more accurate than the conventional
time-invariant models with respect to experiment data. Penalba et al. sug-
gested the modelling approaches can be determined through the perspective
of operation conditions, as shown in Figure 2.4 [43, 49]. Since the power
production mode of the wave energy converter might be characterised by an
intermediate system response and wave loadings, a weakly nonlinear model
should be employed for an accurate response of the system. For example,
Retes et al. [42] implemented nonlinear Froude-Krylov forces and restoring
forces derived from an instantaneous wetted surface to model a resonant
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submerged heaving point absorber, resulting in good agreement with the
experimental results. Gilloteaux et al. [28] modelled the high-order diffraction
and radiation to obtain a reasonable response of the prototype SEAREV at
resonance. However, although the partly or fully nonlinear potential theory
can address the problem of response overestimate in certain cases, some
nonlinear hydrodynamics can not be modelled using potential theory due to
its inherent assumptions (see Chapter 3).

Linear region

Nonlinear region

Highly nonlinear region
Increasing
velocities,

amplitudes,
forces

Survival
mode

Power
production

mode

Figure 2.4: Operating modes of a wave energy converter and corresponding
hydrodynamic nonlinearity extent, adapted from [49].

The numerical wave tank (NWT) implemented by solving Navier-Stokes
equations provides a relatively low-cost option for simulating and visualising
a nonlinear wave-structure interaction in a full scale prototype. Therefore, the
NWT experiment is widely used to identify and understand the dominant
nonlinear hydrodynamics acting on the WEC prototypes, such as slamming,
vortex shedding and extreme wave loads.

Slamming is generally observed from near shore OWSCs when re-entering
the water. Henry et al. [32] identified that wave slamming is likely to happen
to the OWSC when the trough of incident waves leads to a drying-out side of
the flap. The resulting impulsive pressure imbalance then accelerates the flap
to slam into the water. Wei et al. [61] investigated the pressure distribution on
the flap by using a 2D NWT experiment. It was found that the peak pressure
appears at the centre of the flap when the flap surface moves up to the water
surface.

Vortex shedding is a periodic oscillating flow which is induced when
water flow travels through a blunt body at a particular velocity range. Wei
et al. [60] demonstrated that the vortex shedding at the edge of the OWSCs
only exists in half of the wave period. It appears when the flap and incident
waves are proceeding in the same direction and disappears once the wave
flow reverses. The resulting viscous drag force is usually approximated by
the Morison equation where the viscous coefficients can be determined by
using a free oscillation in a NWT experiment [46]. Since vortex shedding
has a greater negative impact on the performance of OWSCs than heaving
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converters, the viscous force should be modelled in the dynamic equation of
OWSCs [43].

Extreme wave loads are key design concerns that are necessarily ex-
amined in the development of WECs. Yu et al. [66] found that the extreme
wave loads do not always result from the largest waves. Instead, extreme
loads are randomly triggered by specific wavetrains, together with instantan-
eous WEC positions. In order to create such short lived extreme scenarios,
WECs are generally tested in various extreme sea states, such as large mono-
chromatic waves [52, 63, 67], energetic stochastic waves [13, 30] and focused
waves [62].

Surface piercing is another significant nonlinear hydrodynamic process
that restricts the motion of WECs. The effect of surface piercing is represented
simply by the position-dependent Froude-Krylov force and restoring force in
the dynamic equation of point absorbers [43]. However, in Chapter 6, it is
demonstrated that surface piercing is a complicated process, where a high-
pressure area on the top of the buoy stops the device breaching the water
surface. The impact of surface piercing on the performance of multi-DOF
point absorbers is investigated via a NWT experiment.

2.4 Concluding remarks and perspectives

The literature related to this thesis is broadly reviewed in this chapter, includ-
ing an overview of the existing wave energy technology focusing on wave
activated bodies, considerations of design optimisation that influence the
performance of wave energy converters, and nonlinear hydrodynamics acting
on wave energy converters.

The majority of wave activated bodies are designed as single-mode
devices that operate in either heave mode or surge/pitch mode around
the water free surface. This is because multi-mode WECs (e.g. Bristol cylinder
and WaveSub) require multiple PTO units to couple and control the dynamics
of the buoy, which increases the system complexity and capital cost. However,
as discussed in Section 2.2.1, the multi-mode WECs have been shown to be
more hydrodynamically efficient than the uni-mode ones. The concept of
a coupled resonant device is proposed to provide an alternative low-cost
way for multi-mode WECs to extract wave power using a single PTO unit.
Additionally, most coupled resonant devices tend to relocate the PTO unit
inside the WEC to enhance the survivability of the whole system. The internal
PTO arrangement significantly constrains the wave cancellation ability of
the coupled resonant devices and consequently the maximum theoretical
efficiency reduces significantly. A novel coupled resonant device that achieves
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100% power absorption for some wave frequencies is proposed in Chapter 4,
using a spherical buoy with asymmetric mass distribution which is connected
to an external PTO unit.

For coupled resonant devices, the mass-related parameters are the primary
factors affecting the design optimisation. This is because the mass-related
parameters determine the absorption bandwidth of the system. As reviewed
in Section 2.2.2, most proposed coupled resonant devices utilise an internal
pendulum-type PTO to extract wave power, consequently the tuning para-
meters are the weight and the distance from the bob to the centre of gyration,
instead of the mass-distribution of the whole buoy. In Chapter 5, the impact
of the mass distribution of a system with an external PTO unit is investigated
in terms of the response of system and the power absorption bandwidth.
Furthermore, the performance of the proposed coupled resonant device is
assessed in real sea states.

As discussed in Section 2.2.2, by using linear wave theory and the prin-
ciple of superposition, the annual power calculated for design optimisation
can be quickly solved for given sea states. However, linear wave theory
neglects the nonlinear hydrodynamic effects and therefore tends to overes-
timate the response of the system. The numerical modelling methods based
on Navier-Stokes equations are widely used for optimal design validation
in terms of survivability, mooring system test and power output. For sub-
merged multi-mode WECs, the nonlinear hydrodynamic effects might be
more significant than for floating ones because of the larger wetted surface.
In Chapter 6, the nonlinear hydrodynamics induced by large motions of the
buoy, especially when the buoy breaches the water surface, are investigated.
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Chapter 3

Background theory

This chapter aims to introduce the modelling methods for the wave-structure
interaction that are used throughout the thesis. Computational demands
and model accuracy are the two main considerations for the wave-structure
modelling task. In this thesis, linear potential theory has been employed
for the WEC conceptual development (Chapter 4) and parametric optim-
isation (Chapter 5) because it can provide qualified model accuracy with
a low computational load for these purposes. In contrast, a computational
fluid dynamics (CFD) model based on the Navier-Stokes equations, which
requires massive computational resources for high accuracy results, has been
used to validate the performance of the proposed WEC in fully nonlinear
hydrodynamics (Chapter 6).

3.1 Description of ocean waves

Regular waves

The profile of a regular wave is determined by the wave period (T), wavelength
(λ), wave height (H) and water depth (h). The nonlinearity of the profile
is generally determined by wave steepness (s = H/λ), and is affected by
the seabed effect amongst other factors. Le Méhauté [10] summarised the
suitability of wave profile model for deep, intermediate and shallow water
scenarios, as shown in Figure 3.1. For deep water (h > λ

2 ), the seabed effect
on surface elevation can be neglected and therefore the profile of a regular
wave with a wave steepness of less than 0.01 can be approximated as a
sinusoidal function. When the incident wave travels to intermediate water,
the wave profile tends to be increasingly nonlinear due to the effect of the
seabed. Therefore, higher-order wave theories, such as Stokes’ wave theory,
are essential to describe the nonlinearity of the wave profile. In Chapter 6, an

31



Chapter 3 Background theory

incident wavetrain with a 5th-order Stokes’ wave profile is produced in the
NWT experiment, to check the mesh convergence near the water surface.
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Figure 3.1: Wave model suitability, adapted from [10].

Irregular waves

The irregular waves (real sea states) develop from small ripples which are
induced by local winds. With sustained wind energy input, the small ripples
grow to be fully developed waves when the wind energy input is balanced out
by the energy loss due to white-capping and wave breaking. The development
of the sea state is mainly affected by the local wind speed and wind blowing
distance (fetch). When the fully developed waves travel beyond the range of
the wind, they becomes swell waves which can travel thousands of kilometres
with little energy loss in deep water.

The short-term sea state is usually characterised by a spectrum, where it
is assumed that the wave surface elevation can be represented as the linear
superposition of sinusoidal waves over various wave frequencies, amplitudes,
phases and distributions. It should be noted that this assumption is invalid for
steep waves, breaking waves and shallow water waves [15]. A wave spectrum
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is mainly defined by two parameters, namely the significant wave height Hs

(the average of the third largest wave height) and the peak wave frequency
of the spectrum ωp.

The commonly used wave spectrum for testing wave energy converters
includes [21]:

JONSWAP spectrum (the Joint North Sea Wave Observation Project) is the
representative of developing sea states, where the fetch length is finite
[8]. The spectral shape of JONSWAP (see Figure 3.2a) is relatively nar-
row in comparison with the fully developed sea states, which indicates
the wave energy is concentrated over a small frequency range. The
bandwidth of the spectrum is determined by the peak enhancement
factor γ (1 < γ < 7). The spectral variance density is given by [8]

S(ω) =
αg2

ω5 exp
[
−5

4

(ωp

ω

)4
]

γ
exp[− (ω−ωp)2

2σ2ω2
p

]
, (3.1)

with the three parameters α, ωp and σ given by

α = 0.076
(

U2
10

Fg

)0.22

,

ωp = 22
(

g2

U10F

)1/3

,

σ =

{
0.07, ω < ωp.

0.09, ω > ωp.
,

(3.2)

where g is the gravitational acceleration, U10 is the wind speed at a
height of 10 m , which is equal to the wave crest phase velocity [rad/s],
F is the fetch length [m] and ω is the wave component frequency.

Pierson-Moskowitz spectrum describes a typical fully developed sea state
generated by sufficiently long wind blowing on a sufficiently large area
of water (Figure 3.2b). The spectral variance density is given by [18]

S(ω) =
c1g2

ω5 exp
[
−c2

(ωp

ω

)4
]

, (3.3)

with three parameters c1, c2 and ωp given by

c1 = 0.0081,

c2 = 0.74,

ωp =
g

U19.5
,

(3.4)

where U19.5 is the wind speed at a height of 19.5 m [rad/s].
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Ochi-Hubble spectrum represents a bimodal sea-state, which is developed
from swell waves (low-frequency dominant) and local wind-generated
waves (high-frequency dominant) (see Figure 3.2c). The relevant spectral
variance density is derived in [14].

(a) JONSWAP spectrum. (b) Pierson-Moskowitz spec-
trum.

(c) Ochi-Hubble spectrum.

Figure 3.2: The most commonly used wave spectra for testing wave energy
converters [20].

The long-term sea state of a particular sea site is usually summarised by
a scatter diagram (see Figure 3.3a), which shows the occurrence probability
of a significant wave height and peak wave period. Furthermore, a polar
plot called a wave rose diagram is collaborated with the scatter diagram
to illustrate the directional distribution of the significant wave height (see
Figure 3.3b). The scatter diagram and corresponding wave rose diagram
provide essential information for wave farm resource assessment and annual
mean power production estimations of WEC prototypes.
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(b) Wave rose of significant wave height.

Figure 3.3: An example of a scatter diagram and a wave rose diagram at a
particular location [20].

In Chapter 5, the scatter diagrams characterised by the Pierson-Moskowitz
spectrum have been employed to benchmark the performance of the SPAMD
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3.2 Modes of body motion

with a generic single-tether point absorber.

3.2 Modes of body motion

In this thesis, body motion is defined in Cartesian coordinates, with the
origin located at the centre of the gravity of the body, as shown in Figure 3.4.
The translational modes (i.e. sway, surge, heave) are numbered from 1 to 3,
and the rotational modes (i.e. roll, pitch, yaw) are 4 to 6.

x

y

z

(1)

(3)

(2)
(6)

(5)

(4)

Figure 3.4: The motion modes of a rigid body with six degrees of freedom,
adapted from [6].

Assuming the velocity vector of the centre of the geometry is (~U, ~Θ),
where ~U is the translational component and ~Θ is the rotational component.
The velocity of any body surface element dS is given by

~u = ~U + ~Θ×~s. (3.5)

where the vector~s indicates the location of dS.
As the water particle can not penetrate the physical boundary of the

buoy, the fluid velocity ~v should be equal to the velocity of the body surface
element ~u in the direction of the surface normal ~n. Therefore, the boundary
condition on the surface of a moving body SB is given by

vn = ~n · ~u = ~U ·~n + ~Θ ·~s×~n on SB. (3.6)

Since ~n = (n1, n2, n3) and~s×~n = (n4, n5, n6), the boundary condition can
be re-written as

vn =
6

∑
j=1

ujnj on SB, (3.7)

where uj is the velocity component in the jth mode.
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3.3 Linear potential theory

Linear potential theory, which is also known as Airy wave theory, provides
a linearised approximation of wave-body interaction. The theory assumes
that the fluid is inviscid, incompressible and irrotational. The basic equations
are derived from the conservation of mass (i.e., continuity condition) and
conversation of momentum (i.e., Navier-Stokes equations) [6], given by

∇ ·~v = 0, (3.8)

∂~v
∂t

+ (~v · ∇)~v = −1
ρ
∇ptot + ν∇2~v +

1
ρ
~f , (3.9)

where ρ is the fluid density which is uniform throughout the fluid domain,
~v = ~v(x, y, z, t) is the particle velocity, ptot is the total pressure of the fluid, ν

is the kinematic viscosity constant which is zero as the fluid is inviscid, and
~f is an external force per unit volume.

If gravitational force is the only external force, ~f = ρ~g, Equations (3.8)
and (3.9) become:

∂~v
∂t

+~v · ∇~v = −1
ρ
∇ptot +~g. (3.10)

As ~v× (∇×~v) = 1
2∇~v2 −~v · ∇~v, Equation (3.10) can be simplified to

∂

∂t
(∇×~v) = ∇× [~v× (∇×~v)]. (3.11)

From Equation (3.11), it can be seen that the velocity vector ~v must satisfy
∇×~v = 0. As water particles are irrotational, the velocity can be written as a
gradient of a scalar, which is denoted as velocity potential φ(x, y, z, t). Hence,

∇2φ = 0. (3.12)

The boundary conditions for solving the Laplace equation (3.12) consider
the structure surface, the dynamic free water surface, the kinematic free water
surface, and the sea bottom. The fluid domain is illustrated in Figure 3.5
for the two-dimensional scenario. The domain is described by the Cartesian
coordinate system, where the z-axis points upwards and x-axis is along the
mean water level. The air-water interface presented by the wave elevation
η(x, y, t).
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h

SB

~n

~n
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z = −h

z = 0

x = 0

η(x, z, t)
x

~u

~n ~u

SB

Figure 3.5: Fluid domain considered in linear potential theory, adapted from
[6]. η is the incident wave elevation, ~n is the unit normal vector on a wetted
body surface S and seabed, ~u is the velocity vector of an arbitrary point on S.

As derived in Equation (3.7), the boundary condition on the surface of a
moving body is given by,

vn =
∂φ

∂n
= un =

6

∑
j=1

ujnj. on SB. (3.13)

For the sea bottom which can be considered as a fixed structure, the
vertical component of the water particle velocity is zero at the surface of the
sea bottom, un = 0. The boundary condition on the sea bottom is[

∂φ

∂z

]
z=−h

= 0. (3.14)

If only the gravitational force is considered, the boundary condition on
the dynamic free water surface is derived from the Bernoulli equation,

gη +

[
∂φ

∂t
+

1
2
∇φ · ∇φ

]
z=η

= 0. (3.15)

Assuming that the water particle on the surface follows the wave motion,
the kinematic boundary condition on the air-water interface is derived as,[

∂φ

∂z

]
z=0

=
∂η

∂t
+

∂φ

∂x
∂η

∂x
. (3.16)

As it is assumed that the wave amplitude is relatively small in compar-
ison with the wavelength, Equations (3.15) and (3.16) can be linearised by
neglecting the higher-order differential terms, given by,

gη +
∂φ

∂t
= 0, (3.17)
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[
∂φ

∂z

]
z=0

=
∂η

∂t
, (3.18)

which gives the general free surface boundary condition,[
∂2φ

∂t2 + g
∂φ

∂z

]
z=0

= 0. (3.19)

As the water wavetrain can be approximated as a sinusoidal function
if the water depth is sufficiently large and wave amplitude is small, the
corresponding velocity potential satisfying all aforementioned boundary
conditions can be decoupled into spatial and temporal parts [7], given by

φ = φ(x, y, z, t) = <{φ̂(x, y, z)eiωt}, (3.20)

where φ̂(x, y, z) is the complex amplitude of the velocity potential and ω is
the wave frequency.

Therefore, the Laplace equation can be re-written as

∇2φ̂ = 0 (3.21)

The boundary condition on the body surface becomes

∂φ̂

∂n
= ûn, (3.22)

on the sea bottom surface, [
∂φ̂

∂z

]
z=−h

= 0, (3.23)

and on the free water surface,[
−ω2φ̂ + g

∂φ̂

∂z

]
z=0

= 0. (3.24)

Once the complex velocity potential φ̂(x, y, z) is determined, other phys-
ical variables such as particle velocity ~̂v, dynamic pressure p̂ and wave
elevation η̂ can be easily derived as [6],

v̂ = ∇φ̂ (3.25)

p̂ = −iωρφ̂ (3.26)

η̂ = − iω
g
[φ̂]z=0 (3.27)
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According to the linear superposition principle, the velocity potential can
be separated into the scattered velocity potential φ̂s and radiated velocity
potential φ̂r,

φ̂ = φ̂s + φ̂r. (3.28)

Scattering problem

The scattered potential φ̂s can be further separated into incident velocity
potential φ̂0 and diffracted velocity potential φ̂d,

φ̂s = φ̂0 + φ̂d. (3.29)

The solution for the scattering problem must satisfy an additional bound-
ary condition on the body surface,

−∂φ̂d

∂n
=

∂φ̂0

∂n
on SB. (3.30)

To ensure the solution represents the diffracted waves propagating away
from the body, the radiation condition must be satisfied [12], given by

lim
kx→±∞

(
∂φ̂d

∂x
∓ ikφ̂d) = 0 (3.31)

The resulting excitation force in the jth mode is given by

F̂exe,j = iωρ
∫∫
SB

(φ̂0 + φ̂d)njdS. (3.32)

Noting that when the wavelength is five times greater than the width of
the body, the diffracted velocity potential can be neglected and the excitation
force converges to the Froude-Krylov force.

Radiation problem

According to the superposition principle, the radiated velocity potential
is equal to the sum of the radiated potentials induced by each mode of
oscillation [6],

φ̂rad =
6

∑
j=1

ϕ̂jûj on SB, (3.33)
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where ϕj = ϕj(x, y, z) is the coefficient of proportionality for the unit velocity
in mode j. The coefficient ϕj is defined as

∂ϕj

∂n
= nj on SB. (3.34)

The term ϕj also satisfies the Laplace equation in the fluid domain and
the boundary condition on the body surface, seabed surface and free water
surface. Furthermore, to ensure the solution represents the radiated waves
propagating away from the body, the aforementioned radiation condition
must be satisfied.

The resulting radiation force acting on the body in the j′th mode is given
by

F̂rad,j′ = iωρ
∫∫
SB

ϕjûjnj′dS. (3.35)

Since ûj is independent of the body surface SB, the radiation force can be
written as,

F̂rad,j′ = −Zj′ jûj, (3.36)

where Zj′ j is the j′ j element of the radiation impedance matrix Ẑ(ω), given
by,

Zj′ j = −ωρ
∫∫
SB

ϕjnj′dS (3.37)

The radiation impedance element Zj′ j can be decomposed into real and
imaginary parts,

Zj′ j = Rj′ j + iωmj′ j, (3.38)

where Rj′ j is the j′ j element of hydrodynamic radiation resistance matrix
R̂(ω), and mj′ j is the j′ j element of hydrodynamic added mass matrix m(ω).

The derived Laplace equation in the fluid domain, together with the
corresponding boundary conditions can be solved analytically and numer-
ically. For the simple geometries whose edges can be perfectly represented
by a Cartesian or cylindrical coordinate system, the velocity potential can be
expressed as a sum of infinite eigenfunctions [12]. Otherwise, the solution
is approximated as the result of several singularities (multipoles) placed in
the computational domain. For complex geometries, the velocity potential is
usually solved numerically by using boundary element methods (BEM). The
relevant toolboxes, such as ANSYS AQWA [1], NEMOH [2] and WAMIT [11],
mainly utilise the Green’s Theorem that treats the velocity potential on the
surface of the structure as the result of the disturbance of sources in the fluid
domain.
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3.4 Reynolds-averaged Navier-Stokes equations

3.4 Reynolds-averaged Navier-Stokes equations

The Reynolds-averaged Navier-Stokes equations (RANS), which are derived
from the instantaneous Navier-Stokes equations by using Reynolds decom-
position, are generally used to describe the time-averaged motion of turbulent
flows. Assuming that the velocity of an incompressible control volume situ-
ated in the fluid domain is (u, v, w) = (u(x, y, z, t), v(x, y, z, t), w(x, y, z, t))
with respect to the Cartesian coordinate, the instantaneous Navier-Stokes
equations in the x-direction is given by [4]

ρ

[
∂u
∂t

+
∂

∂x
(u2) +

∂

∂y
(uv) +

∂

∂z
(uw)

]
= −∂p

∂x
+ µ

[
∂2u
∂x2 +

∂2u
∂y2 +

∂2u
∂z2

]
,

(3.39)
in the y-direction

ρ

[
∂v
∂t

+
∂

∂x
(uv) +

∂

∂y
(v2) +

∂

∂z
(vw)

]
= −∂p

∂y
+ µ

[
∂2v
∂x2 +

∂2v
∂y2 +

∂2v
∂z2

]
,

(3.40)
and in the z-direction

ρ

[
∂w
∂t

+
∂

∂x
(uw) +

∂

∂y
(vw) +

∂

∂z
(w2)

]
= −∂p

∂z
+µ

[
∂2w
∂x2 +

∂2w
∂y2 +

∂2w
∂z2

]
− ρg,

(3.41)
where µ is the fluid dynamic viscosity.

Assuming that the turbulent velocity can be split into a time-averaged
velocity and a fluctuating velocity via Reynolds decomposition, then, for
example, the velocity in x-direction can be presented as

u(x, y, z, t) = ū(x, y, z) + u′(x, y, z, t), (3.42)

where ū is the time-averaged component and u′ is the fluctuating component.
As a result, the differential terms on the left-hand side of the Equa-

tion (3.39) can be expressed as

∂u
∂t

=
∂ū
∂t

+
∂u′

∂t
=

∂u′

∂t
,

∂

∂x
(u2) =

∂

∂x
(ū + u′)2 =

∂

∂x
(ū2 + 2ūu′ + u′2),

∂

∂x
(uv) =

∂

∂x
(ū + u′)(v̄ + v′) =

∂

∂x
(ū2 + ūv′ + v̄u′ + v′2),

∂

∂x
(uw) =

∂

∂x
(ū + u′)(w̄ + w′) =

∂

∂x
(ū2 + ūw′ + w̄u′ + w′2).

(3.43)

The unsteady forms of the Navier-Stokes equations should be time-
averaged to derive the RANS equations. As the time-averaged fluctuating
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velocities are zero, so are the cross-products in Equation (3.43), as illustrated
in Figure 3.6. Therefore, the resulting time-averaged Equation (3.43) is derived
as

t

u̅2

(a) Square of time-averaged
velocity.

t

2u̅u'

(b) Cross product of velocity.
t

u'2

(c) Square of fluctuating ve-
locity.

Figure 3.6: Illustration of the receptive terms in Equation (3.43), adapted from
[4].

∂u
∂t

=
∂ū
∂t

+
∂u′

∂t
=

∂u′

∂t
= 0,

∂

∂x
(u2) =

∂

∂x
(ū2 + 2ūu′ + u′2) =

∂

∂x
(ū2 + ū′2),

∂

∂x
(uv) =

∂

∂x
[(ū2 + ūv′ + v̄u′ + u′2)] =

∂

∂x
(ūv̄ + ū′v̄′),

∂

∂x
(uw) =

∂

∂x
[(ū2 + ūw′ + v̄w′ + w′2)] =

∂

∂x
(ūw̄ + ū′w̄′).

(3.44)

By applying the Reynolds decomposition and time averaging, the right-
hand side of Equation (3.39) can be presented as:

−∂ p̄
∂x

+ µ

[
∂2ū
∂x2 +

∂2ū
∂y2 +

∂2ū
∂z2

]
. (3.45)

Thus, the RANS equation can be assembled from Equations (3.44) and (3.45),
given by

ρ

[
∂

∂x
(ū2) +

∂

∂y
(ūv̄) +

∂

∂z
(ūw̄)

]
= −∂ p̄

∂x
+

[
∂

∂x
(µ

∂ū
∂x
− ρū′2) +

∂ū
∂y

(µ
∂ū
∂y
− ρū′v̄) +

∂u
∂z

(µ
∂ū
∂z
− ρū′w̄′)

]
,

(3.46)

where µ ∂ū
∂x , µ ∂ū

∂y and µ ∂ū
∂z represent the viscous normal stresses in a laminar

flow, while −ρū′2, −ρū′v̄ and −ρū′w̄ are designated as the Reynolds stresses
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which specify the normal stresses due to the turbulence. Assuming that
turbulence is isotropic, the Reynolds stresses can be re-defined as

ρu′
2
= µt

∂ū
∂x

= τ′xx,

ρu′
2
= µt

∂ū
∂x

= τ′xy,

ρu′
2
= µt

∂ū
∂x

= τ′xz,

(3.47)

where µt is referred to as the turbulent viscosity. However, µt actually rep-
resents the features of turbulent momentum rather than viscosity. It should
be noted that the definition in Equation (3.47) is only valid for the locations
far away from walls. For near wall scenarios, turbulence models such as the
k−ω turbulence model [22] and the k− ε turbulence model [9] are usually
employed as the closures for RANS equations.

A more general RANS equation is formulated with the effective viscosity
µe f f = µ + µt, given by

ρ

[
∂

∂x
(ū2) +

∂

∂y
(ūv̄) +

∂

∂z
(ūw̄)

]
= −∂ p̄

∂x
+

[
∂

∂x

[
(µ + µt)

∂ū
∂x

]
+

∂

∂x

[
(µ + µt)

∂ū
∂y

]
+

∂

∂x

[
(µ + µt)

∂ū
∂z

]]
.

(3.48)

In Chapter 6, a numerical wave tank (NWT) based on Equation (3.48) is
developed by using the computational fluid dynamic toolbox OpenFOAM,
to determine the dominant nonlinear hydrodynamic effect that degrades the
performance of the SPAMD.

3.5 WEC modelling approaches

The equation of motion of a wave energy converter is derived from Newton’s
second law. The total external hydrodynamic force, which is the integral of
the hydrodynamic pressure over the surface of the body, is the key quantity to
be calculated. For the WEC models developed from the RANS equation, the
total hydrodynamic force can be solved only by discretising the RANS equa-
tion (i.e. Equation (3.48)) in both the time-domain and the spatial-domain,
which results in considerable computational complexity. In contrast, the WEC
models based on linear potential theory allow the total hydrodynamics to be
decomposed into excitation, radiation, buoyancy and viscous forces, which
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significantly simplifies the calculation. In this section, only the modelling
approaches based on linear potential theory are introduced.

The equation of motion in the time-domain for a wave energy converter
with six degrees of freedom, can be written as

M
∂2

∂t2 x(t) = Fexe(t) + Frad(t) + Fbuoy(t) + Fvis(t) + Fpto(t), (3.49)

where M is the 6× 6 mass matrix of the buoy, x is the 6× 1 vector describing
the displacement of the device, Fexe, Frad, Fbuoy, Fvis, Fpto are the 6× 1 hydro-
dynamic excitation, hydrodynamic radiation, net buoyancy, viscous drag and
PTO forces respectively.

The corresponding frequency-domain equation of motion is given by,

−Mω2x̂(ω) = F̂exe(ω) + F̂rad(ω) + F̂buoy(ω) + F̂vis(ω) + F̂pto(ω). (3.50)

Excitation force

As the excitation force is the result of the interaction between the incident
wave and the fixed structure, the wave elevation can be treated as the input
to the identification of excitation force. The reference position (x0, y0), where
the excitation force acting on the body is calculated, is usually the projection
of the centre of the geometry on the water surface. The complex excitation
force vector F̂exe(ω) is given by [6]

F̂exe(ω) = f̂exe(ω)η̂(x0, y0, ω), (3.51)

where f̂exe(ω) is the complex excitation coefficient vector that represents the
excitation force for a unit incident wave elevation, and η̂(x0, y0, ω) is the wave
elevation measured at the reference position.

The corresponding equation in time-domain is formulated as a convolu-
tion:

Fexe(t) = fexe(t) ∗ η(x0, y0, t) =
∫ ∞

−∞
fexe(t)η(x0, y0, t− τ)dτ, (3.52)

where fexe(t) is the inverse Fourier transform of f̂exe(ω), acting as the ex-
citation impulse in the convolution. In Equation (3.52), the calculation of
excitation force Fexe(t) requires the future information of the wave elevation
in the time domain. This is because the excitation impulse fexe(t) is non-zero
for t ≤ 0, which means it is non-causal in the time series. Future informa-
tion can be obtained by measuring the upstream wave elevation [5], which
modifies Equation (3.52) into

Fexe(t) =
∫ ∞

−∞
fexe(t)η(x0 − Lm, y0, t− τ)e−ikLm dτ, (3.53)
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where Lm is the distance from (x0, y0) to the upstream measurement point.

Radiation force

The frequency-domain radiation force due to the oscillation in six degrees of
freedom is given by [6]:

F̂rad(ω) = −Z(ω) ˆ̇x(ω) = F̂′rad(ω)− iωm(∞) ˆ̇x(ω), (3.54)

where m(∞) = lim
ω→∞

m(ω) and the F̂′rad(ω) represents the memory effect
of hydrodynamic radiation, given by

F̂′rad(ω) = −K(ω) ˆ̇x(ω), (3.55)

where K(ω) is the transfer function between the memory effect and the
body’s velocity.

The radiation force in the time-domain is formulated as

Frad(t) = F′rad(t)−m(∞)ẍ(t) (3.56)

=
∫ t

0
k(t− τ)ẋ(τ)dτ −m(∞)ẍ(t), (3.57)

where the inverse Fourier transform k(t) = F−1{K(ω)}. The convolution
term in Equation (3.57) can be approximated in state-space form to facilitate
the calculation [17]. In Chapter 4, the time-domain radiation problem of a
single-tether WEC is solved by using the Matlab toolbox MSS-FDI [17], which
is able to adjust the order of the state-space model automatically to guarantee
the fitting accuracy.

Viscous forces

The kinetic energy of the oscillating body is not only dissipated due to the
hydrodynamic radiation damping effect but also the viscous effects of the
fluid flow. Therefore, it is recommended to account for the viscous force in
the conventional time-domain equation of motion [16]. The viscous forces in
mode j due to the relative motion between the buoy and the fluid flow, can
be modelled by the drag term of the Morison equation for the moving body
in an oscillating flow [13], given by

Fvis,j(t) = −
1
2

ρCd,j A′j(ẋj(t)− vj(t))|ẋj(t)− vj(t)|, (3.58)
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where uj(t)− vj(t) is the relative velocity between the body and the fluid
flow, A′j is the cross section area of the buoy perpendicular to the flow, and
Cd,j is the viscous drag coefficient which is a function of the geometry of the
buoy, its orientation, surface roughness, fluid properties and flow regime.
The coefficient Cd,j of a full scale WEC is generally determined by free-decay
tests in NWT for a given scenario, such as the studies by Bhinder et al. [3]
and Rafiee and Fievez [19].

As Equation (3.58) is a quadratic function of relative velocity, it should
be linearised to fit the frequency-domain equation of motion. In Chapter 4,
an iterative method is employed to determine the frequency-domain viscous
drag force acting on the SPAMD over the wave frequency of interest.

Net buoyancy force

For fully submerged devices, the net buoyancy force is constant and can be
formulated as

Fbuoy(t) = ρVg−mg, (3.59)

where V is the volume of the submerged body and m is the mass.
For floating devices, it is assumed that the weight of the buoy is initially

balanced. Therefore, the net buoyancy force due to the heave displacement is
equal to the additional weight of displaced water, given by

Fbuoy(t) = −ρgA′3x3(t), (3.60)

where A′3 is the cross section area on the water plane, and x3(t) is the heave
displacement. This equation is only valid when the buoy oscillates in small
amplitudes or has a constant cross section area A′3. The term −ρgA′3 is
denoted as the hydrostatic stiffness.

3.6 Concluding remarks

This chapter briefly introduces the widely used modelling approaches for
wave-structure interaction in terms of computational complexity, model
fidelity and applications. It can be concluded that the frequency and time-
domain models developed from linear potential theory may be used for
power production assessment, design optimization and real-time model-
based control. While for device response simulation in extreme sea states, only
CFD models based on the Navier-Stokes equation are capable of capturing
the highly nonlinear wave-structure interactions.
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Chapter 4

Modal analysis of a submerged
spherical point absorber with
asymmetric mass distribution

The aim of this thesis is to investigate a low-cost solution to improve the
efficiency of a submerged single-tether point absorber. As discussed in Section
2, multi-mode WECs are able to absorb more energy than the single-mode
ones. However, multi-mode WECs also require multiple PTO units to collect
the energy arising from the multi-mode motions, which leads to an increase
in the total cost of the system. Therefore, this chapter proposes a new design
of submerged single-tether point absorber that utilises motion coupling to
efficiently absorb the wave energy arising from its heave, surge and pitch
motion. Modal analysis was conducted to answer the following research
questions: 1. What are the tuning parameters that affect the performance of the
proposed design? 2. What are the operation regimes of the proposed design over the
wave frequencies of interest?

This chapter consists of the following published journal article:
Meng, F., Ding, B., Cazzolato, B. S. and Arjomandi, M. (2019). “Modal
analysis of a submerged spherical point absorber with asymmetric mass
distribution”. Renewable Energy 93, pp. 223 - 237.

The article in its published format is available at https://doi.org/10.
1016/j.renene.2018.06.014.
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4.1 Introduction

Modal analysis of a submerged spherical point
absorber with asymmetric mass distribution

F. Meng, B. Ding, B. S. Cazzolato, M. Arjomandi

Abstract

Of all the wave energy converter (WEC) categories, the single-tether
point absorber (PA) is one of the most widely used in the ocean re-
newable energy industry. In most published research, only the heave
motion of the buoy is considered in the motion equation for the ana-
lysis. This is because the heave motion of the buoy strongly couples to
the power take-off device (PTO), whereas the surge and pitch motions
barely couple to the PTO. As a result, only the power arising from heave
motion of the buoy can be efficiently absorbed when a single-tether
PTO is used, leading to deficiency of the design in absorbing the power
arising from its surge and pitch motion. In this paper, the deficiencies of
single-tether PAs are addressed by simply shifting the center of gravity
of the buoy away from its geometric centre. A spherical buoy with
asymmetric mass is used in this paper for its simplicity. The asymmetric
mass distribution of the buoy causes motion coupling across surge,
heave and pitch motions, which enables strong coupling between the
buoy’s surge motion and the PTO movement. The operation principle
and power generation of the spherical point absorber with asymmetric
mass distribution (SPAMD) are investigated via a modal analysis con-
ducted on a validated frequency-domain model. The results show that
the SPAMD can be up to three times more efficient than the generic PAs
when subjected to regular waves in the frequency range from 0.34 to 1.4
rad/s.

4.1 Introduction

Since the Oil Crisis of the 1970s, ocean wave energy has been regarded as
a potential source of renewable power. Compared with solar and wind, the
power carried by ocean waves is more continuous and predictable. However,
it is difficult to extract the energy from the reciprocating ocean wave mo-
tion efficiently by using conventional electricity generators. Consequently,
commercial-scale wave energy conversion still does not exist.

The single-tether point absorber (PA) is one wave energy converter (WEC)
that has commercial potential and has received significant attention from the
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research community. In most published work, single-tether PAs are typically
modelled as single degree-of-freedom (DOF) heaving devices, even though
in reality the devices move in multiple DOFs (e.g. surge, heave and pitch).
This is because, for single-tether PAs, the heave motion of the buoy strongly
couples to the power take-off device (PTO) and therefore this motion can
be fully converted to the PTO extension. In contrast, the surge and pitch
motions barely couple to the PTO and only a tiny fraction of these motions
are converted to useful energy. Figure 4.1 illustrates the contribution of the
PTO extension from pure heave and surge motions respectively for a single-
tether PA. It is clear that the heave displacement of the buoy results in an
equivalent PTO extension, whereas the surge displacement leads to negligible
PTO extension. Therefore, for single-tether PAs, only the heave motion can
result in effective power absorption.

Heave

L

PTO

ΔL

L

(a)

L

ΔL

Surge

PTO

L

(b)

Figure 4.1: Comparison of the PTO extension caused by the heave and surge
motions of the buoy: (a) the heave displacement is fully converted to the
PTO extension; (b) only a tiny fraction of the surge displacement is converted
to the PTO extension. L is the nominal tether length when the buoy is at
equilibrium, ∆L is the tether length change.

Considering the theoretical capture width of a 3DOF (i.e., surge, heave
and pitch) PA can be three times greater than a heave-only PA [4], several
conceptual designs have been proposed to maximize the absorption efficiency
of the PA by harvesting the energy arising from its surge and pitch motions.
One typical solution is to attach multiple PTO tethers to the buoy, which
couple to the orthogonal degrees of freedom. It has been shown that a
three-cable PTO [15] is capable of absorbing three times more power than a
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single-tether heaving PA over a broad frequency range [13], at the expense
of increased captial cost from two additional PTOs and mooring points. A
similar solution is to use two decoupled PTOs in alignment with the heave
and pitch directions to capture more wave energy [10]. The theoretical capture
width of this approach is equivalent to that of the PA with a three-cable PTO.
However, the PA with two decoupled PTOs is sensitive to wave direction,
since the PTO must be aligned to the incoming wavefront.

In this paper, a more effective solution that allows a single-tether PA to
harvest energy arising from surge motion of a submerged spherical buoy
is proposed. The approach is based on simply offsetting the mass from the
centre of the buoy, such that when the buoy is excited in surge, heave motion
is also enhanced. A submerged 3DOF (i.e., surge, heave and pitch) PA is
employed because it can more efficiently use the surge motion to capture
wave energy than an equivalent floating device [14]. It should be noted that
although there are some prototypes (e.g. Salter’s Duck [5] and the parametric
pendulum based wave energy converter [16]) which use an asymmetric mass
buoy to harvest wave energy, this is the first study which utilises the motion
coupling caused by the asymmetric mass distribution to address the poor
PTO coupling of a single-tether PA in surge motion. In Section 4.2, the system
of spherical point absorber with asymmetric mass distribution (SPAMD) is
described, with the settings of operating environment, the asymmetric mass
buoy and the PTO clarified. In Section 4.3, the static stability condition of the
SPAMD is investigated. Furthermore, the equations of motion are derived
in the frequency domain for the subsequent modal analysis. In Section
4.4, the methodology for analysing the oscillation modes and assessing the
power output of the SPAMD are presented. In Section 4.5, a modal analysis
is presented, with the aim of understanding the operation principles of
the SPAMD and evaluating its power generation capability. The paper is
concluded in Section 4.6.

4.2 System description

For simplicity, a submerged spherical asymmetric mass buoy with a positive
buoyancy is considered in this work. The buoy is tethered by a linear spring-
damper PTO to be immersed below the free water surface. The PTO is
anchored to the sea bottom via a ball-joint which allows the PTO to align
with the mooring tether under tension when the buoy is excited by incident
waves. The tether is assumed to be non-elastic and massless. The incident
waves are set to be linear monochromatic waves aligned with the vertical
XZ-plane of the Cartesian space, propagating along the positive X-axis, as
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Figure 4.2: Illustration of the motions of a 3DOF SPAMD subjected to plane
waves in the vertical XZ-plane. The larger centre of mass represents the mass
of the hollow spherical buoy m1, the smaller one is the centre of the gravity
of the offset mass m2: (a) surge motion, (b) heave motion, (c) pitch motion,
(d) combined 3DOF motion.

shown in Figure 4.2. As the SPAMD is designed to be symmetric about the
XZ-plane, it is assumed that the buoy only moves in the plane with surge,
heave and pitch motion when excited by the plane waves.

The detailed descriptions of the operating environment, the asymmetric
mass buoy, and the PTO are presented below.

Operating environment
The SPAMD operates in a finite depth water column. In this paper, the

water depth is assumed to be 60 m. The submergence depth of the buoy is 3
m from top of the buoy to the sea surface, chosen as a compromise between
maximum hydrodynamic coefficients and mitigating surface piercing. The
frequency of incident monochromatic waves ranges from 0.34 to 1.4 rad/s,
covering the major wave frequencies off the Australian coasts [1]. The wave
amplitude was set to 0.1 m, which is sufficiently small to meet the linear wave
assumption and small displacement assumption used in the modelling. It
should be noted that an increase in wave amplitude above 0.1 m compromises
the linear wave assumption and leads to an increase in viscous drag and
kinematic nonlinearities. Figure 4.3 shows the hydrodynamic coefficients for
the defined operating environment [7].

Asymmetric mass buoy configuration
Figure 4.4 shows the free-body diagram of SPAMD buoy in the vertical

XZ-plane in the Cartesian space. The buoy coordinates are defined in a body-
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Figure 4.3: Hydrodynamic coefficients for the defined operating environment:
(a) added mass; (b) radiation damping coefficient; (c) excitation force.

fixed frame with an origin located at the centre of the buoy. The SPAMD
buoy consists of a spherical hull with a smooth surface of mass m1, and an
additional mass of m2 offset from the centre of the buoy on the XZ-plane.
The total mass is m = m1 + m2.

The buoy is assumed to be formed from a hollow spherical buoy of radius
r. The mass of the hollow spherical body can be simplified as a point mass,
m1, located at the geometric centre of the body, with a moment of inertia
about the centre of the buoy, I1 = 2

3 m1r2.
The offset mass, m2, is formed by the intersection of a plane with the

spherical buoy and is attached on the inner surface of the spherical hull. Its
centre of gravity is offset from the centre of the buoy by an offset distance,
rgy, and an offset angle, ϕ. The angle ϕ is measured from the positive X-axis
to the offset mass, as shown in Figure 4.4. The centre of the gravity of the
offset mass is denoted as (x2, z2). In the subsequent modelling in Section 4.3,
the offset mass m2 can be simplified as an offset point mass m2, with the
moment of inertia about the centre of the buoy I2 = m2r2

gy.
In this work, the mass distribution of the SPAMD is determined by the

weight-to-buoyancy ratio, m/mw, the mass ratio, m1/m2 and the mass-offset
position, defined by the mass offset radius rgy and mass offset angle ϕ. Noting
that the behavior of the SPAMD is affected by the weight-to-buoyancy ratio,
mass ratio and mass-offset position, which might be considered as tuning
parameters. Table 4.1 lists the buoy’s parameters used in the analysis. The
weight-to-buoyancy ratio is set to 0.5, and the mass ratio to 1. The radius of
the buoy is 5 m, to be consistent with previous research on point absorbers
[14]. It has been assumed that the mass offset radius, rgy, is 4.5 m. In this
study, the offset angle ϕ is set to be 30 deg, which means the offset mass
m2 is below the centre of the buoy. The values of the weight-to-buoyancy
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Figure 4.4: Free body diagram of the asymmetric mass buoy in the vertical
XZ-plane. The origin is at the centre of the buoy.

ratio, mass ratio and mass-offset position were chosen from an unpublished
optimisation study on the SPAMD.

Table 4.1: Parameters of the SPAMD buoy and bathymetry

Description Parameter Value/Unit
Weight-to-buoyancy ratio m/mw 0.5

Mass ratio m1/m2 1
Radius of buoy r 5 m

Mass offset angle ϕ 30 deg
Mass offset radius rgy 4.5 m

Water depth h 60 m
Submergence depth (from the top of the buoy) d 3 m

Since the offset mass, m2, causes an additional moment at the centre of
the buoy, the tether attachment point on the buoy needs to be adjusted to
the opposite side of the buoy to maintain the static stability of the system.
The coordinate of the mooring attachment point is denoted as (xm, zm). The
mooring point angle, which is measured from the Z-axis to the tether attach-
ment point, is denoted as α, as shown in Figure 4.4.

PTO
A linear PTO is connected to the buoy via a mooring tether with nominal

length of L. It consists of a linear spring with stiffness of Kpto, a linear damper
with damping coefficient of Bpto and a pretension force of Fpre to balance the
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net buoyancy of the buoy, as shown in Figure 4.5. The PTO does not contain
any hard-stop motion constraints.

Kpto Bpto Fpre

Mooring tether

PTO

Figure 4.5: Schematic of the PTO.

Assuming harmonic motion, the time-averaged power output of the
system is equal to the power consumed by the linear PTO damper, given by

Ptotal =
1
2

Bpto|∆ ˆ̇L|2 (4.1)

where ∆ ˆ̇L is the complex PTO extension velocity.
Kpto, Bpto and L are the key parameters affecting the efficiency of the

SPAMD. These coefficients are optimized to achieve maximum power output
in the modal analysis presented in Section 4.5.

4.3 Equation of motion

In this section, the system stability condition is presented and a frequency-
domain model is developed. The system stability condition determines
the acceptable mass-offset that maintains stability and prevents the tether
from reeling on the planar constrained buoy during system operation. The
frequency-domain model of the SPAMD is formulated as a basis for the
subsequent modal analysis. The model is built upon linear potential theory
and small displacement assumption (see Appendix 4.B for justification), with
the consideration of viscous drag forces.

In practice, the viscous drag forces are the dominant forces that dissipate
kinetic energy from the buoy’s motion. Therefore, it is necessary to model
the viscous drag forces in the motion equation of 3DOF single-tether PAs,
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otherwise the PA will experience excessive motion, in particular at resonance,
where power absorption efficiency of the SPAMD will be overestimated [12].
As commonly expressed in a quadratic form, the viscous drag forces need to
be linearised to be used in the frequency-domain model, which leads to a
hybrid frequency-domain model. This hybrid frequency-domain model has
been validated against an equivalent time-domain model [8], and is shown
to be accurate, even at resonance.

4.3.1 System stability condition

In this study, it is assumed that the torque generated by the offset mass m2 is
balanced by the torque generated by the PTO pretension force when buoy
is at rest. The offset mass is assumed to be located in the right hemisphere
of the buoy (−π/2 ≤ ϕ ≤ π/2) and the mooring attachment point is in the
left hemisphere (0 ≤ α ≤ π/2). For 0 ≤ ϕ ≤ π/2, the SPAMD can always
maintain stability during its operation; while for −π/2 ≤ ϕ < 0, the system
is stable only if the following condition is satisfied

rgy

r
< (

mw −m
m2

) , (4.2)

in which the mw is the mass of water displaced by the submerged spherical
buoy, m1 + m2 = m is the total mass of the buoy. The detailed derivation of
the system stability condition is presented in Appendix 4.A.

In this work, according to the mass distribution defined in Table 4.1,
0 ≤ ϕ ≤ π/2. Therefore, the system is stable.

4.3.2 Frequency-domain modelling

The motion of the SPAMD can be described by a frequency-domain motion
equation formulated at the centre of the buoy, given by

(M + A(ω)) ˆ̈x + (B(ω)) ˆ̇x = F̂exc + F̂re + F̂pto + F̂vis , (4.3)

in which M is the mass matrix of the asymmetric mass buoy, A(ω) is the
hydrodynamic added mass matrix, B(ω) is the hydrodynamic damping coef-
ficient matrix, which are calculated by using the method described in [7] (see
Section 4.2), ˆ̇x is the complex buoy velocity vector ( ˆ̇x, ˆ̇z, ˆ̇θy)T, where ˆ̇x is the
complex surge velocity, ˆ̇z is the complex heave velocity and ˆ̇θy is the complex
pitch angular velocity, F̂exc is the wave excitation force vector, which is also
calculated by using the method described in [7], F̂re is the net restoring force
vector, F̂pto is the PTO control force vector and F̂vis is the viscous force vector.
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Figure 4.6: Coordinate change of tether attachment point from its rest pose
(xm,1, zm,1) to (xm,3, zm,3) when the buoy moves to an arbitrary position
(indicated by dashed circle).

The mass matrix of spherical buoy
According to Lee [6], for a 3DOF (i.e., surge, heave and pitch) spherical

buoy with an additional offset mass m2, the mass matrix with respect to the
geometric centre of the buoy is given by

M =

 m1 + m2 0 m2z2

0 m1 + m2 −m2x2

m2z2 −m2x2 Iyy

 , (4.4)

in which the total moment of inertia Iyy = I1 + I2 = 2
3 m1r2 + m2r2

gy. From Fig-
ure 4.4, as small displacement is assumed, the coordinate of the offset mass is
given by (x2, z2) = (rgy cos(ϕ+ θy), rgy sin(ϕ+ θy)) ≈ (rgy cos(ϕ), rgy sin(ϕ)).
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The net hydrostatic restoring force vector
The net hydrostatic restoring force vector consists of hydrostatic restoring

forces in the heave direction and restoring torque generated by the gravity of
the offset mass m2 in the pitch direction, given by

F̂re =

 0
ρVg− (m1 + m2)g
m2grgy cos(ϕ− θy)


≈

 0
ρVg− (m1 + m2)g

m2grgy(cos(ϕ) + sin(ϕ)θy)


, (4.5)

where V = 4
3 πr3 is the volume displaced by the buoy, and g is gravitational

acceleration.

The excitation force vector
The excitation force vector applied to the fully submerged spherical buoy

is given by

F̂exc =

 F̂exc,x

F̂exc,z

0

 , (4.6)

in which F̂exc,x and F̂exc,z are calculated by using the equations given by
[7]. The pitch excitation moment is negligible because the spherical buoy is
axisymmetric about the pitch axis.

The PTO control force vector
According to Section 4.2, the PTO control force along the tether is the sum

of the PTO spring force, the PTO damping force and the pretension force. By
mapping the PTO control force to the Cartesian axes, the PTO control force
vector is given by

F̂pto = (−Fpre − Bpto∆ ˆ̇L− Kpto∆L̂)T , (4.7)

in which the transformation vector T converts the PTO control force to the
Cartesian axes.

As illustrated in Figure 4.6, when the buoy moves to an arbitrary po-
sition, the motion of the tether attachment point can be decomposed into
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a translation from (xm,1, zm,1) to (xm,2, zm,2) and a rotation from (xm,2, zm,2)

to (xm,3, zm,3). Assuming small θy such that sin θy ≈ θy and cos θy ≈ 1, the
change in PTO length ∆L is given by

∆L =
√
(L + z + r sin(α)θy)2 + (x− r cos(α)θy)2 − L , (4.8)

in which x and z represent the surge and heave displacement of the centre of
the buoy respectively, as shown in Figure 4.6.

Using the small displacement assumption, Equation (4.8) can be further
linearised by a first order Taylor series expansion giving

∆L ≈ z + r sin(α)θy =
(

0 1 r sin(α)
) x

z
θy

 , (4.9)

in which the inverse Jacobian matrix that converts the buoy’s motion in the
Cartesian space to the PTO elongation is given by

J−1 =
(

0 1 r sin(α)
)

. (4.10)

It can be seen from Equation (4.10) that only heave and pitch motion
directly couple to the PTO for small motion.

The transformation vector T is given by

T =

 sin(β)

cos(β)

rdis

 , (4.11)

in which β is tether angle, rdis is instantaneous lever arm between the geo-
metric centre of the buoy to the PTO control force vector, as shown in Figure
4.6.

For small displacement, the term cos(β) is approximated as unity. The
term sin(β) is approximated by a first order Taylor series expansion giving

sin(β) ≈
x− r cos(α)θy

L
. (4.12)

From Figure 4.6, the instantaneous lever arm from the centre of the buoy
to the tether projection is given by

rdis = r sin(α + θy − β)

≈ r
(

sin(α) + cos(α)θy − cos(α)
x− r cos(α)θy

L

)
.

(4.13)
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The viscous drag force vector

According to the Morison equation [9], the viscous drag force is expressed
as a quadratic function of the body’s velocity. For a smooth spherical buoy,
the viscous drag force vector is given by

F̂vis = −0.5ρCDS

 | ˆ̇x| ˆ̇x
| ˆ̇z| ˆ̇z

0

 , (4.14)

in which CD is the viscous drag coefficient (CD = 0.18 for the 5× 106 < Re <
1× 107 [2], where the Re was estimated using an equivalent time-domain
simulation) and S is the nominal cross-section area of the spherical buoy
(S = πr2). It should be noted that for a smooth spherical buoy, the viscous
drag coefficient in the pitch direction is negligible.

Equation (4.14) represents a nonlinear time-domain expression. In or-
der to consider the viscous drag forces in the frequency-domain model,
the quadratic viscous drag forces must be linearised. The essence of the
linearisation is to use a linear term | ˆ̇xiter| ˆ̇x (or | ˆ̇ziter| ˆ̇z) to approach to the
quadratic term | ˆ̇x| ˆ̇x (or | ˆ̇z| ˆ̇z) iteratively, whereby ˆ̇xiter and ˆ̇ziter are iterative
variables. This is because the velocity at which the quadratic viscous drag
is linearised is known. However, the calculation of the system response re-
quires the linearised viscous drag. Therefore, an iterative process with a
reasonable initial guess is essential to solve system response in frequency-
domain. Figure 4.7 shows the flow chart of the linearisation process in the
surge direction, whereby ˆ̇xiter,k is the value of the iterative variable in the
k-th iteration, and ˆ̇xk is the system response in the surge direction. Although
the initial value of the ˆ̇xiter does not affect the final results, in this study,
the initial value of ˆ̇xiter was set to 1 m/s. The viscous drag force in surge
is linearised as F̂vis,surge = −0.5ρCDS| ˆ̇xiter,k−1| ˆ̇x. Then the motion equation is
solved to obtain the surge response of the system ˆ̇x1. When the convergence

criteria |Real{ ˆ̇xk− ˆ̇xiter,k−1}|
|Real{ ˆ̇xk}|

< 1% and |Imag{ ˆ̇xk− ˆ̇xiter,k−1}|
|Imag{ ˆ̇xk}|

< 1%, are met, ˆ̇xiter and ˆ̇x

are regarded to be equivalent and the iteration stops. Otherwise, ˆ̇xiter will

be updated to ˆ̇xiter,k =
ˆ̇xiter,k−2+ ˆ̇xk−1

2 which will be used in next iteration. Not-
ing that the same linearisation process was applied to the heave direction
simultaneously with surge.
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Start

k = 1, ˆ̇xiter,k−1 = 1

F̂vis,surge = −0.5ρCDS| ˆ̇xiter,k−1| ˆ̇x

Solve motion equation

ˆ̇xk

|Real{ ˆ̇xk− ˆ̇xiter,k−1}|
|Real{ ˆ̇xk}|

<

1%
AND

|Imag{ ˆ̇xk− ˆ̇xiter,k−1}|
|Imag{ ˆ̇xk}|

<

1%

k = k + 1
ˆ̇xiter,k =

ˆ̇xiter,k−2+ ˆ̇xk−1
2

Stop

No

Yes

Figure 4.7: Flow chart illustrating the process of linearising the surge viscous
drag force in the frequency domain.

4.4 Methodology

In this work, a modal analysis was conducted to understand the operating
principles of the single-tether SPAMD, via the system natural frequencies
and mode shapes. Furthermore, an efficiency analysis and a power analysis
were conducted to explain the efficiency improvement of the SPAMD. The
approach and governing equations applied in the modal analysis, efficiency
analysis and power analysis are presented below.
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4.4.1 Natural frequencies of the decoupled system

The motion of the 3DOF single-tether generic PA can be decomposed into
three independent vibration modes, namely the surge mode, heave mode and
pitch mode. The heave mode is induced by the up and down motion of the
buoy along the vertical axis. Therefore, the natural frequency of the buoy’s
heave mode ωz is governed by the PTO stiffness Kpto and is independent of
the nominal tether length L. It is given by

ωz =

√
Kpto

(m + Az(ω))
, (4.15)

in which Az(ω) is the hydrodynamic added mass in the heave direction.
For small displacement, the natural frequency of the surge mode can be

approximated as that of an inverted pendulum, which is inversely propor-
tional to the square root of the nominal tether length L, given by

ωx =

√
g(ρV −m)

(L + r)(m + Ax(ω))
, (4.16)

in which Ax(ω) is the hydrodynamic added mass in the surge direction.
The natural frequency of the pitch mode has little impact on the power

absorption of the system. This is because the natural frequency of the buoy’s
pitch mode tends to be significantly higher than the wave frequencies of
interest, as illustrated in Section 4.5.2. Therefore, natural frequency of the
pitch mode is not discussed in this work.

In this study, Equation (4.15) and (4.16) were only used to provide initial
estimates for the search of the optimal PTO stiffness and nominal tether
length that maximises the efficiency of the PAs in Section 4.5. A more precise
way to calculate the natural frequencies of the system is presented below.

4.4.2 Mode shapes and natural frequencies of the fully coupled
system

The eigenvectors (mode shapes) and corresponding eigenvalues (natural
frequencies) are calculated by solving the characteristic equation of the
system

[(M + A(ω))−1K− λI]v = 0 , (4.17)

in which λ are the eigenvalues, M is the mass matrix , A(ω) is the hy-
drodynamic added mass matrix, given by Equation (4.4), I is the identity
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matrix, v is the matrix of eigenvectors, K is the stiffness matrix, derived by
substituting Equations (4.4)-(4.14) into Equation (4.3) and given by

K =



Fpre
L 0 − Fprer cos α

L
0 Kpto Kptor sin α

− Fprer cos α
L Kptor sin α


Fprer cos α

−m2grgy sin ϕ

+
Fpre(r cos α)2

L
+Kpto(r sin α)2




. (4.18)

Unlike Equation (4.15) and Equation (4.16) that provide an estimation
of the natural frequencies, Equation (4.17) was used to compute the natural
frequencies of the oscillation modes for both the decoupled system and fully
coupled system in Section 4.5.

By solving Equation (4.17) , the resulting matrix v of the eigenvectors is
given by

v =

 v1,x v2,x v3,x

v1,z v2,z v3,z

v1,θy v2,θy v3,θy

 , (4.19)

in which the three columns correspond to Mode 1, Mode 2 and Mode 3
respectively. The rows of the matrix represent the projections of the oscillation
modes along the surge, heave and pitch axis of the buoy in the Cartesian
space.

In Section 4.5.2, the matrix v is used to determine the orientations of the
buoys’ oscillation modes in the Cartesian space. Furthermore, for the given
response x̂ in the Cartesian space, the matrix v was used to calculate the
complex modal response vector X̂,

X̂ = v−1x̂ . (4.20)

Moreover, in Section 4.5.2, the motion trajectories of the buoy are invest-
igated over the frequencies of interest. For the given response of the buoy x̂
in the Cartesian space, the resulting motion trajectory of the buoy in the XZ
plane is described by {

x(t) = Real{x̂eiωt}
z(t) = Real{ẑeiωt} ,

(4.21)

where the j is an imaginary operator.
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4.4.3 PTO extension velocities arsing from oscillation modes

In Section 4.5.1, the PTO extension velocities arsing from oscillation modes are
presented to demonstrate impact of nominal tether length on the efficiency of
the SPAMD (see Figure 4.8c and 4.10c). From Equation (4.9) where the PTO
extension velocity is given by ∆ ˆ̇L = J−1 ˆ̇x, for a given modal velocity response
ˆ̇X = ( ˆ̇X1, ˆ̇X2, ˆ̇X3)T, the resulting PTO extension velocity can be re-written as

∆ ˆ̇L = J−1
M

ˆ̇X ,

J−1
M = J−1v ,

(4.22)

in which J−1
M = (JM,1, JM,2, JM,3) is the inverse Jacobian matrix that converts

modal response to PTO extension. Equation (4.22) can be re-written as

∆ ˆ̇L = JM,1
ˆ̇X1︸ ︷︷ ︸

∆ ˆ̇L1

+ JM,2
ˆ̇X2︸ ︷︷ ︸

∆ ˆ̇L2

+ JM,3
ˆ̇X3︸ ︷︷ ︸

∆ ˆ̇L3

, (4.23)

in which ∆ ˆ̇L1, ∆ ˆ̇L2 and ∆ ˆ̇L3 are the PTO extension velocities arsing from
oscillation Mode 1, 2 and 3 respectively.

4.4.4 Relative capture width

In this work, relative capture width (RCW) is used to evaluate the efficiency
of the single-tether PAs. According to [4], the relative capture width is defined
as

RCW =
Ptotal

2rJ
, (4.24)

in which J is the power transport per unit width of the wave frontage, given
by [4]

J =
ρg2D(kh)

4ω
|A|2 ,

D(kh) =
(

1 +
2kh

sinh(2kh)

)
tanh(kh) ,

(4.25)

where ρ is the water density, k is the wavenumber, and h is the water depth.
In this paper, the efficiency of the SPAMD was compared with a generic

buoy with a uniformly distributed mass m across the spherical hull. Although
often used in wave energy conversion of arrays, herein the q factor is re-
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defined as the ratio of the RCW of the SPAMD to the RCW of the generic
buoy, implying the efficiency improvement, given by

q =
RCWSPAMD

RCWgeneric
. (4.26)

4.4.5 Power output

As mentioned in Section 4.2, the time-averaged power output of the SPAMD
is equal to the time-averaged power consumed by the PTO damper, which
can be decomposed into power components arising from buoy motion in
each DOF by substituting Equation (4.9) into Equation (4.1), leading to

Ptotal =
1
2

Bpto| ˆ̇z + r sin(α) ˆ̇θy|2

=
1
2

Bpto ˆ̇z ˆ̇z∗︸ ︷︷ ︸
Pheave

+
1
2

Bpto(r sin α)2 ˆ̇θy
ˆ̇θ∗y︸ ︷︷ ︸

Ppitch

+
1
2

Bptor sin α( ˆ̇z ˆ̇θ∗y + ˆ̇z∗ ˆ̇θy︸ ︷︷ ︸
Pcross

) , (4.27)

in which the ˆ̇z∗ and ˆ̇θ∗y are the conjugates of ˆ̇z and ˆ̇θy.
In Equation (4.27), it can be seen that the power output Ptotal consists of

three components, namely the power arising from the heave motion Pheave, the
power arising from the pitch motion Ppitch and a cross term arising from the
heave-pitch coupled motion Pcross, which indicates the energy flow between
the two motions. At the limit as α −→ 0 (i.e., offset mass located directly above
the tether attachment point), the power is only generated from heave motion,
which is similar to the generic buoy).

In Section 4.5.2, Equation (4.27) is used to understand the contributions
of buoy’s motion to the power output of the system.

4.5 Result

In this section, the working principle of the SPMAD was investigated and
corresponding efficiency was compared against the generic PAs, over the
frequencies of interest.

4.5.1 Modal analysis as a function of nominal tether length

In this section, the modal analysis considers the impact of the nominal tether
length on the efficiency of the SPAMD at a typical wave frequency of ω =
0.48 rad/s (T = 13 s), which is a common peak wave frequency off the coast
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of Perth [1]. The nominal tether length ranges from 1 to 9 times the buoy’s
radius (r < L < 9r), over 500 sampled nominal tether lengths. It should be
noted that in order to realise an optimal tether length for the SPAMD, it
might be necessary to raise the tether mooring above the sea floor as shown in
Figure 4.6. At each sampled nominal tether length, the optimal PTO stiffness
Kpto and PTO damping coefficient Bpto that maximise the RCW of the system
are determined by using the MATLAB optimization function fmincon, within
the defined range of tether length L.

The analysis on the nominal tether length is firstly conducted for the
generic symmetric mass PA as a benchmark. Figure 4.8 illustrates the natural
frequencies (see Figure 4.8a), mode shapes (see Figure 4.8b), PTO extension
velocities arising from the oscillation modes under forced excitation (see
Figure 4.8c) and RCW (see Figure 4.8d) respectively, versus the ratio of the
nominal tether length to the buoy radius. As shown in Figure 4.8a, the natural
frequency of the surge-dominant Mode 1 declines as the nominal tether length
increases. Conversely, the natural frequency of the heave-dominant Mode 2
remains constant and equal to the excitation frequency over various nominal
tether lengths. Furthermore, as the generic PA is a decoupled system, it can
be seen that natural frequencies of Mode 1 and 2 almost perfectly match the
natural frequencies given by Equations (4.15) and (4.16). The oscillation Mode
3 is pitch-dominant and its natural frequency is considerably higher than
the incident wave frequency. Therefore, Mode 3 is not shown in Figure 4.8a.
From the eigenvector plots shown in Figure 4.8b, it can be seen that Mode
1 only contains surge motion, which means Mode 1 oscillates purely along
the surge. In contrast, Mode 2 oscillates purely along the heave. The mode
shapes of the generic buoy in the Cartesian space are illustrated in Figure 4.9.
Figure 4.8c shows the PTO extension velocity arising from the two oscillation
modes, which is mapped from the mode shapes via inverse Jacobian matrix.
As the surge motion of the generic buoy is poorly coupled to the single-tether
PTO, it can be seen that only Mode 2, which oscillates purely along the heave,
can contribute to the PTO extension, and thus to power output. Consequently,
the resulting RCW remains constant over various nominal tether lengths, as
shown in Figure 4.8d.

The same analysis is then undertaken for the SPAMD. Figure 4.10 il-
lustrates natural frequencies (see Figure 4.10a), mode shapes (see Figure
4.10b), PTO extension velocities arising from oscillation modes under forced
excitation (see Figure 4.10c) and RCW (see Figure 4.10d) of the SPAMD
respectively, versus the ratio of nominal tether length to buoy radius. In
regards to Figure 4.10a, it should be noted that when calculating the natural
frequencies of the decoupled modes using Equations (4.15) and (4.16), the
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Figure 4.8: Analysis of the generic spherical PA for various ratios of nominal
tether length to buoy radius, for ω = 0.48 rad/s: (a) natural frequencies of
Mode 1 and 2, compared against the natural frequencies of the decoupled
modes given by Equations (4.15) and (4.16); (b) eigenvectors of Mode 1 and
2; (c) PTO extension velocity arising from Mode 1 and 2; (d) RCW of the
generic PA.

optimal parameters (stiffness, damping coefficient and nominal tether length)
of the SPAMD were used. This results in a small difference in the natural
frequencies compared to those displayed in Figure 4.8a. In comparison to
the generic PA, the oscillation modes of the SPAMD contain motions along
multiple Cartesian DOFs because of the strong motion coupling arising from
offsetting the centre of mass. From Figure 4.10a and 4.10b, it can be seen
that for very small and very large tether length ratios, L/r, there exists a
surge-dominant mode and a heave-dominant mode. It should be noted that
since the surge and heave motions are coupled in the SPAMD, the natural
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(a) (b) (c)

Figure 4.9: Mode shapes of the generic PA: (a) surge-dominant Mode 1; (b)
heave-dominant Mode 2; (c) pitch-dominant Mode 3.

frequencies of Mode 1 and 2 deviate from the natural frequencies given by
Equations (4.15) and (4.16) at small tether length to buoy radius ratios. When
the SPAMD operates at optimal nominal tether lengths (3 ≤ L/r ≤ 4, the
shaded range in Figure 4.10), the natural frequencies of Mode 1 and Mode 2
are approximately equal and approach the natural frequencies given by Equa-
tions (4.15) and (4.16). For the greatest tether length to buoy radius ratios, the
eigenvectors of the Mode 1 and 2 are similar to the generic case, where the
surge and heave motions of the PA are weakly coupled. The oscillation Mode
3 is pitch-dominant and its natural frequency is considerably higher than the
incident wave frequency, and consequently is not shown in Figure 4.10a.

From Figure 4.10b, it can be seen that Mode 1 and 2 contain both surge and
heave motions. When the motion of the system becomes the most strongly
coupled (the shaded range in Figure 4.10b), the surge and heave motion
contribute equally to Mode 1 and 2 of the buoy. For Mode 1, surge and heave
are out of phase, which means the buoy oscillates −45◦ to the Cartesian
X-axis as shown in Figure 4.11a. For Mode 2, surge and heave motion are in
phase, and thus the buoy oscillates 45◦ to the Cartesian X-axis, as shown in
Figure 4.11b. Figure 4.10c shows the PTO extension velocities arising from
Mode 1 and 2 respectively. It can be seen that Mode 1 and Mode 2 result in
almost equal contribution to the PTO extension at the optimal tether lengths.
Furthermore, under the optimal condition the temporal phase difference
between Mode 1 and 2 is around −105◦ at low frequencies (see Figure 4.12d),
and therefore the phase difference between the PTO extension velocities,
∠(∆ ˆ̇L1/∆ ˆ̇L2), is also approximately −105◦. Figure 4.10d shows the change
in RCW for the SPAMD versus the ratio of the nominal tether length to the
buoy radius. As the surge motion can drive the PTO via surge-heave motion
coupling (see Section 4.5.3), the RCW of the SPAMD (see Figure 4.10d) is
significantly higher in comparison to RCW of the generic PA (see Figure
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4.8d). When the SPAMD operates with the optimal nominal tether length, the
RCW of the SPAMD is up to three times that of the generic PAs (see Section
4.5.2). This is because the capture width of the additional surge motion can
be theoretically twice that of the heave motion [4]. It is also interesting to
note that under the optimal conditions, the PTO velocity (and therefore PTO
extension) is minimised, despite maximal RCW.
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Figure 4.10: Analysis of the SPAMD for various ratios of nominal tether
length to buoy radius, when the wave frequency is 0.48 rad/s: (a) natural
frequencies of Mode 1 and 2, compared against the natural frequencies of the
decoupled modes given by Equations (4.15) and (4.16); (b) eigenvectors of
Mode 1 and 2; (c) PTO extension velocities arising from Mode 1 and 2, and
relative phase difference ∠(∆ ˆ̇L1/∆ ˆ̇L2), and total PTO velocity; (d) RCW of
the SPAMD.
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(a) (b) (c)

Figure 4.11: Mode shapes of the SPAMD under the optimal condition of
nominal tether length: (a) Mode 1 oscillating at −45◦ in the Cartesian space;
(b) Mode 2 oscillating at 45◦ in the Cartesian space; (c) Mode 3 pitching in
the Cartesian space.

4.5.2 Modal analysis as a function of wave frequency

The modal analysis of the SPAMD was extended to understand the operation
principles of the PA at optimal working conditions over the wave frequencies
of interest. The wave frequencies ranged from 0.34 to 1.4 rad/s, and the
system was analysed by using 30 discrete frequencies within this range. For
each sampled wave frequency, the optimal PTO stiffness, the optimal PTO
damping coefficient and the optimal nominal tether length were found by
using the MATLAB optimization function “fmincon”, within the defined
range of tether length L.

Figure 4.12 illustrates the natural frequencies (see Figure 4.12a), mode
shapes (see Figures 4.12b and 4.12c), phase difference, ψ, between Mode
1 and 2 under forced excitation (see Figure 4.12d), optimal nominal tether
length (see Figure 4.12e) and wave energy harvesting efficiency (see Figure
4.12f) of the SPAMD respectively, over the wave frequencies of interests. The
SPAMD operates under three different regimes (i.e., I, II and III) throughout
the frequencies of interest, which are discussed in the following.

Regime I (ω < 0.5 rad/s)
In this regime, Mode 1 and 2 both oscillate in resonance with the incident

waves. From Figure 4.12a, it can be seen that the natural frequencies of Modes
1 and 2 match the wave frequencies, which implies that these two modes are
resonant. Note that the oscillation Mode 3, which is pitch-dominant, has a
significantly higher natural frequency in comparison to the wave frequency
range of interest. Figures 4.12b and 4.12c show that Mode 1 and 2 contain
almost equal surge and heave motions in Regime I, which implies these
two modes oscillate at ±45◦ with respect to the Cartesian space. Figure 4.13
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Figure 4.12: Analysis of the SPAMD buoy with optimal PTO configurations
(i.e. Kpto, Bpto and L) for wave frequencies ranging from 0.34 to 1.4 rad/s:
(a) the natural frequencies of three modes; (b) eigenvectors of Mode 1; (c)
eigenvectors of Mode 2; (d) phase difference between Mode 1 and 2 under
forced excitation; (e) the optimal nominal tether length; (f) RCW and the q
factor. 75



Chapter 4 Modal analysis of a submerged spherical point absorber

with asymmetric mass distribution

(a) (b)

Figure 4.13: Trajectory and mode shape for ω = 0.4 rad/s: (a) generic PA; (b)
SPAMD.

compares the orientations and amplitudes of oscillation modes (Mode 1 and
2), as well as resulting motion trajectory between the generic PA and the
SPAMD at the wave frequency ω =0.4 rad/s. It can be seen that for the
SPAMD, Mode 1 and 2 have equal amplitudes and orientate to ±45◦ in the
Cartesian space, while the modes of the generic PA purely oscillate along X
and Z axis. For the generic PA, the phase difference between Mode 1 and 2,
ψ, approaches zero (see Figure 4.12d), which means the oscillation modes
reach their peaks and troughs almost simultaneously. As a result, the aspect
ratio of the elliptical trajectory of the generic PA is considerably high (i.e.,
a thin ellipse). In contrast, the phase difference of the oscillation modes of
the SPAMD remain approximately −105◦, and therefore the trajectory of the
SPAMD tends to be circular. Noting that the circular trajectory can drive the
PTO more efficiently than the highly elliptical one. The significance of the
circular trajectory to PAs is discussed at the end of this section.

In Figure 4.12e, the optimal nominal tether length declines as the wave
frequency increases in order to match the natural frequencies of Mode 1 and
Mode 2 to the wave frequency. As the wave energy is captured by surge
and heave motion of the buoy, the RCW of the SPAMD is improved up to
three times in comparison to the generic PA, as shown in Figure 4.12f. The
threefold efficiency improvement reflects the Falnes’ theory that the point
absorber utilizing 3DOF motion (surge, heave and pitch) to harvest wave
energy can be theoretically three times more efficient than the point absorber
using heave-only [4].
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Regime II (0.5 rad/s < ω < 0.74 rad/s)
In Regime II, only Mode 2 (surge-dominant) oscillates in resonance with

the incident waves. From Figure 4.12a, it can be seen that only the natural
frequency of Mode 2 matches the wave frequency, whereas the natural
frequency of Mode 1 increasingly deviates from the wave frequency. The
natural frequency curve of Mode 1 reaches a notch at the wave frequency
of 0.74 rad/s when the minimum tether limit is reached. The factors that
determine the shape of the notch are investigated in next chapter. Figures
4.12b and 4.12c show that Mode 1 tends to be heave-dominant, whereas
Mode 2 tends to be surge-dominant until the wave frequency of 0.74 rad/s.
Figure 4.14 compares the orientations and amplitudes of oscillation modes
(Mode 1 and 2), and resulting motion trajectory between the generic PA
and the SPAMD at the wave frequency ω =0.6 rad/s. It can be seen that
for the SPAMD, the orientations of Mode 1 and 2 approach Z and X axis.
Furthermore, since only surge-dominant Mode 2 oscillates in resonance with
the incident waves, the trajectory of the SPAMD becomes a horizontal ellipse.

(a) (b)

Figure 4.14: Trajectory and mode shape for ω = 0.6 rad/s: (a) generic PA; (b)
SPAMD.

In this regime, since the SPAMD is no longer resonant in heave, the
maximum RCW of the SPAMD declines from 3 times to 1.8 times that of
the generic PA, as shown in Figure 4.12f. This is to be expected given that
the SPAMD is essentially operating in surge which can deliver a two-fold
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increase in RCW.

Regime III (0.74 rad/s < ω)

In Regime III, only Mode 2 (heave-dominant) oscillates in resonance with
the incident waves. From Figure 4.12a, it can be seen that only the natural
frequency of Mode 2 can match the wave frequency. In contrast, the natural
frequency of Mode 1 is much lower than the wave frequency. For wave
frequencies over 0.74 rad/s, the length of the tether reaches its lower limit
(Lmin = 5 m), which also provides a limit on the surge mode natural frequency.
Consequently, the SPAMD is no longer resonant in surge, which limits the
amount of wave energy via the surge motion. From Figure 4.12c, it can be
seen that Mode 2 contains motion in both translational degree of freedoms
(i.e., surge and heave), but the SPAMD mainly uses resonant heave motion
to capture the wave energy, especially in higher frequencies. Figure 4.15
compares the orientations and amplitudes of oscillation modes (Mode 1 and
2), and resulting motion trajectory between the generic PA and the SPAMD
at the wave frequency ω =0.88 rad/s. It can be seen that for the SPAMD,
the orientations of Mode 1 and 2 tend to rotate towards X and Z axis as the
frequency increases. Furthermore, since the phase difference between Mode
1 and 2 approaches zero, the trajectory of the SPAMD tends to be highly
elliptical as for the generic PA. As a result, the RCW of the SPAMD starts to
converge to that of the generic PA, as shown in Figure 4.12f.

(a) (b)

Figure 4.15: Trajectory and mode shape for ω = 0.88 rad/s: (a) generic PA; (b)
SPAMD.
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It can be concluded that the efficiency of the SPAMD depends highly on
the shape of the buoy’s trajectory. The circular trajectory of the SPAMD which
occurs at low frequencies was found to be the most productive. As shown
in Figure 4.13b and 4.12d, the circular trajectory requires that the modes of
the SPAMD are equal in amplitude with a phase difference around ±90◦. A
similar behaviour was found with the Bristol Cylinder [3], where a circular
trajectory was found to maximise power production. This knowledge can be
used to design the potential control algorithm for the SPAMD, in which the
amplitudes and phases of the oscillation modes are controlled to achieve the
circular trajectory.

4.5.3 Power analysis

The surge motion of the SPAMD buoy couples to the PTO via motion coupling
(surge-heave or surge-pitch) arising from offsetting the centre of mass of the
buoy. A power analysis has been performed to understand the contributions
of the buoy motions to the power output of the system. Figure 4.16 shows
the power output contribution from the motion of the buoy calculated from
Equation (4.27) (see Figure 4.16a) and the corresponding velocity amplitude
of the heave, surge and pitch movements (see Figure 4.16b, 4.16c and 4.16d)
across the three operation regimes. From Figure 4.16a, in Regime I, the entire
power output of the SPAMD directly arises from the buoy’s heave motion.
This is because the heave oscillation of the buoy is enhanced by the surge
motion via surge-heave motion coupling, as shown in Figure 4.16c. As it is
the low frequency surge (and sway) motion that defines the buoy’s mooring
watch circle, such surge suppression is an advantage. In contrast, the power
arising from the heave-pitch coupled motion is negative, which implies that
a part of the power returns to the environment via this coupled motion. This
phenomenon will be investigated in the future. In Regime II, the pitch motion
of the buoy is enhanced by the resonant surge motion via surge-pitch motion
coupling, as evident in Figure 4.16d. Consequently, from Figure 4.16a, it can
be seen that the power arising from the heave motion declines, whereas the
power arising from the pitch and the heave-pitch coupled motion increase.
In Regime III, the power arising from the heave motion increasingly becomes
dominant, whereas the power from the pitch motion and from the heave-
pitch coupled motion declines. This is because the SPAMD mainly uses the
resonant heave motion of Mode 2 to capture the wave energy in Regime III.

In Figure 4.17, the optimal PTO stiffness and damping coefficient of
the SPAMD and the generic PAs are compared over the three regimes. In
Regime I, as the SPAMD mainly harvests the power arising from the buoy’s
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Figure 4.16: Power analysis of the SPAMD and velocity amplitudes in the
surge, heave and pitch directions over the wave frequencies of interest: (a)
power output analysis of the SPAMD; (b) surge velocity amplitude; (c) heave
velocity amplitude; (d) pitch velocity amplitude.

heave motion, the optimal PTO stiffness is identical to that of the generic PA.
Whereas, the optimal PTO damping coefficient of the SPAMD is significantly
greater than that of the generic PA because the heave motion of the SPAMD is
enhanced by the surge motion via surge-heave motion coupling. In Regime II,
as SPAMD mainly harvests the power arising from the buoy’s surge motion,
the optimal PTO stiffness and damping coefficient are distinct from these of
the generic PA. In Regime III, although the SPAMD mainly utilizes resonant
heave motion to capture wave energy, the optimal PTO configuration of the
SPAMD still significantly differs from that of the generic PA for the wave
frequency ω > 1.2 rad/s. This is because the heave and pitch motion of the
SPAMD tend to be strongly coupled at very high frequencies, which will be
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investigated in future work.
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Figure 4.17: The comparison of optimal PTO stiffness and damping coefficient
between the SPAMD and the generic PAs across the three regimes: (a) optimal
PTO stiffness; (b) optimal PTO damping coefficient.

4.6 Conclusion

In this paper, an asymmetric mass buoy is employed to improve the efficacy
of fully submerged single-tether spherical point absorbers by harvesting the
wave energy from both surge and heave directions. The results of the modal
analysis show that the efficiency of the SPAMD is significantly affected by
the nominal tether length, unlike the generic PA. Furthermore, the SPAMD
operates under three different operation regimes over the wave frequencies of
interest. In Regime I, Modes 1 and 2 oscillate in resonance with the incident
waves; in Regime II, only surge-dominant Mode 2 oscillates in resonance with
the incident waves; in Regime III, only the heave-dominant Mode 2 oscillates
in resonance with the incident waves. The maximum efficiency of the SPAMD
can be three times higher than the generic PAs for low frequencies (see Figure
4.12f), which implies that the SPAMD has significant commercial potential.
Given that this work used the assumption of small wave amplitudes, to assess
the efficiency improvement of the SPAMD in large wave amplitudes (e.g. >1
m typical wave amplitudes), a numerical wave tank test is required and forms
future work. Furthermore, since the efficiency of the SPAMD is affected by
the nominal tether length, the mechanism for achieving the optimal tether
length must be considered in practice. The steel-frame riser employed to
achieve the optimal tether length in this work might be the dominant cost
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driver in the system design. Deploying the device in shallow water or sharing
the underwater structure with offshore platforms might be two potential
solutions to reduce the cost of the SPAMD.
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Appendix 4.A

With reference to the geometric centre of the buoy in Figure 4.4, the torque
generated by the offset mass m2 should be balanced by the torque generated
by the PTO pretension force Fpre when the buoy is at rest, hence

Fprer sin(α) = m2grgy cos(ϕ) , (4.A.1)

for −π/2 ≤ ϕ ≤ π/2 and 0 ≤ α ≤ π/2.
When the buoy rotates a small pitch angle θy, the net moment Mnet can

be calculated by

Mnet = m2grgy cos(ϕ + θy)− Fprer sin(α + θy) , (4.A.2)

which can be simplified to

Mnet = − sin(θy)[Fprer cos(α) + m2grgy sin(ϕ)] . (4.A.3)

For the system to be stable in the pitch direction, the derivative of the net
moment with respect to the pitch angle must be negative, hence

∂Mnet

∂θy
= − cos(θy)[Fprer cos(α) + m2grgy sin(ϕ)] < 0 . (4.A.4)

For the small angle assumption, cos(θy) > 0, and therefore the following
condition must hold

Fprer cos(α) + m2grgy sin(ϕ) > 0 . (4.A.5)
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For 0 ≤ ϕ ≤ π/2, Equation (4.A.5) is always true; For −π/2 ≤ ϕ ≤
0, since r cos(α) = |zm| and rgy sin(ϕ) = −|z2|, Equation (4.A.5) can be
simplified as

Fpre|zm| −m2g|z2| > 0 . (4.A.6)

As r2 = x2
m + z2

m and Fpre|xm| = m2g|x2|, Equation (4.A.6) can be ex-
pressed as

Fpre

√
r2 − (

m2g|x2|
Fpre

)2 > m2g|z2| . (4.A.7)

As both sides are positive, squaring both sides and re-arranging the
inequality gives

Fprer > m2grgy . (4.A.8)

As defined in Section 4.2, the pretension force Fpre is given by

Fpre = ρVg−mg = (mw −m)g . (4.A.9)

in which ρ is water density, V = 4
3 πr3 is the volume of spherical buoy,

mw = ρV is the mass of water displaced by the submerged spherical buoy.
Substituting Equation (4.A.9) into Equation (4.A.8) gives the stability

condition

rgy

r
< (

mw −m
m2

) . (4.A.10)

To conclude, with the condition that the buoy is balanced at its rest
pose, the system is capable of maintaining stability during the operation if
0 ≤ ϕ ≤ π/2, or rgy

r < (mw−m
m2

) for −π/2 ≤ ϕ < 0.

Appendix 4.B

As mentioned in Section 4.3, the hybrid frequency-domain model is built
upon the small displacement assumption. In this section, the assumption
is justified by presenting the motion amplitude of the SPAMD over the
wave frequencies of interest. Figure 4.18 shows the motion amplitude of the
SPAMD in surge, heave and pitch. It can be seen that the heave amplitude
remains less than 3 m, which means the buoy will not breach the water
surface (the top surface of the buoy is 3m below the water surface at its
rest pose). Furthermore, the pitch displacement remains less than 10◦, which
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means the first-order Taylor series expansion applied to Equations (4.9) and
(4.12) remains valid [11].

0 0.5 1 1.5
0

1

2

3

4

5
SPAMD
Generic

(a)

0 0.5 1 1.5
0

1

2

3
SPAMD
Generic

(b)

0 0.5 1 1.5
0

2

4

6

8

10
SPAMD
Generic

(c)

Figure 4.18: The comparison of the motion amplitude between the SPAMD
and the generic PA with optimised PTO configuration over the frequency
range of interest: (a) surge; (b) heave; (c) pitch.
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Chapter 5

A sensitivity study on the effect
of mass distribution of a
single-tether spherical point
absorber

As analysed in the previous chapter, the efficiency of a single-tether sub-
merged spherical point absorber in monochromatic waves can be significantly
improved by using a buoy with asymmetric mass distribution. The resulting
motion coupling between the surge and heave motion allows the energy
arising from surge motion to be transferred to the PTO unit via the single
tether. Therefore, the SPAMD is able to achieve energy harvesting efficiencies
similar to equivalent multi-tether devices for some wave frequencies, which
is three times that of the generic single-tether device.

The modal analysis conducted in the previous chapter also indicates that
the SPAMD can not always achieve the three times efficiency improvement in
monochromatic waves for all the wave frequencies of interest, which implies
the optimal motion coupling is sensitive to the frequency. As the motion
coupling is generated by the asymmetric mass distribution, this chapter is
designed to provide answers to the following research questions: 1. How does
the mass distribution of a spherical buoy affect the performance of a single-tether
point absorber? 2. How efficient is the SPAMD in typical sea sites?

This chapter consists of the following published journal article:
Meng, F., Cazzolato, B. S., Li, Y., Ding, B., Sergiienko, N. and Arjomandi,
M. (2019). “A sensitivity study on the effect of mass distribution of a
single-tether spherical point absorber”. Renewable Energy 141, pp. 583 -
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595.

The article in its published format is available at https://doi.org/10.
1016/j.renene.2019.03.149.
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5.1 Introduction

A sensitivity study on the effect of mass distribution of
a single-tether spherical point absorber

F. Meng, B. S. Cazzolato, Y. Li, B. Ding, N. Y. Sergiienko, M. Arjomandi

Abstract

In previous work, a single-tether submerged spherical point ab-
sorber with asymmetric mass distribution (SPAMD) was proposed to
enable harvesting wave energy induced by the surge and heave motion
of the buoy. By taking advantage of the motion coupling arising from
the asymmetric mass distribution of the buoy, the SPAMD was found
to be up to three times more efficient than a generic single-tether point
absorber (with uniform mass distribution buoy) under regular waves.
For motion-coupled systems like the SPAMD, the mass distribution is
a significant factor that governs the kinematics and the efficiency of
the device. Therefore, in this paper, a 3DOF (surge, heave and pitch)
spectral-domain model considering viscous drag was developed, to
investigate the sensitivity of the mass distribution on the power output
of the SPAMD in irregular waves. The aim of the sensitivity study is to
provide a guideline for the wave energy industry when designing such
devices. At the end of this paper, the yearly mean power output of the
SPAMD with optimal mass distribution was assessed at three test sites
near Yeu Island (France), Perth (Australia) and Sydney (Australia). It
was found that in such sea sites, the SPAMD was at least 1.5 times more
efficient than the generic single-tether point absorber, indicating that the
SPAMD might have a significant commercial potential. Furthermore, for
the three sites investigated, the performance of the SPAMD was found
to be relatively tolerant to non-optimal PTO configuration, implying
that sea-state specific tuning is unnecessary.

5.1 Introduction

With the concerns of global warming and environmental pollution brought
on by the burning of fossil fuels, renewable energy is regarded as a significant
resource to generate clean electricity. Among the many types of renewable
energy, ocean wave energy is one of the commercially viable renewable
resources. As the ocean covers the 71% of earth surface, the worldwide poten-
tial of ocean wave energy is estimated to be 3.7 Terawatts [7]. Furthermore,
electricity generation by using ocean wave energy is more continuous than
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solar and wind energy, because ocean wave energy is available more than
90% of year, while solar and wind only have 20%-30% availability [16].

Currently, many conceptual designs of wave energy converter (WEC)
have been developed and tested in the hope of commercialising ocean wave
energy exploitation. The point absorber (PA) with one or multiple power
take-off devices (PTO) is one of the promising WECs, drawing attention
from both academic and industrial fields. Point absorbers convert the ocean
wave energy into the mechanical energy of the oscillating buoy which in
turn drives the coupled PTO. One advantage of point absorber is that it can
extract energy from the near-field incident wavefronts by interacting with the
incident waves, resulting in a relative capture width (RCW) greater than one
[5].
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Figure 5.1: Schematic of the SPAMD in the vertical XZ-plane (approximately
to scale).
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To ensure a PA operates efficiently when deployed at individual sites,
the geometry of the buoy is generally regarded as a crucial parameter for
optimisation in the design of the PA. This is because the buoy geometry
determines the hydrodynamic characteristics of the fluid-structure interaction.
For example, Pastor and Liu [15] tested two floating buoys with various
bottom shapes, drafts and diameters in the sea states occurring near Gulf
of Mexico, to demonstrate that a conical buoy with a 2 m draft and 6.5 m
diameter has the best performance in the defined sea site. On the other hand,
some studies treat the geometry optimization as a multi-objective problem
which includes the cost of manufacturing the buoy, the requirement on the
strength of the mooring system and the effectiveness of the control algorithm.
For example, Kurniawan and Moan [10] optimised the dimension of a floating
cylindrical PA to achieve maximum power output and minimum surface area
of buoy in an effort to reduce the cost of the buoy.

For wave energy converters with asymmetric mass distribution (e.g. Edin-
burgh Duck [4], Bristol Cylinder [13] and Solo Duck [17]), the mass distribu-
tion of a buoy is a factor that governs the system performance and thus needs
to be considered in optimisation. For example, Cruze and Salter [4] investig-
ated positioning the off-centred rotational axis on the cylindrical Edinburgh
Duck, to vary the moment of inertia of the device for maximising the power
output in monochromatic waves. However, there is no study systematically
investigating the impact of the mass distribution of the buoy on the system
performance.

In the previous work by the authors [6, 14], the design concept of a
spherical point absorber with asymmetric mass distribution (SPAMD) was
introduced. The SPAMD utilizes motion-coupling of the asymmetric mass
distribution of the buoy to enable the single-tether PA to absorb power
induced by its surge and heave motion. The power output of the SPAMD [14]
is also impacted by the mass distribution of the device, however the impact
is yet to be quantified. For the current paper, a sensitivity study of the impact
that the mass distribution has on the average power output of the SPAMD
was conducted, with the aim to understand the correlation between the mass
distribution and the performance of the SPAMDs. Furthermore, in this study,
the SPAMD with optimal mass distribution is benchmarked against a generic
single-tether PA on the basis of the yearly mean power outputs at three test
sites: Yeu island (France), Perth (Australia) and Sydney (Australia).

The structure of the paper is as follows. In Section 5.2, the SPAMD system
was introduced, together with the definitions of the mass distribution, PTO
and sea states for power output assessment. In Section 5.3, a 3DOF spectral-
domain model of the SPAMD is derived to provide a computationally efficient
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tool for evaluating the power performance of the SPAMD for optimisation in
irregular waves. In Section 5.4, the sensitivity of the buoy’s mass distribution
is studied by using the spectral-domain model. In Section 5.5, the yearly
mean power output of the SPAMD with optimal mass distribution is assessed
at various test sites.

5.2 Description of the system

As shown in Figure 5.1, the SPAMD consists of a spherical buoy with asym-
metric mass distribution (a spherical hull m1 and an offset mass m2). An
idealised linear PTO is connected to the buoy via a mooring tether with the
length of L at rest. It is assumed that the PTO consists of a linear spring
with stiffness, Kpto, a linear damper with damping coefficient, Bpto, and a
pretension force, Fpre, that balances the net buoyancy of the buoy. The incident
waves propagate along the positive X-axis and only excite the SPAMD in
surge, heave and pitch. As discussed in the previous work [14], the mooring
tether length is an important tuning parameter for the SPAMD as it governs
the natural frequency of the system in surge. In order to investigate the
performance of the SPAMD with various mass distributions over a wide
range of frequencies, the sea should be sufficiently deep to allow a long
tether length for low wave frequencies, such as the water depth h = 60 m in
this work. Furthermore, to achieve the desired tether length in the defined
water column, the SPAMD is anchored on a submerged tower. The buoy
at rest has a constant submergence depth ds = 3 m (from the top of the
buoy to the water surface). As the submerged structure might significantly
increase the cost of project, it is recommended to implement the SPAMD
system near-shore in practice. This sensitivity study, which is analysed for
deep water, remains valid for near-shore sites because the mass distribution
only determines how motion modes become coupled and therefore it is
independent from the hydrodynamics.

5.2.1 Mass distribution

According to Lee [11], for a 3DOF (i.e., surge, heave and pitch) spherical buoy
with an additional offset point mass m2, the mass matrix with respect to the
geometric centre of the buoy is given by

M =

 m1 + m2 0 m2z2

0 m1 + m2 −m2x2

m2z2 −m2x2 Iyy

 , (5.2.1)
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where the total mass of the buoy is m = m1 + m2, the total moment of inertia
is Iyy = I1 + I2 = 2

3 m1r2 + m2r2
gy (rgy is the offset distance, as shown in Figure

5.1), the location of the offset mass m2 is (x2, z2).
From Equation (5.2.1), it can be seen that the mass distribution is affected

by three factors: the total mass m, the ratio of spherical hull mass m1 to
the offset mass m2 and the mass offset coordinates (x2, z2). Therefore, four
independent parameters are correspondingly defined in this work, namely
weight-to-buoyancy ratio m/mw (where mw is the mass of displaced water),
the mass ratio m1/m2 and the mass offset position (rgy, ϕ). In Section 5.4,
sensitivity studies on these parameters are conducted to investigate the
impact of the mass distribution on the power output of the SPAMD.

5.2.2 Power take-off configuration

As mentioned previously, the PTO comprises a spring-damper mechanism
(Kpto and Bpto). It is assumed that the averaged power output of the SPAMD
is equal to the power consumed by the PTO damper, given by

P =
1
2

Bpto(∆L̇)2 , (5.2.2)

where the ∆L̇ is the PTO elongation velocity. The corresponding average PTO
loading (including dynamic and static components) is given by,

Fpto = −Kpto∆L− Bpto∆L̇− Fpre . (5.2.3)

5.2.3 Sea states

In this work, the irregular sea states used a Modified Pierson-Moskowitz
spectrum (ITTC [9]), with the wave spectral density function given by

S f (ω) =
A f

ω5 exp (−
B f

ω4 ) , (5.2.4)

with three parameters A f , B f and T1 given by

A f =
4π3Hs

2

T4
1

, (5.2.5)

B f =
691
T4

1
, (5.2.6)

T1 = 2π
M0

M1
, (5.2.7)
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where ω is the wave frequency in the spectrum, Hs is the significant wave
height, Mn is the nth moment of the frequency spectrum.

The spectra were linearly discretised into n = 100 sample frequencies
from 0.02 rad/s to 2 rad/s (∆ω=0.02 rad/s). The complex wave elevation of
the jth sampled frequency is given by

Âm(ωj) =
√

2S f (ωj)∆ωeiΨj , (5.2.8)

where the initial wave elevation phase Ψj of the jth sampled frequency was
randomly chosen between 0 to 2π, to simulate the random process of the
irregular wave elevation.

5.3 Spectral-domain modelling

In this section, a spectral-domain model was developed to enable a compu-
tationally efficient tool for conducting a sensitivity study (see Section 5.4)
and power output assessment for various sea sites (see Section 5.5). The
spectral-domain model was originally created as a probabilistic method to
estimate the dynamics of ships in irregular waves [19]. Folley and Whittacker
[8] then introduced this modelling method in their WEC study to accelerate
the assessment of mean power output of a WEC under irregular sea states.
The spectral-domain model is proven to be as accurate as the equivalent
time-domain model for estimation of the WEC power output even in the
presence of nonlinear effects [8].

In the spectral-domain model, assuming that the response to irregular
waves can be separated into an array of orthogonal single-frequency re-
sponses, the resulting total power output is calculated by the principle of
superposition [8], given by

Ptotal =
n

∑
j=1

Pj , (5.3.1)

in which Pj is power output to the jth frequency component of irregular
waves. According to Equation (5.2.2), Pj is given by

Pj =
1
2

Bpto|∆ ˆ̇Lj|2 , (5.3.2)

in which, as shown in the previous work by the authors [14], the complex
PTO elongation velocity ∆ ˆ̇Lj arising from the motion of the SPAMD excited
by the jth frequency component of the irregular waves can be derived as

∆ ˆ̇Lj = J−1 ˆ̇xj , (5.3.3)
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where the inverse Jacobian matrix J−1 = (0, 1, r sin(α)) converts the buoy’s
velocities in the Cartesian space ˆ̇x = ( ˆ̇x, ˆ̇z, ˆ̇θy)T into the PTO elongation
velocity, in which ˆ̇x is the complex surge velocity, ˆ̇z is the complex heave
velocity and ˆ̇θy is the complex pitch velocity.

For given array of ∆ ˆ̇Lj (j = 1, 2, 3, ...., n), the resulting root-mean-square
PTO loading (including dynamic and static components) under irregular
waves is given by

F̂pto,irregular =

√√√√1
2

n

∑
j=1
|F̂pto,j|2 , (5.3.4)

where the F̂pto,j is the average PTO loading of the jth frequency component,
as given by Equation (5.2.3).

From the previous work by the authors [14], the equation of motion in
the frequency-domain is given by

ˆ̇xj = [iωj(M+A(ωj))+ (B(ωj)+Bpto +D)+Kpto/iωj]
−1F̂exc(ωj) , (5.3.5)

where M is the mass matrix of the asymmetric mass buoy, given by Equation
(5.2.1):

A(ωj) =

 Ax(ωj) 0 0
0 Az(ωj) 0
0 0 0

 , (5.3.6)

B(ωj) =

 Bx(ωj) 0 0
0 Bz(ωj) 0
0 0 0

 , (5.3.7)

are the hydrodynamic added mass matrix and the hydrodynamic damping
coefficient matrix respectively, which were calculated by using the expressions
in [12], and are shown in Figure 5.2;

Bpto =

 0 0 0
0 Bpto Bptor sin(α)
0 Bptor sin(α) Bpto(r sin(α))2

 , (5.3.8)

Kpto =



Fpre
L 0 − Fprer cos α

L
0 Kpto Kptor sin α

− Fprer cos α
L Kptor sin α


Fprer cos α

−m2grgy sin ϕ

+
Fpre(r cos α)2

L
+Kpto(r sin α)2




, (5.3.9)
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are PTO damping matrix and PTO stiffness matrix respectively;

F̂exc(ωj) =

 F̂exc,x(ωj)

F̂exc,z(ωj)

0

 =

 Âm(ωj) f̂exc,x(ωj)

Âm(ωj) f̂exc,z(ωj)

0

 , (5.3.10)

is the wave excitation force vector, in which the excitation force coefficients
f̂exc,x(ω) and f̂exc,z(ω) were calculated by using the expressions in [12] (the
results are shown in Figure 5.2); and

D =

 Dx

Dz

0

 = −ρCDS


√

1
π ∑n

j=1 | ˆ̇xj|2√
1
π ∑n

j=1 | ˆ̇zj|2

0

 , (5.3.11)

is the quasilinear drag force coefficient vector, in which ρ is the water density,
CD is the viscous drag coefficient (CD = 0.18 for the 1× 106 < Re < 5× 106 [3]
) and S is the nominal cross-section area of the spherical buoy (S = πr2). For
a smooth spherical buoy, the viscous drag coefficient in pitch is negligible.
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Figure 5.2: Hydrodynamic coefficients for the defined operating environment:
(a) added mass A(ω); (b) radiation damping coefficient B(ω); (c) excitation
force coefficient fexc.

As Dx and Dz are the functions of the velocity response of all discretised
frequencies, the spectral-domain model must be solved numerically. Folley
and Whittacker [8] recommend the use of an iterative solver with an initial
guess of system response to successively update the numerical solution
until the predefined convergence termination criteria is met. Figure 5.3
shows a flowchart that determines the Dx and Dz and maximises the power
output using the spectral-domain model for a particular mass distribution
configuration, which can be summarised as the following procedure:
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• Step 1: Initialise the hydrodynamic coefficients and the quasilinear
drag force coefficients (Dx and Dz). The initial values of drag force
coefficients are usually set to zero.

• Step 2: Build a spectral-domain model using the coefficients obtained
from Step 1.

• Step 3: Search optimal PTO configuration (Kpto, Bpto and L) which
results in maximum power output P, with the assistance of optimisa-
tion function fmincon in MATLAB, subjected to the motion constraint

condition
√

1
2 ∑n

j=1 |ẑj|2 ≤ 3 m which ensures the buoy remains fully
submerged. In order to tune the system to be resonant in surge for the
wave frequency of interest, the optimal nominal tether length L is al-
lowed to vary from 1 to 9 times the buoy’s radius (r ≤ L ≤ 9r). The PTO
stiffness Kpto and the PTO damping coefficient Bpto were constrained to
be positive values.

• Step 4: Check if the deviation of current power output P is less than
0.1% in comparison with the value in the previous iterations. Addition-
ally, the variance of the quasilinear drag force coefficients Dx and Dz

should be less than 1% in comparison with the value in the previous
iterations. If so, the iteration ceases and the whole optimisation stops; if
not, the system response is solved to update the quasilinear drag force
coefficients, and then next iteration commences.

5.4 Sensitivity study on mass distribution

In this section, a sensitivity analysis was performed to investigate the in-
fluence of the weight-to-buoyancy ratio (m/mw), mass ratio (m1/m2) and
mass-offset position (ϕ and rgy) on the power output of the SPAMD separ-
ately. Considering the feasibility in manufacturing the SPAMD, the weight-
to-buoyancy ratio was restricted to 0.3 ≤ m/mw ≤ 0.6 and the mass ratio
1/3 ≤ m1/m2 ≤ 3. Table 5.1 lists the starting values and the range of the
mass distribution parameters in the sensitivity studies. The mass distribution
used in the previous work of the authors [6, 14] was used as an initial starting
point.
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Hydro-parameters Dx0 and Dz0

 Spectra-domain model

Power Pk
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END

Optimal Kpto,k, Bpto,k and Lk

Solve equatioin of motion Eqn (5.3.5)

Update Eqn (5.3.11)

Figure 5.3: Flow chart for determining optimal PTO configuration and calcu-
lating the power output from the spectral-domain model.

Table 5.1: Fundamental mass distribution parameters of the sensitivity studies

weight-to-buoyancy ratio Mass ratio Mass-offset position
m/mw m1/m2 ϕ (◦) rgy (m)

Starting value used in [14] 0.5 1 30◦ 4.5
Parameter range 0.3, 0.4, 0.5 and 0.6 1/3, 1/2, 1, 2 and 3 −180 to 180 0 to 5
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5.4.1 The relationship between weight-to-buoyancy ratio and
power

The influence of the weight-to-buoyancy ratio m/mw on the power output of
the SPAMD was investigated first. The weight-to-buoyancy ratio was varied
between four discrete values (0.3, 0.4, 0.5 and 0.6), while the mass ratio and
the mass-offset position remained fixed at their starting values.

Figure 5.4 compares the power output between the SPAMDs with various
weight-to-buoyancy ratios versus monochromatic wave periods from 4.5 to
18.5 s, under optimal spring-damper control at each wave period. The optimal
PTO configuration (stiffness Kpto, damping coefficient Bpto and nominal
tether length L) for monochromatic waves was found by using the algorithm
presented in the previous work [14]. The curves of PA and PB illustrate the
theoretical maximum power absorption of a 3DOF point absorber, without
considering viscous drag effect. The derivation of PA and PA can be found
in Ref [18]. It can be seen that at small wave periods (T < 8 s) the lightest
buoy (m/mw = 0.3) is up to 1.5 times more efficient than the heaviest one
(m/mw = 0.6), however the power output of the lightest buoy decreases
rapidly as the wave period increases and the heaviest buoy shows better
performance at large wave periods (T >10 s).
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Figure 5.4: Power output comparison among the SPAMDs with weight-
to-buoyancy ratios of 0.3, 0.4, 0.5 and 0.6, over the monochromatic wave
period ranging from 4.5 to 18.5 s. The PTO configuration (stiffness, damping
coefficient and tether length) were optimised for each wave period. PA and
PB are the theoretical high-frequency and low-frequency limits of power
absorption for a 3DOF (i.e., surge, heave and pitch) point absorber in the
absence of viscous losses.

The weight-to-buoyancy ratio has limited impact on the absorption band-
width of the SPAMD. The absorption bandwidth is defined as the normalised
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frequency range where the absorbed power remains within the 50% of its peak
value. Figure 5.5 shows the non-dimensional power output of the SPAMDs
with various weight-to-buoyancy ratios in monochromatic waves of wave
height H = 1 m. The PTO configurations were chosen such that the SPAMDs
were tuned to be resonant in surge and heave for the peak power period T =
8.5 s). No motion constraints are implemented. The results in Figure 5.5 show
that the absorption bandwidth of the SPAMD is almost independent of the
weight-to-buoyancy ratio. However, the weight-to-buoyancy ratio m/mw =
0.5 and 0.6 can lead to an additional peak for ω/ω0 = 0.7 and 0.6 respectively,
which is caused by an additional motion coupling between the heave and
pitch motion. As evident in Figure 5.6, the SPAMD with m/mw = 0.6 has the
second largest heave and pitch displacements for ω/ω0 = 0.75. Considering
the SPAMD is an under-actuated system, large weight-to-buoyancy ratios
should be avoided in design because the additional motion coupling might
significantly degrade the controllability of the system.

Figure 5.5: Absorption bandwidth of the SPAMDs with various weight-to-
buoyancy ratios in monochromatic waves of wave height H = 1 m. The
SPAMDs are tuned to reach resonance at the wave period of 8.5 s (ω0 = 0.739
rad/s). Note that no motion constraints are implemented.

The power comparison of the SPAMDs with various weight-to-buoyancy
ratios has also been conducted for irregular waves. Figure 5.7 compares the
power output between the SPAMDs with predefined weight-to-buoyancy
ratios over a range of irregular sea states of significant wave height Hs = 1
m. It can be seen that the overall trend is consistent with the monochromatic
waves in Figure 5.4: the lightest buoy (m/mw = 0.3) outperforms the heaviest
buoy (m/mw = 0.6) at small peak wave periods (Tp <8 s), with up to 1.9
times improvement in power; while at large peak wave periods (Tp >10 s),
the heaviest buoy is slightly more productive.
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Figure 5.6: Displacements of the SPAMD with weight-to-buoyancy ratio
m/mw =0.6 in monochromatic waves of wave height H = 1 m. The SPAMDs
are tuned to reach resonance at the wave period of 8.5 s (ω0 = 0.739 rad/s).
Note that no motion constraints are implemented.
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Figure 5.7: Power output comparison among the SPAMDs with weight-to-
buoyancy ratios of 0.3, 0.4, 0.5 and 0.6 for irregular waves, over the peak wave
period ranging from 4.5 to 18.5 s. The PTO configuration (stiffness, damping
coefficient and nominal tether length) was optimised for each peak period.
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Although the light buoy exhibits power improvement for small peak
wave periods, such gain in the average power output is also associated with
a considerable increase in the PTO loading, which is likely to result in an
increase of the total system cost. Figure 5.8 compares the corresponding
PTO loading amplitudes (including dynamic and static PTO loadings) under
the irregular sea states. The lightest buoy requires up to 1.6 times the PTO
force than the heaviest buoy over the pre-defined peak wave periods, mainly
because the PTO of the lightest buoy needs to provide extra pretension force
(as illustrated by the dash lines in Figure 5.8) to keep the buoy submerged.
Therefore, it is not recommended to employ the weight-to-buoyancy ratio
less than 0.3 for the design of the SPAMD. In addition to the amplitude of
PTO force, the power-to-force ratio is also of interest as it is a proxy for the
cost of the PTO facility per kW. From Figure 5.9, it has been observed that
the heavy buoys tend to achieve the larger power-to-force ratio for large peak
periods, indicating the SPAMD with heavy buoy might be more economic
when operating in these particular sea states. In contrast, the light buoys
might have a significant economic advantage for small peak periods.

Considering the economy and the cost of the system are out of the scope
of this paper, the weight-to-buoyancy m/mw = 0.4 was chosen to achieve the
greater power production for the rest of the sensitivity study (see Figure 5.7).
Furthermore, the system with m/mw = 0.4 can be more controllable than the
larger weight-to-buoyancy ratios (see Figure 5.5).
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Figure 5.8: PTO loading comparison among the SPAMDs with weight-to-
buoyancy ratios of 0.3, 0.4, 0.5 and 0.6 for irregular waves, over the peak wave
period ranging from 4.5 to 18.5 s. Solid lines represent the sum of dynamic
and static PTO loading for various weight-to-buoyancy ratios, and the dash
lines represent the static PTO loading. The PTO configuration (stiffness,
damping coefficient and nominal tether length) was optimised for each peak
period.
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Figure 5.9: Power-to-force ratio comparison among the SPAMDs with weight-
to-buoyancy ratios of 0.3, 0.4, 0.5 and 0.6 for irregular waves, over the peak
wave period ranging from 4.5 to 18.5 s. The PTO configuration (stiffness,
damping coefficient and nominal tether length) was optimised for each peak
period.

5.4.2 The influence of mass ratio on power

The influence of mass ratio on the power output of the SPAMD was invest-
igated by varying the mass ratio m1/m2 between 1:3, 1:2, 1:1, 2:1 and 3:1,
whilst fixing weight-to-buoyancy ratio to 0.4 (determined from the previous
subsection) and mass-offset position to the starting value.

Figure 5.10 compares the power output between the SPAMDs with various
mass ratios over the monochromatic wave periods of interest. It can be seen
that the heavy offset mass (i.e., m1/m2 = 1:1, 1:2 and 1:3) can lead to a
maximum of 1.7 times (average 1.5 times) power improvement in comparison
with the light offset mass (i.e., m1/m2 = 2:1 and 3:1) for the monochromatic
wave periods T < 7 s, while the SPAMDs with light offset mass have only
average 5% gain in the average power output for intermediate period waves
(7 s < T < 9 s). When the monochromatic wave period further increases,
the average power output of the SPAMDs start to converge. Therefore, the
mass ratio mainly influences the average power output of the SPAMD for
low monochromatic wave periods.

The mass ratio has little impact on the absorption bandwidth of the
SPAMD. Similar to Figure 5.5, Figure 5.11 shows the non-dimensional power
output of the SPAMDs with various mass ratios in monochromatic waves
of wave height H = 1 m. For the mass ratios investigated in this study, the
resulting absorption bandwidths are almost identical, indicating the control
algorithm of the SPAMD is independent of the mass ratio of the buoy.
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Figure 5.10: Power output comparison among the SPAMDs with mass ratios
of 1:3, 1:2, 1:1, 2:1 and 3:1, over the monochromatic wave period ranging from
4.5 to 18.5 s. The PTO configuration (stiffness, damping coefficient and tether
length) is optimised for each wave period.

Figure 5.11: Absorption bandwidth of the SPAMDs with various mass ratios
in monochromatic waves of wave height H = 1 m. The SPAMDs are tuned to
reach resonance at the wave period of 8 s (ω0 = 0.790 rad/s).

The performance of the SPAMDs with various mass ratios over the peak
wave periods of interest is shown in Figure 5.12. In this figure, it can be seen
that the configurations with the heaviest offset mass slightly outperform
the buoys with lighter offset masses. This can be explained using the power
curves for regular waves in Figure 5.10, where the buoys with heavy offset
mass deliver more power at small wave periods. Another interesting observa-
tion is that the PTO loading is insensitive to the mass ratio of the buoy, as
shown in Figure 5.13.

In conclusion, the mass ratio of the buoy has a limited impact on the
absorption bandwidth, average power output and PTO loading of the SPAMD.

106



5.4 Sensitivity study on mass distribution

Therefore, a mass ratio of unity was used for the subsequent sensitivity study,
as it shows similar power performance to low mass ratios but is relatively
more feasible in terms of manufacturing.
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Figure 5.12: Power output comparison among the SPAMDs with mass ratios
of 1:3, 1:2, 1:1, 2:1 and 3:1 for irregular waves, over the peak wave period ran-
ging from 4.5 to 18.5 s. The PTO configuration (stiffness, damping coefficient
and tether length) was optimised for each peak period.
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Figure 5.13: PTO loading comparison among the SPAMDs with mass ratios of
1:3, 1:2, 1:1, 2:1 and 3:1 for irregular waves, over the peak wave period ranging
from 4.5 to 18.5 s. The PTO configuration (stiffness, damping coefficient and
nominal tether length) was optimised for each peak period.

5.4.3 The influence of mass offset position on power

In this section, influence of the mass-offset position on the average power
output of the SPAMD was investigated, whilst fixing m/mw =0.4 and m1/m2

=1:1. The starting value of mass offset position is rgy = 4.5 m and ϕ = 30◦.
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The sensitivity of the power output of the SPAMD on mass offset radius
rgy and angle ϕ were investigated. Figure 5.14 shows the power output
of the SPAMDs with ϕ = 30◦ and various mass offset radii (rgy varied
from 0 m (generic buoy) to 5 m (offset mass is on the surface of the buoy)
over seven different offset radii) over the monochromatic wave periods of
interest. It can be seen that the power output of the point absorber can be
considerably improved in comparison to the generic PA even when the mass
m2 is offset from the centre of the buoy by only 1.5 m. Furthermore, the
power improvement of the SPAMD converges at rgy > 2.5 m, after which the
gain in power does not grow as the offset radius rgy increases.

In contrast, the power output of the SPAMD is very sensitive to the offset
angle ϕ. Figure 5.15 shows the power output of the SPAMDs with rgy = 4.5
m and various ϕ ( 90◦ < ϕ < −90◦ over seven discrete angles) over the
monochromatic wave periods of interest. It can be concluded that the power
output of the SPAMD continuously increases as the mass-offset position
moves from the upper hemisphere of the buoy (ϕ = −30◦ and −60◦) to
the lower hemisphere (ϕ = 30◦ and 60◦). For the offset angle ϕ = 60◦, the
SPAMD shows up to 2.3 times power improvement in comparison with the
case of ϕ = ±90◦. The poor performance when the m2 is offset vertically
is because the surge and heave motion are barely coupled, as seen from
Equation (5.2.1). As a result, the SPAMD with vertically offset m2 has almost
identical power output as the generic PA shown in Figure 5.14.
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Figure 5.14: Power output comparison of the SPAMDs with a fixed mass
offset angle (ϕ = 30◦) and various mass offset radius (rgy = 0 m, 0.5 m, 1.5
m, 2.5 m, 3.5 m, 4.5 m and 5 m) over the monochromatic wave periods of
interest. The PTO configuration (stiffness, damping coefficient and tether
length) was optimised for each wave period. The weight-to-buoyancy ratio is
0.4 and the mass ratio is 1:1.
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Figure 5.15: Power output comparison of the SPAMDs with a fixed mass
offset radius (rgy = 4.5 m) and various mass offset angles over the monochro-
matic wave periods of interest. The PTO configuration (stiffness, damping
coefficient and tether length) was optimised for each wave period. The weight-
to-buoyancy ratio is 0.4 and the mass ratio is 1:1.

For irregular waves, the performance of the SPAMD determined for the
mass-offset positions reflects the trends consistent with the regular wave
results. Figure 5.16 shows the variance in the average power output of the
SPAMD for two irregular waves with the peak periods Tp = 9 s and Tp =
13 s, which represent the most likely peak periods of the targeted test sites
in the subsequent power assessment. The spherical buoy was gridded by
10 discrete mass-offset radii rgy from 0 to 4.5 m (∆rgy = 0.5 m), and 24
discrete mass-offset angles ϕ from −180◦ to 180◦ (∆ϕ = 15◦). The colour
in the grids represents the power output of the SPAMD for corresponding
mass offset. Note that the power output of the generic single-tether PA is also
illustrated for rgy = 0 m. It can be seen that the improvements are distributed
symmetrically about the Z axis, and a vertical mass-offset position would
lead to a zero gain in power output. For the peak period Tp = 9 s (see Figure
5.16a), the optimal mass-offset positions on the right hemisphere are found
within the sector of 3.5 m < rgy < 4.5 m and 0◦ < ϕ < 30◦, demonstrating
2.2 times power output improvement with respect to the generic single-tether
PA. For the peak period Tp = 13 s (see Figure 5.16b), the optimal mass-offset
positions on the right hemisphere are found within the sector of 4 m < rgy <

4.5 m and −30◦ < ϕ < 0◦, yielding 2 times power output improvement in
comparison to the generic single-tether PA.

Unlike the weight-to-buoyancy ratio, the power improvement by optim-
ising the mass-offset position is not associated with a considerable increase in
PTO loading. Figure 5.17 compares the PTO loading for various mass offset
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(a)

(b)

Figure 5.16: Polar plot of the average power output of the SPAMD for various
mass-offset positions for the irregular waves with the peak period: (a) Tp = 9
s; (b) Tp = 13 s. The weight-to-buoyancy ratio is 0.4 and the mass ratio is 1:1.
The PTO configuration (stiffness, damping coefficient and tether length) was
optimal for each mass offset position. Note that the average power output of
the generic PA (rgy = 0 m) are 14 kW and 11 kW for Tp = 9 s and 13 s.
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positions when the peak periods Tp = 9 s and 13 s. Considering the PTO pre-
tension force is 3.15 MN, the variance of PTO loading caused by the different
mass-offset positions is negligible, which means optimising the mass-offset
position might be more cost-effective than targeting the weight-to-buoyancy
ratio.

5.5 Yearly mean power output with optimal mass
distribution

In this section, the yearly mean power output of a SPAMD with the optimal
mass distribution was benchmarked against a generic single-tether PA of
the same size and mass for three sites: Yeu Island in France, and Perth
and Sydney in Australia. Figure 5.18 shows the probability of the sea state
occurrence matrix of the three test sites. As mentioned in Section 5.2, it was
assumed that all the sea states have a Modified Pierson-Moskowitz spectrum.
The assessment of yearly mean power output of the SPAMD was conducted
in three steps, namely determining the optimal mass distribution, optimising
PTO configuration for each sea state and calculating yearly mean power
output.

5.5.1 Determining the optimal mass distribution

From Figure 5.18, it can be seen that the most likely peak periods Tp in the
test sites are 9 s (Yeu and Sydney sites) and 13 s (Perth site). Therefore, the
optimal mass distributions were determined according to the peak periods
of 9 s and 13 s. Considering the extremely high computational workload for
optimising the mass distribution parameters as well as corresponding PTO
configurations, an optimisation loop was created to iteratively search the
optimal mass distributions. In this loop, the mass distribution parameters
are optimised serially and iteratively until the power output converges, as
shown in Figure 5.19.

Table 5.2 lists the resulting optimal mass distribution and tether length
used for power assessment. It is interesting to note that the optimal mass
distribution found by the optimisation loop is similar to that found in the
sensitivity study (see Section 5.4.3), which enhances the confidence on the
results of mass distribution optimisation.
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(a)

(b)

Figure 5.17: Polar graph of the PTO loading of the SPAMD for various mass-
offset positions for the irregular waves with peak wave period (a) Tp = 9
s; (b) Tp = 13 s. The weight-to-buoyancy ratio is set to 0.4 and the mass
ratio is 1:1. The PTO configuration (stiffness, damping coefficient and tether
length) was optimised for each mass offset position. Note that the PTO
loading of the generic PA (rgy = 0 m) are 3.35 MN and 3.33 MN for Tp =
9 s and 13 s respectively. Note that the power output is insensitive to the
mass-offset position when it is vertically displaced from the geometric centre,
and therefore presents an ill-conditioned problem. This results in noisy PTO
force estimates for such cases.
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(a)

(b)

(c)

Figure 5.18: The probability of sea state occurrence of three test sites, which
is obtained from real sea measurement: (a) Yeu Island (Location: 059◦00, 000′

N - 003◦66, 000′ W) [2]; (b) Perth site (Location: 033◦50, 000′ S - 114◦80, 000′ E)
[1]; (c) Sydney site (Location: 034◦00, 000′ S - 152◦50, 000′ E) [1].
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Figure 5.19: Flowchart of optimising mass distribution of the SPAMD for
yearly mean power assessment.

5.5.2 Optimising PTO configuration for each sea state

In this assessment, the impact of optimal spring-damper control on the yearly
mean power of the SPAMD was also investigated. The SPAMD was divided
into two classes: one class with optimal spring-damper control for each sea
state (denoted as SPAMDopt); and the other class with a fixed spring-damper
control (denoted as SPAMDfixed). Specifically, for the SPAMDopt, the PTO
stiffness Kpto and damping coefficient Bpto were optimised for each sea state;
while for SPAMDfixed, the PTO stiffness Kpto and damping coefficient Bpto

were fixed to the optimal settings for the peak period Tp = 9 s (Yeu and
Sydney sites) and 13 s (Perth site). For the generic PA (denoted as Generic),
its PTO stiffness and damping coefficient was optimised for every sea state.

Since it is not feasible to adjust the mooring tether length L to accom-
modate varying sea states in practice, the tether length was fixed in this
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Table 5.2: Optimal mass distribution for power assessment at test sites

Yeu Island Perth site Sydney site

Mass distribution
m/mw 0.4 0.4 0.4
m1/m2 1:1 1:3 1:1

rgy and ϕ 4.5 m, −15◦ 4.5 m, 0◦ 4.5 m, −15◦

Tether length L 9.24 m 16.26 m 9.24 m

assessment. For the SPAMDs (i.e., SPAMDopt and SPAMDfixed), the tether
length was set as the optimal length for the peak period Tp = 9 s (Yeu and
Sydney sites) and 13 s (Perth site), as shown in Table 5.2. For the generic PA,
its tether length was fixed to 14 m because the power output of the generic
PA is relatively insensitive to the tether length.

5.5.3 Calculating yearly mean power output

The yearly mean power output of the SPAMDs and the generic PA were
calculated by multiplying the sea state occurrence matrix (see Figure 5.18)
with the power absorption matrices (see Figure 5.20). Table 5.3 compares
the resulting yearly mean power output of the SPAMDopt, the SPAMDfixed

and the Generic at the chosen test sites. From Table 5.3, it can be seen
that the yearly mean power output of the SPAMDopt is slightly greater
than the SPAMDfixed as expected, which implies that there is little benefit
to implementing an optimal spring-damper control for each sea state if the
tether length is non-optimal. Furthermore, the power output of the SPAMDopt

is as much as 1.6 times the Generic, which indicates the SPAMD with optimal
mass distribution is likely to more economically competitive than the generic
single-tether PA.

Table 5.3: The yearly mean power output comparison between the SPAMDopt,
SPAMDfixed and Generic buoy for three test sites

Yeu Island Perth site Sydney site
SPAMDopt 100.0 kW 80.4 kW 97.2 kW
SPAMDfixed 96.5 kW 77.1 kW 94.0 kW
Generic 65.6 kW 50.4 kW 62.3 kW

q factor

SPAMDopt

SPAMDfixed 1.04 1.04 1.03

SPAMDopt

Generic 1.53 1.60 1.56
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(a) (b)

(c) (d)

(e)

Figure 5.20: Power matrix of: (a) the SPAMDopt with optimal mass dis-
tribution for Yeu and Sydney sites; (b) the SPAMDopt with optimal mass
distribution for Perth site; (c) the SPAMDfixed with optimal mass distribution
for Yeu and Sydney sites; (d) the SPAMDfixed with optimal mass distribution
for Perth site; (e) the Generic buoy.
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5.6 Conclusion

In this paper, a sensitivity study of mass distribution on the average power
output of a submerged spherical point absorber with asymmetric mass
distribution (SPAMD) in regular and irregular waves was conducted. The
mass distribution of the buoy is determined by three parameters: weight-
to-buoyancy ratio, mass ratio and mass-offset position. It was found that
the buoy with low weight-to-buoyancy ratio is more productive at small
wave periods. However, the gain in power output is also associated with the
increase of PTO loading, which might increase the cost of energy production.
The mass ratio of the buoy has a limited impact on the power output and the
PTO loading of the SPAMD. The mass-offset position was found to have the
greatest impact on the power production of the SPAMD, with the optimal
position doubling power production compared to the generic buoy. The PTO
loading is relatively insensitive to the mass-offset position.

Finally, the yearly mean power output of the SPAMD with optimal mass
distribution was compared with the generic single-tether PA at three test
sites (Yeu Island, Perth and Sydney). The results showed that the optimal
mass distribution of the SPAMD can lead to at least 53% more power in
comparison with the generic single-tether PA, which suggests that the SPAMD
might be more competitive in the wave energy industry. Furthermore, the
impact of optimal spring-damper control on the yearly mean power of the
SPAMD was also investigated. It was found that the SPAMD does not require
optimal spring-damper control for each sea state to improve the yearly
mean power output if the nominal tether length is fixed, which means a
sea-state dependant control system might not be essential when the SPAMD
is deployed in practice.

Future work will focus on verifying the power output improvement of the
SPAMD with presence of nonlinearities in a 3D numerical wave tank (NWT).
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Chapter 6

Nonlinear hydrodynamics
analysis of a submerged
spherical point absorber with
asymmetric mass distribution

It has been demonstrated in the previous chapters that a submerged spherical
buoy with an asymmetric mass distribution can be up to three times more
efficient than a generic one for regular waves and up to 1.5 times for irregular
waves. However, all the analysis and relevant conclusions on the SPAMD have
been performed using linear potential theory models, leading to uncertainty
in the performance of the SPAMD when nonlinear hydrodynamics begin to
dominate. In order to investigate the effect of the nonlinear hydrodynamics
on the performance of the system, a nonlinear hydrodynamic analysis is
presented in this chapter, focusing on the motion trajectory and power
production to provide some insights into the following research questions:
1. How does motion trajectory reflect the efficiency of multi-mode point absorbers?
2. How do nonlinear hydrodynamics compromise the efficiency of multi-mode point
absorbers?

This chapter consists of the following journal article under review:
Meng, F., Rafiee, A., Ding, B., Cazzolato, B. S. and Arjomandi, M. (2019).
“Nonlinear hydrodynamics analysis of a submerged spherical point ab-
sorber with asymmetric mass distribution”. Accepted by Renewable En-
ergy.
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6.1 Introduction

Nonlinear hydrodynamics analysis of a submerged
spherical point absorber with asymmetric mass

distribution

F. Meng, A. Rafiee, B. Ding, B. S. Cazzolato, M. Arjomandi

Abstract

In previous work, a frequency-domain model was developed from
linear potential theory to investigate the oscillation modes and effi-
ciency of a single-tether 3 degree-of-freedom submerged spherical point
absorber with asymmetric mass distribution (SPAMD). It was found
that the trajectory of the device has a strong correlation with the per-
formance of the wave energy converter. Specifically, the SPAMD can
generate unique circular trajectories under long waves, producing up
to 3 times power that of a generic single-tether point absorber (PA).
However, this conclusion might not be valid for large buoy displace-
ments due to increased nonlinear hydrodynamic effects (e.g. surface
piercing, overtopping water, and vortex shedding). In this study, the
trajectory of the SPAMD was analysed to determine the dominant non-
linear hydrodynamic effect that degrades the performance of a fully
submerged system. The analysis was conducted in a numerical wave
tank experiment (NWT), based on the Navier-Stokes equation and using
the computational fluid dynamic toolbox OpenFOAM and the open-
source library OLAFLOW for wave generation and absorption. The
results obtained from NWT experiments show that surface piercing has
the largest negative impact on the system’s performance, which com-
promises the efficiency of the SPAMD by modifying the trajectory and
dissipating energy. As a result, the efficiency of the SPAMD significantly
decreases for long waves when surface piercing is most likely to occur,
which implies that submerged point absorbers are less efficient than the
floating ones in this scenario. Furthermore, although the performance
of the SPAMD was significantly compromised due to the effect of sur-
face piercing, the resulting power improvement in comparison to the
submerged generic point absorber was still considerable for some wave
periods.

6.1 Introduction

As a clean and renewable energy resource, ocean wave energy is regarded as
an important contributor in the future energy mix. The potential of worldwide
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wave energy resource is estimated to be the same level as the annual electricity
demand (∼2 TW) [2]. To harvest the energy from ocean waves, a large
amount of wave energy converters (WECs) have been proposed, which can
be roughly categorised into oscillating water columns, overtopping devices,
wave activated bodies and submerged pressure differential devices [23].
Accurate modelling of a wave energy converter plays a significant role in the
prototype development as it is required for evaluating survivablity of WECs
under extreme wave loadings [13], optimising power absorption efficiency
[17], assessing power production [24], system identification [1] and real-time
model-based control [25].

The WEC models developed from linear potential theory such as Cum-
mins’ model [7, 29] are generally used to estimate the small response of
buoys subjected to regular and irregular waves of small amplitude. For a
small wave elevation and motion amplitude of buoy, the boundary conditions
in fluid-structure interaction are linearised to derive the first-order hydro-
dynamics. These simplifications provide a computationally efficient approach
to simulate the motion of WECs under small wave excitation. However, as
many WECs are tuned to operate close to resonant condition or survive in en-
ergetic sea states, neglecting nonlinear hydrodynamics in the fluid-structure
interaction leads to overestimates of the response of system [16, 28].

Certain nonlinear effects are neglected as a result of the linear approxim-
ation of the Froude-Krylov force and radiation-diffraction force. In potential
theory, the Froude-Krylov force is the integral of the dynamic pressure over
the mean wetted surface. For small wave elevation and buoy motion, it is
assumed that the pressure given by Bernoulli’s equation can be approximated
as a linear format [32]. Furthermore, the hydrostatic force/moment of floating
devices is usually simplified as a linear function of the heave displacement of
the buoy, which is only suitable for buoys with constant waterplane or small
heave displacement. Therefore, when the system operates near its resonant
condition, the buoy’s response estimated by linear model tend to significantly
deviate from the actual value due to the nonlinear effects [6, 16]. Some modi-
fications have been made to improve the accuracy of WEC models in the case
of large motion. Giorgi et al. [12] applied the exact nonlinear Froude-Krylov
force to the equation of motion by integrating the linearised incident wave
pressure over the instantaneous wetted surface of buoy. Based on the former
work, Merigaud et al. [22] further improved the nonlinearity estimate of the
Froude-Krylov force by using a weak-scatter approximation of the boundary
value problem. To address the nonlinear radiation and diffraction problem,
Gilloteaux [11] employed a Taylor series to approximate high-order radiation
and diffraction forces acting on the WEC prototype SEAREV, resulting in a
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satisfactory model that agrees well with corresponding experimental results
when the device is at resonance. However, there are additional hydrodynamic
nonlinearities beyond the capability of potential wave theory to model, such
as wave breaking, surface piercing, vortex shedding and green water effect
caused by water overtopping. These nonlinearies can only be solved by using
a fully nonlinear numerical approach.

Computational fluid dynamics, based on the Navier-Stokes equations
(NS-based CFD) is one of the most widely used numerical methods for
studying complex nonlinear hydrodynamics in fluid-structure interaction
problems. For example, Sjökvist and Göteman [30] utilised a NS-based CFD
model to estimate the peak wave loading on a floating PA caused by water
overtopping; Rafiee and Fiëvez [28] identified the viscous drag coefficient
of the CETO prototype by using a NS-based CFD model; Chen et al. [5]
examined the impact of wave height on mooring cable tension in extreme sea
states. Although NS-based CFD generally requires significant computational
resource, it is becoming increasingly feasible and essential for high-fidelity
tests of a WEC design.

In the previous work by the authors [21], a 3DoF (i.e., surge, heave
and pitch) single-tether submerged point absorber with asymmetric mass
distribution (SPAMD) was proposed to address the deficiency of a submerged
generic PA in harvesting wave energy predominantly via heave. The equation
of motion was developed from linear potential theory, with the consideration
of viscous drag effect (i.e. the quasi-nonlinear model in this text). According
to Falnes [9], a good point absorber should be a good wave maker that can
perfectly destruct the incident waves by using radiated waves caused by
its surge and heave motion (see Figure 6.1). Therefore, the trajectory of the
SPAMD tends to be circular under optimal passive control when the system
is excited by monochromatic waves, which has been also observed from other
multi-DoF systems such as the Bristol cylinder [8].

In this study, trajectory analysis is presented to identify the dominant
nonlinear hydrodynamics that degrade the performance of the SPAMD. Spe-
cifically, a trajectory reference which represents the estimated performance
of the system was initially generated by using a quasi-nonlinear model for
various wave conditions. From this baseline, the most dominant nonlinear
hydrodynamics can be identified when the trajectory in the numerical wave
tank experiment significantly changes. A 3D numerical wave tank (NWT)
was developed using the open source CFD toolbox OpenFOAM, to conduct
trajectory and power analysis of the SPAMD in small and large monochro-
matic waves, according to the nonlinear hydrodynamics induced by the large
motion of the buoy. This paper is organised as follows. In Section 6.2, the
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Incident wave

Radiated wave (heave)

Radiated wave (surge/pitch)

Incident + radiated waves

Figure 6.1: Schematic of incident waves cancelled by a 2D buoy, adapted from
[9].

system of the SPAMD is briefly introduced, with the parameters used for the
mass distribution of the buoy and power take-off device. In Section 6.3, the
equation of motion is developed from Cummins’ model with consideration
of viscous drag (referred to as the quasi-nonlinear model in this paper), and
the Navier-Stokes equations (referred to as NS-based CFD model) respect-
ively. In Section 6.4, the set-up of NWT is detailed, together with evidence
of mesh convergence and NWT validation against a small scale wave basin
experiment undertaken by the Australian Maritime College [3]. In Section 6.5,
the trajectory and power analysis of the SPAMD are conducted, as well as the
study on efficiency improvement between the generic PA and the SPAMD
over five typical wave periods and three wave heights.

6.2 Device description

As mentioned in Section 6.1, the SPAMD utilises the motion coupling
achieved by an asymmetric mass distribution of the buoy, to address the
deficiency observed with a single-tether PA in harvesting wave energy pre-
dominantly in heave. The surge and pitch motion of the SPAMD can drive
the PTO as efficiently as the heave motion. Figure 6.2 illustrates the motions
of a single-tether 3DOF SPAMD subjected to plane waves in the vertical XZ
plane. The parameters used for the mass distribution and power take-off
device (PTO) are briefly introduced in the remainder of this section. A more
detailed description of the device can be found in previous studies [20, 21].
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X

Z

(a) (b) (c) (d)

Figure 6.2: Schematic illustrating the motions of a 3DOF SPAMD subjected
to plane waves in the vertical XZ-plane: (a) surge motion, (b) heave motion,
(c) pitch motion, (d) combined 3DOF motion. The larger centre of mass
represents the mass of the solid spherical buoy m1, the smaller one is the
offset point mass m2. The buoy is fully submerged at rest. The X and Z axes
in the bottom left of the figure are only to illustrate the plane and do not
relate to the origin of the frame.

6.2.1 Mass distribution

The SPAMD consists of a spherical hull with mass of m1 and a point mass
m2 offset from the centre of the buoy, as shown in Figure 6.3. Noting that the
variables shown in Figure 6.3 are defined in a body-fixed frame. According
to Lee [18], the mass matrix of a 3DOF spherical buoy with respect to the
geometric centre of the buoy is given by

M =

 m1 + m2 0 m2z2

0 m1 + m2 −m2x2

m2z2 −m2x2 Iyy

 , (6.2.1)

where the total mass of the buoy is m = m1 + m2, the total moment of inertia
about the geometric centre is Iyy = I1 + I2 = 2

3 m1r2 + m2r2
gy (rgy is the offset

distance, as shown in Figure 6.3), and the location of the offset mass m2 is
(x2, z2). The mass distribution parameters employed in this study have been
shown to be optimal in the previous work [21], listed in Table 6.1.

6.2.2 Power take-off configuration

The power take-off device consists of a linear spring-damper mechanism to
implement complex conjugate control, with tuning parameters of stiffness,
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Figure 6.3: Schematic of the mass-offset spherical buoy.

Table 6.1: Parameters of the SPAMD buoy and bathymetry

Description Parameter Value/Unit
Mass of spherical hull m1 134104 kg

Mass of offset point mass m2 134104 kg
Moment of inertia Iyy 5.59× 106 kg·m2

Radius of buoy r 5 m
Mass offset angle ϕ 30 deg
Mass offset radius rgy 4.5 m

Water depth h 33 m
Submergence depth, (fully submerged,

from the top of the buoy to water surface) d 3 m

Kpto, and damping coefficient, Bpto. It is assumed that the average power
output of the SPAMD is equal to the average power consumed by the PTO
damper, given by

Pavg =

∫ (t+Ts)
t Bpto|∆L̇(t)|2dt

Ts
, (6.2.2)

where ∆L̇ is the instantaneous PTO elongation rate, the time period Ts is the
sampled time interval after the PA has reached steady-state. This was found
to be at least 10 wave cycles.

In this work, the PTO stiffness, Kpto, and damping coefficient, Bpto,
were determined by maximising the response of the quasi-nonlinear model,
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without the consideration of motion hard-stop constraints to keep the buoy
submerged. Thus, there was the possibility of breaching the water surface for
large wave heights, which was simulated in the NWT experiment. Further-
more, as demonstrated in the previous paper by the authors [21], the mooring
tether length L is another tuning parameter affecting the efficiency of the
SPAMD, which is frequency dependent. To obtain the optimal Kpto, Bpto and
L that maximise the power production of the SPAMD, the quasi-nonlinear
model was firstly developed by using the MATLAB-Simulink toolbox Sim-
Mechanics. The tuning parameters Kpto, Bpto and L were then optimised by
using the optimisation function fmincon for given constraint ranges 50 kN/m
≤ Kpto ≤ 1 × 103 kN/m, 10 kNm/s ≤ Bpto ≤ 3 × 102 kNm/s and 9 m
≤ L ≤ 30 m. The settings of the optimal PTO configuration are detailed in
Appendix 6.A.

6.3 Modelling

For a 3DOF single-tether PA with a spring-damper constraint, the equation
of motion in the time-domain is given by

Mẍ(t) = Fhydro(t) + Fpto(t) + Fre(t) , (6.3.1)

where the ẋ(t) = [ẋ(t), ż(t), θ̇y(t)]T is the velocity response of the buoy in
surge, heave and pitch respectively. The velocities and forces were defined in
a global frame, which coincides with the body-fixed frame when the buoy is
at rest.

Fpto(t) = (−Fpre − Bpto∆L̇− Kpto∆L(t))T , (6.3.2)

is the PTO control force vector, where Fpre is the pretension force that balances
the net buoyancy of buoy, Kpto is the PTO stiffness, Bpto is the PTO damping
coefficient, T is the transformation vector that converts the PTO control force
to the Cartesian axes, given by

T =

 sin(β(t))
cos(β(t))

rdis(t)

 , (6.3.3)

where β(t) is the tether angle with the respect to the vertical direction. rdis(t)
is the distance from the centre of the buoy to the mooring line.
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∆L(t) is the PTO elongation, can be related to the instantaneous buoy
motion by

∆L(t) =
√
(L + z(t) + r sin(α)θy(t))2 + (x(t)− r cos(α)θy(t))2 − L ,

(6.3.4)

where α is the mooring point angle as shown in Figure 6.3, x(t) and z(t) are
the displacement of the buoy in surge and heave in the global frame.

Fre(t) =

 0
ρV(t)g− (m1 + m2)g
m2grgy cos(ϕ− θy(t))

 , (6.3.5)

is the net hydrostatic restoring force vector, which consists of the hydrostatic
restoring forces in the heave direction and restoring torque generated by the
gravity of the offset mass m2 in the pitch direction, where ρ = 1025 kg/m3

is the density of water, V(t) is the immersed volume of the buoy and g is
the gravitational acceleration. Since the effect of surface piercing is usually
modelled by using nonlinear FK force and hydrostatic force [26], in order
to investigate the effect of surface piercing, the immersed volume of the
buoy V(t) is fixed (V(t) = V = 4

3 πr3) for the quasi-nonlinear model but a
time-dependent variable in the CFD model.

Fhydro(t) is the total hydrodynamic force acting on the buoy. In the sub-
sequent Sections 6.3.1 and 6.3.2, the hydrodynamic force Fhydro(t) is determ-
ined using linear potential theory for the quasi-nonlinear model and the
finite volume method for the NWT experiment/CFD model respectively.

6.3.1 Linear wave theory

Assuming the fluid is incompressible and inviscid and its motion is irrota-
tional, the velocity potential φ at an arbitrary position (x, y, z) is given by

φ(x, y, z, t) = Re{φ̂(x, y, z)e−iωt} , (6.3.6)

where ω is the wave frequency of the irrotational harmonic motion, φ̂(x, y, z)
is the complex velocity potential, satisfying the Laplace equation throughout
the fluid

∇2φ̂ = 0 . (6.3.7)
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For the free water surface boundary condition at z = 0,

∂φ̂

∂z
+ kφ̂ = 0 , (6.3.8)

where k is the wavenumber.

For the sea bed boundary condition at z = -h,

(∂φ̂

∂z

)
z=−h

= 0 . (6.3.9)

For the mean submerged surface of the buoy SB,

(∂φ̂

∂n

)
SB

= un , (6.3.10)

where ~n is the unit normal on the wetted surface, un is the buoy’s velocity
component nominal to its surface.

The velocity potential φ̂ can be decomposed into the sum of the incident
potential φ̂0, the radiation potential φ̂r and the diffraction potential φ̂d, given
by

φ̂ = φ̂0 + φ̂r + φ̂d . (6.3.11)

Since the buoy is spherical and the surface is assumed to be smooth, the
excitation moment in pitch can be neglected. The excitation forces acting on
the surface of buoy in surge and heave, F̂exc(ω), is given by

F̂exc(ω) = −iωρ
∫∫
SB

(φ̂0 + φ̂d)~ndS . (6.3.12)

The added mass matrix A(ω) and hydrodynamic damping matrix B(ω)

which are caused by the motion of buoy are given by

A(ω) = Re{ρ
∫∫
SB

φ̂r~ndS} , (6.3.13)

B(ω) = Im{ωρ
∫∫
SB

φ̂r~ndS} . (6.3.14)

The equation of motion Eqn (6.3.1) can be re-written in the time-domain
as

(M + A∞)ẍ(t) +
∫ t

0
K(t− τ)ẋ(t)dτ = Fexc(t) + Fre(t) + Fpto(t) + Fvis(t) ,

(6.3.15)
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where A∞ is the added mass matrix for ω → ∞, K(t) = 2
π

∫ ∞
0 B(ω) cos(ωt)dω

is the radiation impulse response function acting as a retardation kernel,
Fexc(t) is the inverse Fourier transform of F̂exc(ω). In this work, frequency-
domain excitation force Fexc(ω), added mass matrix A(ω) and hydrodynamic
damping matrix B(ω) are calculated by using NEMOH, which is an open-
source boundary element method solver (BEM) [27]. Noting that the viscous
drag force vector Fvis(t) is also included in Eqn (6.3.15) to model the energy
dissipated due to the viscous drag, given by

Fvis(t) = −0.5ρCDπr2

 |ẋ(t)|ẋ(t)
|ż(t)|ż(t)

0

 , (6.3.16)

where CD is the viscous drag coefficient (CD = 0.18 for the 1× 106 < Re <

5× 106) [4]. As the fluid velocity is relatively small compared to the buoy’s
velocity when the system is at resonance, the fluid velocity is neglected in
Eqn (6.3.16) to simplify the computational complexity of the quasi-nonlinear
model. It should be noted that for a smooth spherical buoy, the viscous drag
coefficient in the pitch direction is negligible.

The time-domain model developed from Eqn (6.3.15) is referred to as the
quasi-nonlinear model in this work, and was used to estimate the trajectory
references and power output of the SPAMD from the perspective of linear
potential theory, to provide a benchmark with the results obtained in the
NWT experiment. The quasi-nonlinear model was realised by using the
MATLAB-Simulink toolbox SimMechanics and solved using the ode45 solver
(Runge-Kutta method with variable time step). The validation of the quasi-
nonlinear model was presented in a technical report by the authors [19].

6.3.2 RANS model

In Reynold-averaged Navier-Stokes (RANS) model, the total hydrodynamic
force Fhydro is given by

Fhydro = (p ·~n)dS , (6.3.17)

where p is the pressure on the surface.
For an incompressible fluid, the continuity equation holds

∇ ·U = 0 , (6.3.18)

in which U is the velocity vector.
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The momentum equation can be written as

∂ρU
∂t

+∇ · (ρUU)−∇ · (µe f f∇U)

= −∇p∗ − gX∇ρ +∇U · ∇µe f f + σκ∇δ , (6.3.19)

in which ρ is the density of water, µe f f is the effective dynamic viscosity, p∗
is the pseudo-dynamic pressure [14], g is the gravitational acceleration, X is
the position vector, σ is the coefficient of surface tension, κ is the interface
curvature and δ is the indicator phase function varying between 0 and 1,
which defines the density of computational cell as

ρ = δρwater + (1− δ)ρair . (6.3.20)

In order to track the interface between air and water, the following
advection equation is solved,

∂δ

∂t
+∇ ·Uδ +∇ ·Ucδ(1− δ) = 0 , (6.3.21)

in which Uc is the artificial compression term to keep the interface sharp
between air and water interface. This is essential to avoid wave dissipation as
it travels along the NWT.

The third-party utility OLAFOAM [14] was used to define the boundary
conditions and the solver interFoam solves Eqns (6.3.18)-(6.3.21). The PTO was
defined as a linear spring-damper type constraint in the dynamicMeshDict file
used in the OpenFOAM configuration, using the values shown in Appendix
6.A.

6.4 Numerical wave tank

The 3D NWT was used to simulate the response of the SPAMD under
monochromatic waves. The dimensions of the NWT are 330 m long ( -30 m
≤ x ≤ 300 m), 100 m wide (-50 m ≤ y ≤ 50 m) and 43 m high (-33 m ≤ z ≤
10 m), in which the water domain ranges from -33 to 0 m in depth and the
air domain ranges from 0 to 10 m), as shown in Figure 6.4. Here an active
wave generation and absorption are used (within the OLAFLOW library)
which eliminates the need of a long relaxation zone for wave generation and
absorption.

In this numerical wave tank simulation, a monochromatic plane wave
train with first-order or second-order Stokes profile was generated at the inlet
of the NWT, according to the determined wave periods and wave heights
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Figure 6.4: Schematic of the numerical wave tank, with key dimensions and
boundary conditions.

in Section 6.5. The incident wave train propagates along the positive x-axis
and excites the single-tethered PA in surge, heave and pitch. For the two
faces of the NWT in XZ plane, the fixed pressure boundary condition was
implemented, which allows the water flow in and out of the domain freely.
Similar boundary conditions are also applied to the intersection between the
water and air. When the incident wave train travels to the end of the NWT,
the pressure is artificially truncated to eliminate any wave reflection.

The NWT simulation was conducted on the Phoenix High Performance
Computing Cluster of the University of Adelaide. 32 Skylake CPU cores and
64 GB memory were utilised for the cases in subsequent sections.

6.4.1 Mesh generation and resolution

The meshes used in the NWT were created using the OpenFOAM mesh
generation utilities. The utility blockMesh was used to generate the whole
computational domain, while the utility snappyHexMesh used to refine the
mesh around the water surface and create the shape of the spherical buoy
in NWT. A numerical convergence analysis was conducted to determine the
sufficient mesh resolution for accurate results.

For the mesh around the water surface, the grid size ∆x (along wave
propagation) and ∆z (along vertical direction) were determined by the incid-
ent wave height H and wavelength λ. The numerical convergence analysis
starts with ∆x = λ/20 and ∆z = H/5 to investigate the impact of mesh
resolution on the wave modelling with the absence of the spherical buoy. A
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5th order Stokes wave train was produced in the numerical wave tank by
using the OpenFOAM toolbox OLAFLOW, with the incident wave height
H = 10 m and wave period T = 16 s. Figure 6.5 compares the normalised
wave height Hm/H which is measured at x = 100 m versus the number
of cells per wavelength and per wave height. It can be seen that the value
of the normalised wave height converges at ∆x = λ/80 and ∆z = H/20,
which agrees with the recommendation given by the International Towing
Tank Committee [15] that the horizontal grid size ∆x along the wave length
should be no greater than λ/40 and the vertical grid size ∆z along the wave
height should be less than H/20. Figure 6.6 compares the measured wave
elevation against the theoretical elevation time series of the sampling point of
x = 100 m downstream. There is negligible difference between the simulated
wave profile and the theoretical profile at the trough. Therefore, the mesh
resolution around the water surface was set to be ∆x = λ/80 and ∆z = H/20,
as shown in Figure 6.7 for the entire analysis.

To accurately model the turbulence around the spherical buoy, five struc-
tured prism layers were applied along the surface of the body. The thickness
of the first layer was set so that the value of y+ was constrained between 30
and 300. Additionally, a set of refined meshes were also applied around the
buoy to capture the detail of the flow in the vicinity of buoy. To investigate
the appropriate number of cells, a numerical convergence was conducted
to test the excitation force of the spherical buoy when fixed, with incident
wave height H = 2 m and wave period T = 14 s. Figure 6.8 compares the
excitation forces of the fixed spherical buoy versus the number of the refined
cells around the surface of buoy, as listed in Table 6.2. It can be seen that the
grid with resolution of 40 cm leads to the convergence of excitation force
and the resulting excitation forces are identical to that calculated by BEM.
Figure 6.9 illustrates the refined dynamic mesh around the buoy with the
grid resolution of 40 cm (see Figure 6.9a), and the instantaneous flow field
around the structure (see Figure 6.9b).

Table 6.2: Number of cells and resolution of the mesh around the surface of
the spherical buoy.

Grid No. Number of cells Size of grid on surface (max length)
1 0.3× 106 80 cm
2 0.6× 106 40 cm
3 1.2× 106 20 cm

The Courant number was restrained to 0.5 in the numerical wave tank ex-
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Figure 6.5: Mesh convergence study for wave dynamics modeling: (a) grid
size study of ∆x for ∆z = H/5; (b) grid size study of ∆z for ∆x = λ/80.
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Figure 6.6: Comparison between the measured wave elevation and the theoret-
ical elevation [10] in time series for sampling point at x = 100 m downstream.
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Figure 6.7: Mesh around the water surface in the numerical wave tank.
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Figure 6.8: Mesh convergence study for the refined dynamic mesh around the
buoy: (a) normalised surge excitation force; (b) normalised heave excitation
force.
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(a) (b)

Figure 6.9: Side-view schematics of (a) refined dynamic mesh around the
spherical buoy (the horizontal dashed line represents mean water surface),
and (b) the instantaneous flow field around the structure.

periments. Based on the Courant number constraint, flexible time-steps were
implemented, with the largest time step being T/400, which as suggested in
the literature [33].

6.4.2 Validation

The numerical wave tank developed in this work was validated against
a small-scale experiment conducted in the wave basin of the Australian
Maritime College [3]. For the validation of the diffraction problem, the
magnitude of the excitation force coefficient fexc was determined when the
buoy was fixed in monochromatic incident waves with wave height of 30
mm over ten sampled frequencies from 0.6 to 1.5 Hz; while for the study
of radiation, the magnitude of heave radiation impedance coefficient Zr

was determined when the buoy was forced to oscillate in calm water, with
buoy motion amplitude of 30 mm. The detailed fundamental settings of the
experiment are listed in Table 6.3. Noting that the same mesh resolution and
the size of time step determined in Section 6.4 were applied in this validation.

Figure 6.10 compares the magnitudes of the surge and heave excitation
force coefficients of a fixed buoy estimated by the BEM, the CFD model and
the small-scale experiment, over the wave frequencies from 0.6 Hz to 1.4
Hz. It can be seen that the results from the BEM deviate slightly from the
CFD model and small-scale experiment since the desired incident wave is
out of the linear regime. The largest magnitude difference of excitation force
coefficients between CFD model and experiment is 15.2 N/m (7.1 % relative
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Table 6.3: Physical parameters and the dimensions of the small-scale experi-
ment [3].

Description Value/Unit
Diameter of buoy 0.25 m

Length of wave basin 15 m
Width of wave basin 4 m
Height of wave basin 1 m

Water depth 0.6 m
Wave height 0.06 m

Wave frequency 0.6 -1.4 Hz over 5 samples

error) in surge and 17.7 N/m (8.9 % relative error) in heave for the wave
frequency of 1 Hz, which is consistent with the literature [3].

Figure 6.11 compares the magnitude of heave radiation impedance coeffi-
cient of the oscillating buoy estimated by the BEM, the CFD model and the
experiment, over the pre-defined wave frequencies. It is found that there is
a good agreement between all three models. The largest deviation between
the CFD model and experiment is 22.4 (N/m) (6.8 % relative error) for wave
frequency of 1.4 Hz, which is consistent with the literature [3].

In summary, the NWT with the applied mesh configuration can reproduce
essentially equivalent results to the small-scale experiment for the diffraction
and radiation problem.
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Figure 6.10: BEM, CFD and small-scale experimental [3] excitation force
coefficient on stationary spherical buoy.
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Figure 6.11: BEM, CFD and small-scale experimental [3] heave radiation
impedance on an oscillating spherical buoy.

6.5 Results

In this section, the motion trajectory and power output of the SPAMD under
nominal wave conditions were investigated by implementing the NWT exper-
iment as described in Section 6.4. The nominal wave condition is defined as
regular waves with wave height of 0.5 m, 1 m and 2 m over the wave period
of 6 s, 8 s, 10 s, 12 s and 14 s, to provide a fundamental understanding of the
relationship between buoy trajectory and power absorption.

6.5.1 Motion analysis

In the previous work done by the authors [20, 21], the efficiency of the
SPAMD was found to be highly dependant on the shape of the trajectory of
the buoy in Cartesian space. For long waves, such as a wave period of 14 s,
the trajectory of the SPAMD tends to be slightly elliptical (see Figure 4.12f)
and the resulting efficiency improvement in comparison with the generic
spherical buoy is about 3 times; for intermediate wave periods such as 10 s
and 12 s, the trajectories approach a horizontal ellipse, resulting in a twofold
efficiency improvement; while for short waves with wave periods from 6 s to
8 s, the corresponding trajectories are similar to a vertically aligned ellipse
and SPAMD has almost identical power output to the generic symmetric
buoys.

Figure 6.12 compares the trajectories of the SPAMD obtained from NWT
experiment and quasi-nonlinear model over the pre-defined wave periods
(T = 6 s, 8 s, 10 s, 12 s and 14 s) and wave heights (H = 0.5 m, 1 m and 2 m).
The shaded area represents the air domain for calm water. It can be seen that
surface piercing has the largest negative impact on the system’s performance.
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When the SPAMD completely operates under water, the trajectories obtained
from NWT experiment corresponds closely to the quasi-nonlinear model,
even for a large wave height (e.g. the case of 8 s wave period and 2 m wave
height). However, when the spherical buoy starts to periodically approach or
breach the water surface during its operation, the resulting trajectory differs
significantly from the quasi-nonlinear model, even for a small wave height
(e.g. the case of 14 s wave period and 0.5 m wave height). This means the
surface piercing is the most dominant factor that affects the trajectory of the
SPAMD relative to the quasi-nonlinear model trajectory. Figure 6.13 illustrates
the dynamic pressure around the surfaces of water and buoy, as well as the
particle velocity in the vicinity of the device for wave period of 12 s and wave
height of 2 m. It can be observed that an impact occurs when the top of the
buoy re-enters the water (see the 5th and 6th frame in Figure 6.13). As a
result, the dynamic pressure on the spherical buoy is distributed unevenly: a
high dynamic pressure area occurs on the top left of the buoy. This uneven
dynamic pressure modifies the trajectory of the buoy from the initial circular
motion to the final thin ellipse, as shown in Figure 6.14. Besides the effect of
modifying the trajectory, the surface piercing can also dissipate significant
energy from the system, which is discussed further in Section 6.5.2.

To conclude, the nonlinear effect caused by surface piercing leads to con-
siderable trajectory changes that might result in most existing model-based
controls being invalid. Increasing the PTO damping might be a potential
solution to constrain the buoy vertical motion and thus to avoid the surface
breaching. However, a heavily damped PTO has the possibility of causing
parametric excitation in other directions, adding more uncertainties to the
system [31].

6.5.2 Power analysis

As discussed in [21], the trajectory of a multiple-DOF point absorber is
generally related to the performance of the device. Therefore, any trajectory
deviation from the desired reference trajectory is likely to result in a reduction
of power output.

The wave period of 12 s is taken as a case study for power analysis.
Figure 6.15 compares the instantaneous power of the device for wave period
of 12 s over wave heights of 0.5 m, 1 m and 2 m. For a wave height of 0.5
m, the instantaneous power from NWT experiment matches well with the
quasi-nonlinear model and the trajectories are in good agreement. Since the
buoy approaches the free water surface for wave height of 1m, the effects of
surface piercing starts to affect the trajectory of the buoy, and the resulting
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Figure 6.12: Trajectory comparison between the quasi-nonlinear model and
the NWT experiment over various wave periods: (a) 6 s; (b) 8 s; (c) 10 s; (d)
12 s; (e) 14 s. The solid lines represent the quasi-nonlinear model. The dashed
lines represent the NWT results. The shaded area represents the air domain
for calm water.
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Figure 6.13: Plot of dynamic pressure distribution and water particle velocity
vector for a wave period of 12 s and a wave height of 2 m.
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Figure 6.14: Evolution of the trajectory of the SPAMD from transient state
to steady-state, under the effect of surface piercing for a wave period of 12 s
and a wave height of 2 m.

instantaneous power measured in NWT experiment is compromised by 50%
in comparison with the quasi-nonlinear model in each cycle, as shown in
Figure 6.15b. When the wave height increases to 2 m, the trajectory of the
buoy is modified by the periodic surface piercing. A considerable amount
of kinematic energy is dissipated, resulting in average 55% power loss in
each cycle and 70% instantaneous power loss when the buoy breaches water
surface (highlighted by a green rectangle in Figure 6.15c).

The dynamic PTO loading is also affected by the surface piercing. Figure
6.16 compares the instantaneous dynamic PTO loading of the device for
wave period of 12 s over wave heights of 0.5 m, 1 m and 2 m. For a wave
height of 0.5 m, the instantaneous PTO loading from NWT experiment is
in good agreement with the quasi-nonlinear model (see Figure 6.16a). For
a wave height of 1 m, the magnitude of dynamic PTO loading measured
from NWT experiment is approximately 70% of the estimate from the quasi-
nonlinear model (see Figure 6.16b). As the wave height increases further to
2 m, the difference in dynamic PTO loading between the NWT experiment
and quasi-nonlinear model increases to 50%. Noting that as the buoy was
decelerated by the surface piercing in the process of breaching water surface,
the instantaneous dynamic PTO loading decreases to its negative maximum
with a small phase shift (highlighted by a green rectangle in Figure 6.16c).
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Figure 6.15: Instantaneous power comparison between the NWT experiment
(OpenFOAM) and quasi-nonlinear model (linear potential theory) for wave
period of 12 s over wave amplitudes of 0.5 m, 1 m and 2 m : (a) wave
height of 0.5 m; (b) wave height of 1 m; (c) wave height of 2 m. Green
rectangle represents the half of the cycle when the buoy approaches to the
water surface. The instantaneous power obtained from the NWT experiment
exhibits a considerable loss when surface piercing happens, unlike the quasi-
nonlinear model.
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Figure 6.16: Instantaneous PTO loading comparison between the NWT exper-
iment (OpenFOAM) and quasi-nonlinear model (linear potential theory) for
a wave period of 12 s over wave amplitudes of 0.5 m, 1 m and 2 m: (a) wave
height of 0.5 m; (b) wave height of 1 m; (c) wave height of 2 m.
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Figure 6.17 shows the mean power of the SPAMD over pre-defined wave
periods and heights. Additionally, the mean power output comparison is also
conducted between the SPAMD and a generic PA, with the same physical
properties. The efficiency improvement of the SPAMD is quantified by using
the q factor, which is defined as the ratio of mean power output of the
SPAMD to that of the generic PA. The efficiency improvement in small wave
(see Figure 6.17a) reflects the finding in the previous work [21]: for long
waves (e.g. T = 14 s), the efficiency improvement of the SPAMD is about
3 times; for intermediate waves (e.g. T = 10 s and 12 s), the SPAMD has
twofold efficiency improvement; while for short waves (e.g. T = 6 s and 8
s), SPAMD has almost identical power output to the generic PAs. However,
this conclusion is no longer valid when the buoy pierces the surface in large
waves. For example, for a wave height of 1 m, the SPAMD has more than
twofold efficiency improvement at wave period of 10 s. Since the generic PA
can only absorb the wave power arising from its heave motion [21], it needs
to have a large heave motion to harvest energy. Consequently, the surface
piercing occurs more often for the generic PA compared to the SPAMD (see
Figure 6.18b), which leads to dramatic energy loss for the generic PA. It is
also interesting to note that when surface piercing occurs for wave height
of 2 m, the SPAMD has almost a three-time efficiency improvement for 10 s,
although the trajectory of the generic PA is similar to the SPAMD (see Figure
6.18c). This is because the SPAMD can also absorb power from its surge and
pitch motion and therefore the instantaneous power is much greater than the
generic PA (see Figure 6.19c). In contrast, there was no gain for wave period
of 14 s. It is supposed that the SPAMD might have experienced a greater
kinematic energy loss in the wave period of 14 s than 10 s and 12 s. The factor
that determines the amount of dissipated energy in surface piercing will be
studied in future work.

6.6 Conclusion

The trajectory analyses of a submerged spherical buoy were performed in a
NWT, to demonstrate that surface piercing caused by large buoy motion can
invalidate the models developed from linear potential theory. Specifically, the
results from the NWT experiment were compared against a quasi-nonlinear
model developed from linear potential theory over five typical wave periods
and three typical wave heights.

According to the trajectory analysis, the effect of surface piercing caused
by the large motion of the buoy plays an important role in modifying the
trajectory of the submerged device. Examples of the wave periods greater
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Figure 6.17: Mean power comparison between the SPAMD and the generic
PA obtained from the NWT experiment for various wave heights: (a) 0.5 m;
(b) 1 m; (c) 2 m.

150



6.6 Conclusion

-3 -2 -1 1 2 3

-2

-1

1

2

3

(a) (b)

(c)

Figure 6.18: Trajectory comparison between the SPAMD and the generic PA
obtained from the NWT experiment for a wave period of 10 s and various
wave heights: (a) 0.5 m; (b) 1 m; (c) 2 m. The shaded area represents the air
domain.
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Figure 6.19: Instantaneous power comparison between the SPAMD and the
generic PA obtained from the NWT experiment for wave period of 10 s and
various wave heights: (a) 0.5 m; (b) 1 m; (c) 2 m.
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than 10 s show that there are considerable trajectory differences between the
NWT experiment and the quasi-nonlinear model. The trajectory difference
is likely to compromise most existing model-based control laws in practice.
Noting that a circular trajectory is known as optimal for only a submerged
device, while a floating body is likely to have a different optimal trajectory
shape such as ellipse.

For multiple-DOF point absorbers, the trajectory is closely associated
with the efficiency of the device. Of the examples investigated, the wave
period of 12 s shows that the trajectory change lead to an average 55%
instantaneous power loss of the SPAMD for the wave height of 2 m in
each wave cycle, in which about 70% of power loss occurred when the
buoy breached water surface. Furthermore, the dynamic PTO loading is also
affected by the trajectory change. The results show that the magnitude of the
PTO loading is half that of the quasi-nonlinear model which does not model
surface piercing.

Although the power output of the SPAMD decreases due to surface
piercing, the maximum efficiency improvement in comparison to the generic
PA was found to be 3 times for all wave heights investigated in this study. It
is interesting to note that the effect of surface piercing has a greater negative
impact on the performance of the submerged generic PA compared to the
SPAMD. This is because the generic buoy predominantly generates power in
heave, so anything that restricts heave motion such as surface piercing, will
limit power production. Whereas, the SPAMD can also generate power from
surge and pitch motion of the buoy, which happens during surface piercing.

Future research should identify the pathway of the considerable kinetic
energy dissipation when the buoy breached water surface, whether from
turbulence or wave radiation.
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Appendix 6.A

By using the quasi-nonlinear model defined in Eqn (6.3.15), the optimal
PTO configuration (Kpto, Bpto and L) are determined by using the MATLAT
optimisation function “fmincon”to maximise the power output of the SPAMD,
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for given constraint ranges 50 kN/m ≤ Kpto ≤ 1× 103 kN/m, 10 kNm/s
≤ Bpto ≤ 3× 102 kN·m/s and 9 m ≤ L ≤ 30 m.

Table 6.4: Optimal PTO configuration for wave height H = 0.5 m.

Wave period (s) Device
PTO configuration

Kpto (kN/m) Bpto (kN·m/s) L (m)

6
SPAMD 683.0 120.7 9
Generic 637.8 92.5 9

8
SPAMD 236.9 83.9 9
Generic 372.1 32.8 9

10
SPAMD 156.1 154.6 9
Generic 231.2 30 9

12
SPAMD 149.6 103.5 14
Generic 156.9 30 14

14
SPAMD 117.9 51.7 20
Generic 114.2 30 20

Table 6.5: Optimal PTO configuration for wave height H = 1 m.

Wave period (s) Device
PTO configuration

Kpto (kN/m) Bpto (kN·m/s) L (m)

6
SPAMD 682.3 135.1 9
Generic 637.8 96.2 9

8
SPAMD 252.9 122.3 9
Generic 372.1 39.1 9

10
SPAMD 210.1 169.8 9
Generic 231.2 30 9

12
SPAMD 163.9 79.4 14
Generic 156.9 30 14

14
SPAMD 120.0 45.6 20
Generic 114.2 30 20
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Table 6.6: Optimal PTO configuration for wave height H = 2 m.

Wave period (s) Device
PTO configuration

Kpto (kN/m) Bpto (kN·m/s) L (m)

6
SPAMD 681.6 151.4 9
Generic 637.8 102.9 9

8
SPAMD 237.7 149.6 9
Generic 372.1 48.5 9

10
SPAMD 229.5 158.0 9
Generic 231.2 32.4 9

12
SPAMD 165.9 78.5 14
Generic 156.9 30 14

14
SPAMD 120.2 51.4 20
Generic 114.2 30 20
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Chapter 7

Conclusions and future work

7.1 Overall conclusions

The research presented in this thesis focuses on the study of a spherical
point absorber with an asymmetric mass distribution (SPAMD) which is fully
submerged and bottom-referenced via a single flexible mooring tether. This
new concept utilises the motion coupling created by the asymmetric mass
distribution of the buoy, to allow the single-tether device to harvest wave
power in surge and heave efficiently. The dynamic equation of motion was
developed from linear potential theory in the frequency-domain and the
time-domain, with consideration of viscous drag. The power take-off unit
was modelled as a spring-damper mechanism whose stiffness and damping
coefficient can be tuned to achieve optimal reactive control. The main focus of
this research was given to the dynamics of the SPAMD in order to introduce
the concept, investigate the working principles, assess the efficiency and
annual power output for given sea states, and understand the impact of mass
distribution for the design of the system with asymmetric mass distribution.

This research commenced with the conceptual introduction and dynamic
analysis of the SPAMD. It was found that the generic single-tether point
absorber, which was seafloor referenced, cannot absorb the wave energy
arising from the surge motion efficiently. This is because the surge motion of
the buoy is only weakly coupled with the power take-off unit. Considering
the surge motion can achieve up to two thirds the total capture width, this
decoupling significantly degrades the efficiency of the single-tether systems.
Unlike previous solutions which use additional PTO units to couple to the
surge motion of the system, the SPAMD utilises the motion coupling between
surge, heave and pitch motion to transfer the wave power arising from the
surge motion via a single tether. As a result, the SPAMD is able to achieve
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efficiencies similar to the multi-tether systems for some wave frequencies
(ω < 0.5 rad/s), with the same low capital cost of the generic single-tether
point absorbers. It should be noted that the performance of the SPAMD is
significantly affected by the mooring tether length, which differs from the
multi-tether systems which are more affected by tether angles rather than the
length of tethers.

The mass distribution of the SPAMD was investigated and defined by
three parameters: the weight-to-buoyancy ratio, mass ratio and mass-offset
position. It was demonstrated that a buoy with a low weight-to-buoyancy
ratio is more productive at small wave periods (that is, high wave frequencies).
However, the gain in power output is also associated with an increase in
PTO loading, which might increase the capital cost of the plant. The mass
ratio of the buoy has a limited impact on the power output and the PTO
loading of the SPAMD. The mass-offset position was found to have the
greatest impact on the efficiency of power absorption of the SPAMD. The
optimal position can result in a maximum three times efficiency improvement
compared with the generic buoy for some wave frequencies. The PTO loading
is relatively insensitive to the mass-offset position. Finally, the yearly mean
power output of the SPAMD with optimal mass distribution was compared
with the generic single-tether PA at three test sites (Yeu Island, Perth and
Sydney). The results show that the optimal mass distribution of the SPAMD
can lead to a minimum of 53% more power in comparison with the generic
single-tether PA, which suggests that the SPAMD might be more competitive
in the wave energy industry.

The last part of the research focuses on the nonlinear hydrodynamics ana-
lysis of the SPAMD to validate the performance of the system for large buoy
displacement. Using the numerical wave tank experiment (NWT) developed
from Navier-Stokes equations, the trajectory and instantaneous power change
of the SPAMD were modelled when the nonlinear hydrodynamics were con-
sidered. It was found that the surface piercing caused by the large motion of
the buoy plays an important role in modifying the trajectory of the device.
As the trajectory is closely associated with the efficiency of the device, the
trajectory change is likely to result in a decrease in efficiency of the system.
Nevertheless, although the power output of the SPAMD decreases due to the
surface piercing, the maximum efficiency improvement in comparison with
the generic PA can still be three times for small to intermediate wave heights.

It can be concluded that this thesis provides an insight into the efficiency
of the multi-DOF point absorbers. Similar to the terminators such as the
Bristol cylinder, the submerged motion-coupled point absorber in this re-
search also has a circular motion when it achieves the highest efficiency
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improvement in monochromatic waves. In other words, the efficiency of the
multi-DOF point absorber is closely related to the trajectory of the device.
Therefore, the trajectory analysis, together with modal analysis, can be em-
ployed to understand the efficiency improvement of the proposed WEC
design and the deficiency of the generic PAs (see Chapter 4). Furthermore,
the application of the trajectory analysis was expended to investigate the
negative impact of specific nonlinear hydrodynamics on the performance of
the system (see Chapter 6). Specifically, by comparing the trajectory reference
corresponding to the maximum efficiency of power absorption, the trajectory
change can explain the efficiency compromises of the system due to nonlinear
hydrodynamics. Since the trajectory provides another perspective to evaluate
the efficiency of the system, it has the potential to be the control reference of
multi-DOF point absorbers for wave-by-wave control. Compared with the
velocity tracking, the control algorithm based on trajectory reference is able
to recover the efficiency of the system from unexpected hydrodynamic events.
A relevant study has been launched as an extension of this Ph.D. study.

7.2 Original contributions

The main contributions of this thesis to the field of wave energy are listed
below:

1. proposing a new low-cost design of submerged single-tether point
absorber that utilises motion coupling to improve efficiency in wave
energy absorption.

2. determining the working principles of the motion coupled system by
using modal analysis.

3. quantifying the efficiency improvement of the motion coupled single-
tether point absorber in comparison with the generic one for regular
and irregular waves

4. identifying the impact of the mass distribution on the techno-economic
benefit of the motion coupled system

5. highlighting the importance of tuning the mooring tether length for
maximising the efficiency of power absorption of the motion coupled
system

6. conducting high-fidelity nonlinear hydrodynamic analysis on the mo-
tion coupled system by using a Reynold-averaged Navier-Stokes model
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7. determining the impact of nonlinear hydrodynamics on the efficiency
of power production and control robustness of the motion coupled
system.

7.3 Recommendations for future work

The work presented in this thesis explores a low-cost solution to address
the power deficiency observed in submerged bottom-referenced single-tether
point absorbers. This thesis covers a corresponding analytical model develop-
ment, parametric sensitivity study, power assessment for various sea states
and performance validation under fully nonlinear hydrodynamics. However,
in order to achieve commercialisation of the proposed concept, four future
studies have been suggested and are detailed in the following sections.

Control system development

Since only simple spring-damper control was employed for the SPAMD in
this thesis, it is unknown whether a wave-by-wave control strategy such as
model predictive control (MPC) and trajectory-based control can lead to more
power production in practice. Noting the SPAMD is an under-actuated system
whose controllability is dependent of the instantaneous mooring tether angle,
which means the system is nonlinear and time-variant. Therefore, a nonlinear
controller is required for the purpose of maximising power production.
Furthermore, since a wave-by-wave control usually requires considerable
reactive power in each of the control horizons, it is necessary to evaluate the
net power production of the SPAMD for various control algorithms.

Small-scale experiments

The analysis presented in this thesis was developed from numerical models,
which might lose some important hydrodynamic characteristics. In this
respect, a wave flume experiment with the prototype scale between 1:100–
1:20 should be ran to validate the power production and estimate the extreme
wave loads of the SPAMD for random sea states. Furthermore, as the SPAMD
is only symmetrical with the vertical XZ-plane, the system could possibly be
unstable in yaw. Therefore, a passive yaw stabiliser may need to be developed
and tested via a 6DOF numerical simulation and a small-scale experiment to
guarantee the stability of the SPAMD.
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Offshore deployment of the prototype

Offshore deployment of the prototype should be systemically optimised
in future work. The dimension of the prototype can be one of the key
factors that affect the system’s performance. For example, a larger buoy tends
to have a stronger motion coupling between the surge and heave motion,
probably resulting in an improvement in the power absorption bandwidth.
Furthermore, the shape of buoy could influence the system dynamic and the
efficiency of the PTO to cycle energy, because a shape other than a sphere
might introduce significant hydrodynamic coupling. Lastly, the impact of
water depth should also be investigated for the offshore deployment. In
this thesis, the SPAMD is encouraged to be deployed in shallow water for
intermediate to high wave frequencies. However, as the water particle tends
to have a greater surge velocity in shallow water, the SPAMD might work
more efficiently than in deep water, or require another mass distribution to
be optimal.

Array performance

The array performance of the SPAMD should be assessed in order to de-
termine its economic viability as a wave farm. Three research questions need
to be answered: (i) how the layout of the SPAMD array affects the power
production of the wave farm; (ii) whether the interaction between WECs will
degrade the yaw stability of individual devices; and (iii) how to design a
control strategy that can achieve the global maximum power output of the
SPAMD array.

Furthermore, unlike this thesis, the parameters and quantities presented
in the future work should be non-dimensionlised in order to conveniently
relate to real-world ones, such as PTO displacement, loading and power.
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Abstract—In previous works [1], a single-tethered spherical
point absorber with asymmetric mass distribution (SPAMD) was
found to be 2-3 times more efficient than a generic single-tethered
point absorber (PA) with uniform mass distribution under long-
crested waves. However, the hydrodynamics of PAs were modelled
using linear potential wave theory that inherently ignores high-
order nonlinear effects of wave-body interaction. It is well-known
that neglecting such effects has the potential to overestimate
the power absorption efficiency of the PAs. In this paper, the
efficiency of the PAs were assessed over several wave periods
in a numerical wave tank, in which the hydrodynamics were
calculated by a Navier-Stokes solver. The tank was originally
developed in [2] and then updated for this study. The numerical
wave tank was built by using the computational fluid dynamic
toolbox OpenFOAM and the open-source library OLAFOAM
for wave generation. The results obtained from numerical wave
tank experiments show that the SPAMD can be 3 times more
efficient than the generic PA, which are consistent with the linear
wave theory results, although linear wave theory significantly
overestimated the efficiency of the PAs.

Index Terms—spherical point absorber with asymmetric mass
distribution (SPAMD), numerical wave tank, non-linear hydro-
dynamcis, power absorption efficiency

I. INTRODUCTION

Accurately modelling of wave energy converters (WEC)

plays an important role in assessing the design of new con-

ceptual WECs. For example, an accurate model can be used

to predict the survivability of WECs in extreme sea states [3],

analyse and optimise the hydrodynamic features [4], assess

power output [5] and system identification [6].

Cummins’ equation [7] and the frequency-domain hydrody-

namic model [8] are two models widely used for describing

the motion of WECs in regular and irregular waves. Both

were developed from the linear potential wave theory [9],

which is valid when the amplitude of waves are small and

the relative motion of the body is small compared to incident

wave heights. As the displacement of the free surface and body

are sufficiently small, the boundary conditions of free surface

and body can be linearised, resulting in the first order Froude-

Krylov (FK) force and radiation-diffraction force. Therefore,

Cummins’ equation provides a computationally efficient way

to simulate the motion of WEC. By employing superposition

principle, the linear models can also be used to describe the

motion of WECs in irregular waves [10] [11]. However, as

WECs are usually employed in energetic seas and tuned to

operate close to the resonant condition of the WEC, models

developed based on linear wave theory are not able to capture

the nonlinear effects in wave-body interaction, and therefore

overestimate results [2].

A fraction of nonlinear effects results from the linear

approximation of the FK force and radiation-diffraction force.

In linear potential wave theory, the FK force is calculated by

integrating the undistributed static and dynamic pressure over

the mean wetted surface. As the wave elevation and buoy’s mo-

tion are small, the pressure given by the Bernoulli equation can

be approximated linearly [12]. Furthermore, the net buoyancy

force acting on the point absorber is simplied as a linear func-

tion of buoy’s heave displacement, which is only applicable for

the point absorbers with constant horizontal cross-section area,

for example vertical cylindrical point absorbers. As a result,

when the point absorber has a large motion amplitude, the

buoy’s response estimated by linear potential wave theory will

have large deviation from the actual value [13], and therefore

the power absorption efficiency of the point absorber (PA)

will be overestimated. To model the point absorber with large

motion amplitude, some researchers developed time-domain

models by using partial nonlinear potential to calculate hydro-

dynamic forces. Giorgi et al. [14] calculated the nonlinear FK

force by integrating linearised incident wave pressure over the

exact instantaneous wetted surface. Merigaud et al. [15] further

improved the nonlinearity of FK force by employing a weak-

scatter approximation [16] of the boundary value problem.

Additionally, Gilloteaux utilized the Taylor series to estimate

the second-order radiation and diffraction forces acting on

the prototype SEAREV [17]. It was found that a model with

nonlinear FK force and second-order radiation and diffraction

forces results in a satisfactory agreement with experimental

results in comparison to a conventional Cummins’ model

when the device is working in resonance. However, additional

nonlinearities occurring in extreme sea states such as wave
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effect due to water overtopping, can only be modelled by using

a fully nonlinear numerical method.

Computational fluid dynamics, based on the Navier-Stokes

equation (NS-based CFD) is the most widely used fully nonlin-

ear numerical method employed to solve the complex hydro-

dynamic nonlinearities in the wave-body interaction problem

[18]–[22]. For example, Sjökvist and Göteman [21] utilized

NS-based CFD to investigate the peak wave loads caused

by water overtopping on a floating PA. Bhinder et al. [22]

identified the viscous drag coefficients of a floating WEC

by using NS-based CFD simulation. Furthermore, as PAs are

designed to be at resonance to work most efficiently, NS-

based CFD method could provide an accurate wave loading

estimation in this scenario. Whilst NS-based CFD has not been

used heavily in the past for WEC analysis because of the

computational expense, it is becoming increasingly common

and important as the need for fidelity increases.

In this paper, a 3D numerical wave tank (NWT) was devel-

oped by using open source CFD toolbox OpenFOAM, aiming

to verify the efficiency improvement of the spherical point

absorber with asymmetric mass distribution (SPAMD) under

typical regular waves, e.g. wave height of 1m (h = 1 m) [1]. In

Section II, the set-up of NWT is detailed and NWT validation

against conventional Cummins’ model is presented. In Section

III, the comparison of efficiency between the generic PA and

the SPAMD over five typical wave frequencies is presented.

II. NUMERICAL WAVE FLUME MODELLING

The 3D NWT is a 330m (−30m ≤ x ≤ 300m) long, 100m

(−50m ≤ y ≤ 50m) wide and 40m (−30m ≤ z ≤ 10m)

high, with water depth of 30m (see Figure 1). The length

of computational domain for such problems strongly depends

on the wave generation and absorption methods. It is well

understood that in the case of using generation and absorption

zones, one would need 1-1.5 times the wave length for each

of the zones. However, here an active wave generation and

absorption algorithm was used (within the OLAFOAM library)

which eliminates the need of a long zone for wave generation

and absorption, and hence a total of approximately one wave-

length is sufficient for the computation domain. It is worth

adding that any longer computational domain does not add

any advantage/accuracy to the simulations [23].

The planer waves with the first-order Stokes wave velocity

profile enter the NWT via the inlet and propagate along

positive x-axis, exciting single-tethered PAs in surge, heave

and pitch directions. Fixed pressure boundaries were employed

on the two faces of NWT in xz plane, which allows the water

flows freely in and out of the domain. When waves reach the

outlet of NWT, it is assumed the pressure is truncated, to filter

out the additional disturbance caused by wave reflection.

A. Grid generation

The meshes were generated using the OpenFOAM utility

blockMesh for the whole computational domain and snap-

pyHexMesh for the finer mesh around buoy, as shown in

Figure 2. The total number of cells is 545,433 cells. To

be able to model the turbulent structures around the buoy

(30 ≤ y+ ≤ 300), five layers of structured prism cells were

used in the vicinity of the buoy surface with an expansion rate

of 1.2 and the height of first layer of 0.1m. The grid resolution

near the free surface of water was also refined with the

∆x ≈ 0.003λ (λ is the wavelength) and ∆z ≈ 0.001h (h is the

wave height), to be able to simulate the hydrodynamic when

the buoy breaches the water surface. As the boundary layers

are fine enough to describe the turbulence near buoy surface,

no wall function was applied in this study. Mesh convergence

testing is presented in Section III-A. In this study, the SST

k-ω turbulence model was used, which is a common method

for similar problems. Using RANS models (see Section II-C)

allows 30 ≤ y+ ≤ 300, which eliminates the need for

resolving the boundary layer [24]. However, for the wave

energy devices driven by diffraction forces, the turbulence is

not important in modelling the dynamics of the motion and

hence the results are relatively insensitive to the choice of

turbulence model and the need to resolve the boundary layer

[25].

B. Device description

According to [9], the theoretical capture width of a 3DOF

(i.e., surge, heave and pitch) PA can be three times greater

than a heave-only PA. It was found that for single-tethered

PAs, the heave motion of the buoy strongly couples to the

power take-off device (PTO) and therefore this motion can

be fully converted to the PTO extension. In contrast, the

surge and pitch motions barely couple to the PTO and only a

tiny fraction of these motions are converted to useful energy.

Therefore, to address the deficiency of single-tethered PAs, the

previous study [1] focuses on utilizing a spherical asymmetric

mass buoy to couple its surge motion to the linear spring-

damper PTO via surge-heave motion coupling or surge-pitch

motion coupling. The modal analysis shows that the SPAMD

can absorb the energy arising from its surge motion and the

efficiency of wave energy capture is significantly improved.

Figure 3 illustrates the motions of a 3 degree-of-freedom

SPAMD subjected to planer waves in the vertical xz plane.

Table I lists the parameter settings employed for the vali-

dation of the NWT experiment against the Cummins’ model

in Section III-B and the comparison of power absorption

efficiency discussed in Section III-C. The settings used in this

paper are consistent with the settings used in the previous work

[1].

The PTO does not contain any hard-stop motion constraints.

The instantaneous power output of the system is equal to the

power consumed by the linear PTO damper, given by

P (t) = Bpto|∆L̇(t)|2 , (1)

in which ∆L̇(t) is the instantaneous tether velocity.

The mean power output from the time t0 to t1 is given by

Pmean =

∫ t1

t0
Bpto|∆L̇(t)|2dt

t1 − t0
, (2)
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Fig. 1: Schematic of the numerical wave tank, with key dimensions and boundary conditions.

(a)

(b)

Fig. 2: The grid resolution used in this study, which is refereed

as ”medium mesh” in mesh convergence test: (a) the mesh

resolution of vertical xz plane, bottom and outlet (b) the mesh

near the surface of buoy.

X

Z

(a) (b) (c) (d)

Fig. 3: Schematic illustration of the motions of a 3DOF

SPAMD subjected to plane waves in the vertical xz-plane.

The larger centre of mass represents the mass of the solid

spherical buoy m1, the smaller one is the offset point mass

m2: (a) surge motion, (b) heave motion, (c) pitch motion, (d)

combined 3DOF motions.

TABLE I: Fundamental parameters of the numerical wave tank

Description Parameter Value/Unit

Wave periods T 8, 10, 13, 15, 18 sec
Wave height h 1m
Water depth d 30m

Submergence (water surface to buoy’s top) ds 2m
Weight-buoyancy ratio δ 0.5

Radius of buoy r 5m
Tether length L 18m

PTO stiffness Kpto 1.5× 10
5 N/m

PTO damping (for SPAMD) Bpto 1× 10
5 Ns/m

PTO damping (for the generic PA) Bpto 0.3× 10
5 Ns/m

in which the time period t1 − t0 is sampled after the PA has

reached steady-state, which for this stage was found to be five

wave cycles.

In this work, the PTO stiffness Kpto and PTO damping coef-

ficient Bpto of SPAMD are set to be 150 kN/m and 100 kNs/m,
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which are the optimal configuration for Cummins’ model at

wave period of 13 sec. Similarly the optimal PTO stiffness

Kpto and PTO damping coefficient Bpto were determined in

the same way and are 150 kN/m and 30 kNs/m for the generic

PA.

C. Numerical method

For the 3D two-phase incompressible flow scenario in this

work, the Reynolds-Averaged Navier-Stokes (RANS) equa-

tions with specific boundary conditions of wave generation

and absorption derived by [26] are employed as the governing

equations.

For the continuity equation

∇U = 0 , (3)

in which U is the velocity vector.

For the mass conservation equation

∂ρU

∂t
+∇ · (ρUU)−∇ · (µeff∇U)

= −∇p∗ − gX∇ρ+∇U · ∇µeff + σκ∇α , (4)

in which ρ is the density, µeff is the effective dynamic viscos-

ity, p∗ is the pseudo-dynamic pressure, g is the gravitational

acceleration, X is the position vector, σ is the coefficient of

surface tension, κ is the interface curvature and α is the

indicator phase function varying between 0 and 1, which

defines the density of computational cell as

ρ = αρwater + (1− α)ρair . (5)

For the air-water phase movement equation

∂α

∂t
+∇ · Uα+∇ · Ucα(1− α) = 0 , (6)

in which Uc is the artificial compression term to keep a sharp

air-water interface.

The third-party utility OLAFOAM [27] was used to define

the boundary conditions and the solver interFoam solves Eqns

(3-6). To maintain a Courant number of smaller than 0.5, an

adjustable time step was employed and the maximum time

step was set to be smaller than 0.005 sec, especially when

PAs were at resonance. The time step convergence testing is

shown in Figure 5. The NWT experiment was conducted on

the Phoenix high-performance computing (HPC) platform of

the University of Adelaide [28]. By using 32 cores on the

Phoenix HPC, the solver took 24 hours for 15 wave periods

which was sufficiently long for the PA to reach steady-state.

III. RESULT

Here, NWT results are presented. In Section III-A, the

convergence of the mesh and time step used in this study

was tested. In Section III-B, the motion response of PAs

obtained from NWT experiments were validated against the

Cummins’ model. In Section III-C, the comparison of power

output between the generic PA and the SPAMD was presented.

A. Mesh and time-step convergence testings

Figure 4 compares the motion of the generic PA for a

very coarse mesh (20,201 cells), coarse mesh (86,960 cells),

medium mesh (545,433 cells) and fine mesh (2,477,590 cells),

when the buoy was at resonance at the wave period of 13 sec,

during the first 80 sec simulation. The medium mesh was used

for all the simulations in this study. The fine mesh is 8 times

the number of cells compared to the medium mesh, while the

coarse and very coarse mesh have 1/8th and 1/27th the number

of cells respectively. It can be seen that the results of the fine

mesh, medium mesh and coarse mesh are almost identical,

with maximum relative error less than 3% for the peak values

of the motions, while the results of the very coarse mesh show

considerable relative errors in surge (12.5%), heave (12.5%)

and pitch (20.8%) motion. Table II displays the root mean

square errors (RMSE) with respect to medium mesh, for the

peak values of the surge, heave and pitch motions. The RMSEs

in Table II indicates that the results presented in this study is

not sensitive to the selected mesh number.

TABLE II: Root mean square errors (RMSE) of the fine

mesh, coarse mesh and very coarse mesh with respect to

medium mesh, for the peak values of the surge, heave and

pitch motions.

RMSE Surge Heave Pitch

Fine mesh < 0.001 m < 0.001 m < 0.001 deg
Coarse mesh 0.006 m 0.092 m 0.09 deg

Very coarse mesh 0.503 m 0.377 m 2.51 deg

Figure 5 compares the motion of the generic PA for a

maximum loose time step (∆T = 0.02 sec), maximum medium

time step (∆T = 0.005 sec) and maximum tight time step

(∆T = 0.0025 sec), when the buoy was resonant at the wave

period of 13 sec, during the first 80 sec simulation. The

maximum medium time step was used for all the simulations

in this study. As shown in Figure 5, the results of the loose

time step, medium time step and tight time step are almost

identical, indicating that the results presented in this study is

not dependent on the selected time step.

B. NWT validation

Figure 6 shows the motion of the generic PA obtained from

the OpenFOAM model and from the Cummins’ model derived

in [29] respectively, at the resonant frequency of the generic

PA (T =13 sec). Figure 7 shows the corresponding results on

the SPAMD. It can be seen that the surge and pitch response

matched well with the Cummins’ model, and not surprisingly

there was a significant deviation in heave response because

the buoy in the Cummins’ model is assumed to be submerged

all the time. Whereas the heave motion in the CFD was

constrained by the submergence depth of the buoy below the

water surface (ds = 2m). When the buoy tries to move out of

the water, the net buoyancy will decrease and thus the buoy

will be pulled back into the water by the PTO.
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Fig. 4: Time histories of the motion of the generic PA for very

coarse, coarse, medium and fine mesh, when the buoy is in

resonant at the wave period of 13 sec.

C. Power output comparison

In this section, power output was compared between the

generic PA and the SPAMD under regular waves of 1m wave

height and over several wave periods (T = 8 sec, 10 sec, 13

sec, 15 sec and 18 sec), as shown in Figure 8. Table III lists

the mean y+ and mean Reynolds number for the simulation

cases of the generic PA and SPAMD. It can be seen that the

SST k-ω turbulence model is applicable to such cases with

high Reynolds number.

From Figure 8, it can be seen that for the resonant wave

frequency of 0.48 rad/sec (T = 13 sec), the power output

of the SPAMD was 3 times more than the generic PA,

as demonstrated in both Cummins’ model simulations and

NWT experiments. For the wave frequencies greater than 0.48

rad/sec, although the employed PTO configuration is non-

optimal for the wave conditions, the SPAMD was still 2-3
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Fig. 5: Time histories of the motion of the generic PA for loose,

medium and tight time step, when the buoy is in resonant at

the wave period of 13 sec.

TABLE III: Mean y+ and mean Reynolds number for the

simulations of the generic PA and SPAMD, when the wave

periods are 8 , 10 , 13 , 15 and 18 sec.

Wave period (sec) 8 10 13 15 18

Generic PA
y+ 182 212 253 244 245

Re (107) 1 1.2 1.9 1.4 0.9

SPAMD
y+ 202 228 262 240 243

Re (107) 0.8 1.1 1.6 1.3 0.7
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Fig. 6: Response comparison between the OpenFOAM model

and the linear time-domain model of the generic PA at wave

period of 13 sec (ω = 0.48 rad/sec) and wave height of 1m:

(a) surge motion, (b) heave motion, (c) pitch motion.

times more efficient than the generic PA in terms of power

output, which implies that the SPAMD has a wider bandwidth

than the generic PA.

The power output of the SPAMD in OpenFOAM model

is only half of that estimated from the Cummins’ model at

wave frequency of 0. 48 rad/sec (T=13 sec). This was because

in OpenFOAM model, the heave motion of the SPAMD was

constrained by the free water surface, while in the Cummins’

solver, the heave motion was not constrained as shown in

Figure 9. It was found in [30], the SPAMD works at its

optimal efficiency when the trajectory of the buoy is similar

to a circle, which implies there are two orthogonal oscillation

modes. Constrained by the water surface, the resulting motion

trajectory of the SPAMD is flatten and therefore the power

absorption efficiency of the system is compromised.
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Fig. 7: Response comparison between the OpenFOAM model

and the linear time-domain model of the SPAMD at wave

period of 13 sec (ω = 0.48 rad/sec) and wave height of 1m:

(a) surge motion, (b) heave motion, (c) pitch motion.

IV. CONCLUSION

In this paper, the efficiency improvement of SPAMD against

the generic PA was assessed in both Cummins’ model and

the NWT experiments. The results showed that the power

output of the SPAMD was still superior to the generic PA

under planar regular waves even when nonlinear effects were

considered. Additionally, with a fixed PTO configuration,

the power absorption efficiency of the SPAMD has a wider

bandwidth in comparison to the generic PA. To determine the

commercial potential of SPAMD, further investigations need to

be conducted in the aspects of techno-economic assessment of

SPAMD in irregular waves and the survivability of the system

in extreme sea conditions.
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Fig. 9: Schematic illustration of the motion trajectories of

generic PA and the SPAMD of their geometry centres at wave

period of 13 sec (ω = 0.48 rad/sec): (a) the motion trajectories

of generic PA, (b) the motion trajectories of SPAMD.
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1. INTRODUCTION 

Ocean waves are a huge resource of renewable energy. Wave energy converter (WEC) devices are being 

developed to optimise capture of this energy. A point absorber (PA), whose dimensions are much smaller 

than a wavelength, is a typical type of WEC with the main advantage being its insensitivity to wave direction. 
Examples of operational PA devices are the Carnegie CETO and Wavebob. PAs normally float on the water 

surface since wave power decreases with increasing submergence depth of the device (Falnes, 2002). 

However, there is an increasing trend to keep PAs fully submerged in order to increase the survivability of 

the device under extreme weather conditions. Sergiienko et al. (2017) undertook a systematic comparison 
study on floating and fully submerged PAs based on numerical simulations, which demonstrates that fully 

submerged PAs have the potential to capture a large amount of power from surge motion of the buoy 

component, twice as much as the power captured from heave motion of the buoy, whereas floating PAs 
capture power purely from heave motion of the buoy. This unique characteristic allows fully submerged PAs 

to capture the equivalent amount of wave energy to floating devices while maintaining high survivability.  

High expenditures arise from manufacturing, installation, maintenance, and testing of the full-scale WECs in 

the open sea. Therefore, prior to the design and commissioning of the full-scale devices, numerical 

simulations and scaled experiments in wave tanks are required to prove design and control concepts, as well 
as to estimate their economic efficiencies. Modelling of hydrodynamics resulting from wave-body 

interaction is fundamental for the numerical simulation of point absorber WECs. Linear wave theory, based 

on the assumption of small wave amplitudes, is the most popular method to model hydrodynamics due to its 

high computational efficiency. The computed hydrodynamics of the PA can then be assembled in the 
frequency-domain. The resulting frequency-domain model can only be used to simulate the behaviour of the 

PA under regular wave conditions and does not have the capability to model nonlinearities such as drag 

forces and nonlinear power-take-off (PTO) forces. Alternatively, the hydrodynamics can be substituted into 
the Cummins equation (Cummins, 1962), a deterministic solution originally developed to investigate ship 

dynamics in the time-domain. The resulting time-domain model is able to include nonlinear forces and can 

be used for simulation under both regular and irregular wave conditions. However, it is more 
computationally expensive than the frequency-domain model. A spectral-domain model has recently been 

applied to WECs due to its high efficiency in solving nonlinear hydrodynamic problems. It is a probabilistic 

model of the system dynamics, which uses a statistical representation of the waves, and when passed through 

an appropriate transformation function produces a probabilistic estimate of the WEC response (Folley, 2010). 
The principle advantage of using a spectral-domain model over the conventional Cummins models is that for 

complex nonlinear systems it is computationally more efficient at providing estimates of power absorption 

under irregular waves. 

In addition to numerical simulation, scaled experiments are also used to quantify the performance of WECs. 

There are few world-class wave tank testing facilities for WECs around the world. Examples are FloWave at 
the University of Edinburgh, Scotland; Model Test Basin at the Australian Maritime College, Australia; 

Ocean Engineering Water Tank at Shanghai Jiao Tong University, China; and Wave Basin at Indian Institute 

of Technology Madras, India. These facilities are normally developed for testing ship dynamics and offshore 
structures, and therefore are not always available for the testing of WECs. In addition, these facilities are 

often expensive to access, which is not affordable for many WEC research groups. 

Besides discussing and benchmarking the typical tools for the study of fully submerged point absorber 

WECs, this paper has two main original contributions. Firstly, the spectral-domain model is applied to a fully 

submerged PA with numerical validation. Secondly, cost-effective scaled experiments are proposed and 
investigated for a fully submerged PA within a standard wave flume facility. The methods developed in this 

work could be applied to study floating PAs and even other types of WECs. 
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2. MATHEMATICAL MODELLING 

In this study, a fully submerged PA is considered and the nonlinear force considered in modelling is the 

quadratic drag force. The PA dynamic equation takes the following form in the frequency-domain: 

(𝑗𝜔(𝐌 + 𝐀(𝜔)) + 𝐁(𝜔)) �̂̇� = �̂�𝑒(𝜔) + �̂�𝑏 + �̂�𝑝𝑡𝑜 ,         (1) 

where 𝐌 is the mass matrix of the buoy; 𝐀(𝜔) and 𝐁(𝜔) are the hydrodynamic added mass and radiation 

damping matrices, which vary with wave frequency 𝜔; �̂�𝑒(𝜔) is the wave excitation force, which is also 

frequency dependent; �̂�𝑏 is the net buoyancy force; �̂�𝑝𝑡𝑜 is the PTO control force; �̂̇� is the buoy velocities in 

heave, surge, and pitch under the assumption of plane incident waves. The hydrodynamic terms 𝐀(𝜔), 𝐁(𝜔) 

and �̂�𝑒(𝜔) can be solved using boundary element solvers (e.g. WAMIT, ANSYS AQWA, NEMOH) for 

specific buoy shapes. For generic buoy shapes (e.g. sphere and cylinder), the coefficients can be solved using 

an analytical model developed by Srokosz (1979) and Jiang et al. (2014). 

The Cummins equation takes the following form in the time-domain: 

(𝐌 + 𝐀(∞))�̈�(𝑡) + ∫ 𝐁(𝑡 − 𝜏)
𝑡

0
�̇�(𝑡)𝑑𝜏 = 𝐅𝑒(𝑡) + 𝐅𝑏(𝑡) + 𝐅𝑝𝑡𝑜(𝑡) + 𝐅𝑑(𝑡),      (2) 

where 𝐀(∞) is the infinite-frequency added mass matrix (𝐀(𝜔) for 𝜔 = ∞); ∫ 𝐁(𝑡 − 𝜏)
𝑡

0
�̇�(𝑡)𝑑𝜏 represents 

the memory effect of the radiation force, which can be approximated as a transfer function and solved by 

using a Matlab toolbox developed by Perez and Fossen (2009). The wave excitation force time series 𝐅𝑒(𝑡) 

can be calculated for both regular waves at a single frequency 𝜔 and irregular waves based on wave spectra 

models. Typical wave spectra models are JONSWAP, Bretschneider and Pierson-Moskowitz; 𝐅𝑑(𝑡) is the 

quadratic nonlinear drag force that takes the form 
1

2
𝜌𝐶𝑑𝐴|�̇�|�̇� on each dimension, where 𝜌 is the density of 

seawater, 𝐶𝑑  is the drag coefficient usually determined from experiments for particular buoy shapes, and 𝐴 is 

the cross-sectional area of the buoy perpendicular to the motion direction. 

The spectral-domain model is formulated using the same construction as the frequency-domain model and 
the response of the PA at each wave frequency can be obtained from (Folley, 2010) 

(𝑗𝜔𝑖(𝐌 + 𝐀(𝜔𝑖)) + (𝐁(𝜔𝑖) + 𝐆(𝜔𝑖))) �̂̇�𝑖 = �̂�𝑒(𝜔𝑖) + �̂�𝑏 + �̂�𝑝𝑡𝑜,       (3) 

where 𝐆(𝜔𝑖) is the quasilinear drag coefficients linearised from the quadratic nonlinear drag force and takes 

the form 2𝐶𝑑√
1

𝜋
∑ 𝜔𝑖

2|𝑥𝑖|2
𝑖  on each dimension. The response of the PA at each frequency is dependent not 

only on hydrodynamic coefficients at that frequency, but also the response of the PA at all frequencies due to 

the nonlinear force. Total response under irregular waves can then be calculated by superposition of all the 

wave components. There is no known analytical solution to the spectral-domain model, so an iterative solver 
has to be used to estimate the response of the PA for the estimation the quasilinear drag coefficients. 

                                 

Figure 1. Scaled experiment set-up in the wave flume                 Figure 2. Buoy assembly (0.136m diameter sphere) 

 

Figure 3. PTO assembly (from left to right: rope spool, shaft coupling, motor-encoder-housing, torque sensor) 
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3 SMALL-SCALE EXPERIMENT 

Figure 1 shows the set-up of the scaled experiment in a standard wave flume facility located in the Chapman 

lab within the University of Adelaide, which is 32m long, 1.3m wide and 1m deep. A piston-type hydraulic-

driven wave paddle is placed at the upstream end of the flume. The up and down motion of the wave paddle 

generates propagating waves. A perforated anechoic beach sits at the downstream end of the flume, which is 
used to prevent waves from reflecting back. A fully submerged PA is placed at 5m downstream of the wave 

paddle, where the generated waves demonstrate the desired regularity. A small boat pulley is placed at the 

bottom of the flume forming a mooring point. The PA is anchored via a high strength fishing line, which 
goes through the pulley and rolls on the rope spool within a custom-built PTO system. Six custom-built wave 

probes are placed around the PA to monitor surrounding wave conditions, two upstream, two downstream, 

and two at the sides. A DS1104 dSPACE controller is coded via Matlab to control the wave conditions 
generated by the paddle based on the wave probe readings, as well as control the PTO system to apply 

desired force on the PA. It also collects data from wave probes, IMU, and motor for post-processing. 

Figure 2 shows the buoy assembly of the PA, whose shell is 3D printed from VisiJet M3. The inner space of 

the buoy shell is used to place an IMU (LORD MicroStrain 3DM-GX4-25) that measures buoy movements 

and additional weights that allow the change of the net buoyancy and the centre of gravity of the buoy. The 
shell of the buoy is closed via screw fixation and sealed by double O-rings. The IMU cable exits the buoy 

shell via a cable gland fixed at the top of the shell. A U tunnel profile is printed at the bottom of the buoy 

shell, forming an anchoring point for the tether. The dimension of the 3-D printed buoy (0.136m diameter) is 

1/73.5 of the full-scale buoy (10m diameter) so that the blockage ratio of the buoy to the flume width is less 
than 12%. A higher blockage ratio has the risk of modifying the scattering force on the buoy. The ratio 

(1/73.5) was also chosen considering the similarity of drag coefficients between small/full scales. 

Figure 3 shows the PTO assembly that is used to emulate any PTO behaviour. A Maxon RE50 motor drives 

a rope spool via a shaft coupling and consequently applies PTO force to the PA via pulley-tether coupling. 

The shafts of the rope spool and motor sit on three rolling-element bearings fixed to the base. The housing of 
the motor is attached to the base via an aluminium shell and a Lorenz Messtechnik GmbH D-2209 torque 

sensor. The torque sensor measures the torque applied by the motor. A motor encoder measures the tether 

displacement. The motor is selected to generate sufficient PTO force to overcome the buoy net buoyancy 
force and the Coulomb friction force within the PTO assembly, as well as to generate the desired PTO force. 

Assuming generic linear spring-damper control, the torque command for the motor takes the following form: 

𝑇𝑚 = −(𝜌𝑉 − 𝑚)𝑔 ∙ 𝑟 + sign(�̇�) ∙ 𝑐𝑐 + 𝑘𝑝𝑡𝑜 ∙ 𝜃 ∙ 𝑟2 + 𝑐𝑝𝑡𝑜 ∙ �̇� ∙ 𝑟2,     (4) 

where 𝑉 is the displaced water due to the buoy; 𝑚 is the buoy mass; 𝑔 is the gravitational acceleration;  𝑟 is 

the radius of the rope spool; 𝜃  is the angular displacement of the motor; 𝑐𝑐  is the Coulomb friction 

coefficient of the PTO assembly; 𝑘𝑝𝑡𝑜 is the scaled PTO spring stiffness; 𝑐𝑝𝑡𝑜 is the scaled PTO damping 

coefficient. From Eq. 4, it can be seen that the selection of the rope spool radius 𝑟  compromises the 
maximum required motor torque and the magnitude of the Coulomb friction torque within the total required 

motor torque. A current feedback control is applied to track the desired motor torque command calculated 

from Eq. 4, in order to achieve a desired spring-damper behaviour. Since there is noise within �̇� arising from 

differentiating the encoder reading, sign(�̇�) ∙ 𝑐𝑐  is replaced by a relay function and a low pass filter is 

applied to remove noise within �̇� for PTO damping control. The selection of the filter cut-off frequency 

compromises the phase delay introduced into damping control and the noise attenuation capability. 

4. RESULTS 

A benchmark study has been undertaken between the modelling methods and the scaled experiment under 

both regular and irregular wave conditions. Table 1. summarises the full-scale PA and scaled PTO properties. 

Table 1. Configuration for the benchmark study 

PA property (sphere 

buoy) 
Values Wave property (Pierson-

Moskowitz spectra used ) 
Values PTO property (for 

1/73.5 scale ratio) 
Values 

Water depth 48m Wave amp (regular) 1.5m Filter cut-off frequency 50Hz 

Buoy radius  5m Wave period 7, 9, 12s Relay threshold eps in Matlab 

Submergence depth 8m Wave height (irregular) 3m 𝑟 15mm 

Mass to buoyancy ratio 0.5 Energy wave period 7, 9, 12s 𝑐𝑐  0.012Nm 
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Before conducting testing in the wave flume, the buoy was attached to the PTO system without interacting 

with water to validate the control performance of the PTO system. A decay testing was undertaken by 
realising the buoy 50mm away from its equilibrium position under spring-damper control. It was evident that 

the buoy oscillates around its natural frequency √𝑘𝑝𝑡𝑜 𝑚⁄  and the oscillation decays exponentially almost 

under the defined PTO damping, 𝑐𝑝𝑡𝑜. In addition, the hydrodynamic coefficients of the scaled buoy were 

measured from wave flume experiment, which are similar to the ones computed from linear wave theory, 

with errors within 20%. 

Figure 4 shows the power outputs of the PA resulting from the frequency-domain model (Eq. 1), the time-

domain model (Eq. 2) and the scaled experiment under regular wave conditions (power averaged over 16 
runs for each wave period, where power in each run averaged over 30 wave periods). The PTO spring and 

damper were optimised for each wave period subjected to a buoy motion constraint of 3m using the 

frequency-domain model. The frequency-domain model overestimates the power absorption efficiency of the 
PA because the nonlinear drag force is not considered. The time-domain model gives much closer results to 

the experiments, with errors within 10%. Figure 5 shows the power outputs of the PA resulting from the 

time-domain model (Eq. 2) and the spectral-domain model (Eq. 3) under irregular wave conditions, averaged 

over 300 peak wave periods (experimental data under irregular waves are still under investigation). The PTO 
spring and damper were optimised for each energy wave period. The spectral-domain model results match 

the time-domain model results reasonably well, with errors within 10%. 

      
Figure 4. Power outputs under regular waves             Figure 5. Power outputs under irregular waves 

5. CONCLUSION 

 We successfully applied a spectral-domain model to fully submerged PA WECs with numerical 

validation against the conventional time-domain nonlinear model. 

 The proposed cost-effective scaled experiment demonstrated high fidelity against the time-domain model, 

with errors increasing with the increase of wave period. Under long waves, high PTO damping was 

required to keep the buoy fully submerged, leading to slow tether motion, where the parasitic loss in the 

PTO assembly cannot be properly compensated. 

 More experimental studies are being undertaken to understand the optimal control solution to 

compensate for parasitic loss within the set-up, especially when the tether motion is slow. One potential 

solution that will be investigated is the use of dither signals.  
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Abstract—This study presents dynamic simulation results of
two point absorber wave energy converters comparing between
linear, pseudo-nonlinear, and CFD models. When modelling wave
energy converters, linear assumptions are commonly used to
simplify calculations. One such assumption is that the hydrody-
namic parameters do not change with pose. This study proposes
the inclusion of position and orientation dependence in force
estimation, specifically the hydrodynamic terms. A comparison
between linear, the proposed pseudo-nonlinear, and CFD models
show the effect of the linear assumption for cylindrical and
spherical submerged buoys in three degrees of freedom, subject
to regular waves. For the case of strong nonlinear hydrodynamic
coupling between degrees of freedom, the linear and pseudo-
nonlinear models are compared with published literature trends.
Accounting for pose dependence of hydrodynamic forces, drag
forces, and infinite frequency inertial effects showed trends closer
to CFD results but with generally higher motion amplitudes.
Significant differences in results for the cylinder are due to the
presence of near-surface nonlinear effects that are not captured
using linear potential flow solvers. Furthermore, a second order
effect was observed in the results, suggesting the proposed method
may be well suited to model sufficiently submerged buoys.

Index Terms—Submerged point absorber, nonlinear hydro-
dynamics, numerical wave tank, wave energy converter, linear
parameter varying

I. Introduction
Wave energy converters (WEC), as a concept, have been

developing for over two centuries [1]. As demand for power
moves away from fossil-based fuels, research efforts have been
intensifying since the 1970s. This enthusiasm has developed
into a worldwide interest, leading to a number of technologies
employing a variety of different operation principles [2].
Even with large interest globally, most devices are in the
research and prototype stage [3]. For this technology to achieve
economic viability for large scale energy production, a key area
to develop for further study is modelling capability [4].

A common WEC design is a point absorber (PA), which
is a device usually insensitive to wave direction. A typical
cylindrical submerged point absorber is shown in Fig. 1. To
model WECs, efficient and reliable computational methods
are essential. Conventional modelling methods include linear
boundary element method (BEM) solvers ANSYS AQWA
[5], WAMIT [6], and NEMOH [7]. These solvers are used
to calculate hydrodynamic parameters which are included in

Fig. 1. A schematic of a single tether submerged cylindrical WEC displaying
heave, pitch, and surge motions.

subsequent dynamic simulations. The more computationally
intensive numerical wave tank (NWT) CFD approach, such as
OpenFOAM or ANSYS Fluent, is becoming increasingly com-
mon in the industry. The BEM (also known as potential flow
models) and NWT techniques represent linear and nonlinear
approaches, respectively [1].

Linear BEM solvers provide fast solutions required for
design optimisation studies. They do not account for changes
in hydrodynamic coefficients as a function of geometric
nonlinearities due to changes in pose, as the hydrodynamic
coefficients are typically calculated around one position and
orientation. Therefore, using results from linear BEM solvers
cause the dynamic model to quickly lose accuracy as the
motion amplitude of the buoy increases and nonlinearities
become dominant [8].

Approaches to capture the nonlinear effects have been
attempted previously by using extended linear solving meth-
ods,such as varying parameter model of a floating buoy with
changing pitch [9]. Other models have involved recalculating
the hydrodynamic parameters based on buoy wetted area at
each time step for a floating spherical buoy [10] [11] and for a
floating cylindrical buoy [11]. These models were constrained
to move only in the heave direction. For submerged buoys,



the hydrodynamic parameters have a different dependence on
depth and are independent of wetted area, which remains con-
stant. Therefore, it is important to consider how hydrodynamic
parameters change with both pitch and heave. Linear models
for both floating and submerged buoys generally overestimate
motion, and hence power [12], as the motion constraining
effects of nonlinearities are ignored. As a whole, comparisons
between linear and nonlinear modelling of submerged buoys
remains largely unexplored and improvements in the current
methods used may be needed to accurately model and rapidly
develop these devices.

This paper explores the impact that pose has on the hy-
drodynamic coefficients and therefore the dynamics of two
submerged point absorbers: (i) a cylinder, where coefficients
are a function of position and orientation; (ii) a sphere, where
coefficients are only a function of position.

Presented in this paper is a comparison between the motion
characteristics of linear, pseudo-nonlinear, and fully nonlinear
CFD models in three degrees of freedom (DOF) under regular
(single frequency) waves. The linear model was constructed
using the linear BEM solver NEMOH to find the hydro-
dynamic coefficients about a nominal position. The linear
model does have geometric nonlinearities and drag forces but
is referred to as linear in this study to reflect the method
of calculating the hydrodynamic properties. The pseudo-
nonlinear model used the same solver to find the hydrodynamic
coefficients at a grid of points around the motion amplitude to
provide linearly interpolated position-dependent hydrodynamic
coefficients. Furthermore, the viscous drag force calculation
incorporates velocity dependence on drag coefficients and
basic orientation dependence. These coefficients and forces
were used to investigate the nonlinear dynamics of the PA
using MATLAB Simulink. An existing NWT in OpenFOAM
was used to compare the linear and pseudo-nonlinear methods
against CFD.

The mathematical model is presented in Section II. Included
is the governing equation of motion and a description of each
constituting term. An overview of typical linear assumptions
is also provided for context. Section III discusses the imple-
mentation of the pseudo-nonlinear model and the simulation
parameters. Section IV presents the results from the linear,
pseudo-nonlinear, and CFD models subjected to regular waves.
The results and implications on future modelling are discussed
in Section V, with concluding remarks given in Section VI.

II. Mathematical Model of WEC
The schematic of the cylindrical buoy used in this study

is shown in Fig. 1, with three DOF: surge, heave, and pitch,
represented by

x = ©«
Surge
Heave
Pitch

ª®¬ = ©«
x
z
θ

ª®¬ . (1)

Mathematically, the model can be represented by the gov-
erning equation, expressed as

MÜx = Fe + Fr + Fh + Fpto + FD , (2)

where M is the mass matrix containing the inertial terms for
each DOF, given by

M =

m 0 0
0 m 0
0 0 I

 , (3)

with m being the mass of the buoy and I the moment of inertia
about the centre of mass in the pitch direction.

The remaining terms Fe, Fr, Fh, Fpto, and FD, are known as
the excitation force, radiation force, hydrostatic or buoyancy
force, power take off (PTO) force, and drag force respectively.
Each of these terms, as well as how they may be estimated
is discussed in the following sections, along with typical
assumptions made to model them.

A. Excitation Force
The excitation force, Fe, from waves acting on the buoy

is a function of input wave frequency, wave amplitude, buoy
geometry, and buoy pose.

Fe = Fe,amp sin(ωt − ϕ) , (4)

where Fe,amp is the excitation force amplitude, and ϕ is
the excitation force phase vector. t represents time, and ω
represents the wave frequency. The excitation force is the
combination of the diffraction and Froud-Krylov forces [10].

B. Radiation Force
The radiation force, Fr, is the force applied to the buoy

as it radiates waves as a result of motion. Radiation force
is commonly represented in the time domain through the
Cummins equation [13], given by

Fr = −A∞ Üx −
∫ t

0
K(t − t ′) Ûx(t ′)dt ′ , (5)

where A∞ is the infinite frequency added mass and K is known
as the memory function. This convolution integral represents
the fluid memory affect in which the past state of the fluid
effects the current state. In the frequency domain, the radiation
force may be described as

F̂r = −[B(ω) + iωA(ω)] Û̂x(iω), (6)

where B(ω) and A(ω) is the frequency-dependent radiation
damping and added mass respectively. In practice, within sim-
ulations, the radiation force is found using a well established
method [14], involving constructing transfer functions from
radiation damping and added mass with velocity as input and
the integral in Equation (5) as the output [15]. For the purpose
of these models, transfer functions of order five were found to
appropriately fit the data.

C. Hydrostatic and PTO Forces
The hydrostatic force, Fh, acts only in the heave direction

and PTO force, Fpto, is applied in the direction of the tether.
Typically, for submerged buoys, there exists a pretension force
provided by the PTO to counteract the hydrostatic force
and give an equilibrium position below the surface of the



water [16]. For this study, the PTO force is considered to be
a simple spring-damper arrangement,

Fpto = T(−b∆Ûl − k∆l − |Fh |) , (7)

where b and k are the damping coefficients and spring con-
stants of the PTO respectively. The extension of the tether is
represented by ∆l. These parameters greatly impact the dy-
namics, and therefore the total power generated by the device.
A transform, T, converts the PTO force to the conventional 3
DOF [16].

Both b and k can be optimised for a given frequency wave
and buoy [17]. Accordingly, for the purpose of comparing
between linear, pseudo-nonlinear, and fully nonlinear CFD,
these values will be optimised for each frequency to compare
optimal cases. Optimal values are approximately given by the
following by assuming tether extension is primarily due to
heave motion,

bopt = Bz(ω) , kopt = ω
2(m + Az(ω)) , (8)

where the subscript z refers to the heave direction. In the sim-
ulations, the optimal conditions gave large motion amplitudes
with part of the buoy breaching the surface. To avoid this, the
amplitude was reduced by increasing the damping value while
using the optimal PTO stiffness to allow the range of motion
to match the sampling grid.

The resonance frequencies of submerged single tether buoys
for surge and heave directions are well established [18]. The
two resonances approximately overlap when the following
stiffness condition is met;

kpto,overlap =
g(ρV − m)(m + Az(ω))
(l + a)(m + Ax(ω))

, (9)

where l is the length of the tether, a is the distance between
the tether connection point on the buoy and the center of mass,
g is the acceleration of gravity, ρ is the density of water, V is
the buoy volume, and Ax and Az are the added mass in surge
and heave, respectively.

When resonances coincide there will be a strong nonlinear
coupling between surge and heave. This one-to-one internal
resonance condition will be used in this study to demonstrate
the impact of including some nonlinearities within the models.
The optimal stiffness will be used for comparison with CFD
cases to show the impact on weakly nonlinear operating
conditions.

To calculate the power generated, PTO nonlinearities are
ignored and the simplified equation for instantaneous power is

Pinst = b∆Ûl2 . (10)

D. Drag Force
The drag force, FD, acting on the buoy is modelled as

FD = −1
2CDρAD | Ûxr | Ûxr , (11)

where CD and AD are the coefficient of drag and characteristic
area respectively, and Ûxr is the relative velocity of the buoy
with respect to the surrounding water. The values for CD and

AD are fixed in the body frame but not the global Cartesian
frame and remain approximately constant for a large range of
Reynolds numbers [19].

E. Typical Assumptions

The aforementioned forces are complicated to model within
the time domain without a number of simplifications and
assumptions. Typical assumptions include that:

• the hydrodynamic parameters are independent of buoy
pose,

• the coefficients of drag are constant, independent of pitch
angle and velocity, the surrounding fluid is stationary, and

• the phase of the excitation force remains constant as the
buoy changes surge location.

III. Implementation of Pseudo-Nonlinear Model

In this section, the assumptions listed in Section II-E are
addressed in the development of a pseudo-nonlinear dynamic
model. Hydrodynamic parameters were introduced in the form
of gain-scheduled methods for the excitation force and infi-
nite frequency added mass, and an LPV (linear parameter-
varying) system for the radiation force. For the cylinder, these
parameters were varied as a function of heave and pitch.
For the sphere, only heave was varied as the coefficients are
independent of pitch. The viscous drag force was calculated
by including velocity dependence in the drag coefficient in
the form of Reynolds number calculations. Additionally, for
the cylinder, the drag force incorporated pitch dependence by
transforming the flow into vector components. For the sphere,
the drag force is independent of pitch angle due to symmetry.
Excitation force phase change due to motion was implemented
as a function of surge, discussed in Section III-C.

A. Hydrodynamic Parameter Position Dependence

Model behaviour is highly dependent on the hydrodynamic
parameters (Fe, B(ω), A(ω)). It is therefore critical to inves-
tigate the validity of holding these parameters constant for
given frequencies as the pose of the buoy changes. Here, the
calculation of these parameters was performed using NEMOH,
a linear BEM solver [20]. NEMOH provides the amplitude
and phase of the excitation force, the hydrodynamic damping,
and added mass for a particular buoy at a range of input
wave frequencies. To incorporate position dependence, the
amplitude and phase of the excitation force and the infinite
frequency added mass were calculated through gain-scheduled
methods within Simulink. These methods linearly interpolate
between a three dimensional lookup table for the cylinder
(using heave and pitch), and between a two dimensional lookup
table for the sphere (using heave). The radiation force was
implemented with an LPV block in Simulink. This block
takes an array of state-space models containing a sampling
grid, enabling interpolation between models for varying heave
and pitch values as required. A block diagram showing the
excitation force gain-scheduled method approach is shown in
Fig. 2.



Fig. 2. Block diagram showing the excitation force gain-scheduled method
approach. This details the flow of data used to find the interpolated force
amplitudes for the cylinder. Force amplitudes for the spherical buoy did not
use pitch values.

The range of motion for the cylinder involved varying heave
position from −1.5m to 1.5m around the nominal position
and pitch angle from −10° to 10°. For context, geometries
of the buoys are provided on Table II. For both DOF, seven
different positions and orientations were used, resulting in a
sampling grid of 49 different poses. For the spherical buoy,
due to symmetry, the pitch angle has no effect. Therefore,
only the heave position was varied over the same range as the
cylindrical buoy.

To summarise the methodology used for the proposed
position-dependent hydrodynamic parameters, the following
list shows the step by step procedure.

1) Specify heave and pitch positions
2) Use NEMOH to find B(ω), A(ω), Fe,amp, and ϕ
3) Use B(ω) and A(ω) to create transfer functions describing

how each DOF effects the radiation force in another DOF
4) Create a combined state-space for each pose
5) Combine state-space models into state-space array with

sampling grid according to heave and pitch positions
6) Use the LPV block in Simulink to implement the state-

space array
7) Specify Fe,amp and ϕ into respective arrays and implement

in Simulink using the Lookup Table block
8) Specify each element of A∞ into respective arrays and

implement in Simulink using the Lookup Table block

B. Drag Force Position Dependence

The viscous drag forces acting on the Sphere and Cylinder
in the surge and heave directions were approximated through
a similar gain-scheduled method. Firstly, the water velocity

Fig. 3. Block diagram showing the viscous drag gain-scheduled method
approach. This details the flow of data used to find the interpolated drag
coefficients, and hence drag force amplitudes for the sphere. Force amplitudes
for the cylindrical buoy change with pitch and are rotated accordingly.

around the surge and heave positions were found using es-
tablished theory [17]. The velocity of the buoys relative to
the fluid was then used to calculate the Reynolds number at
a given time step in each direction. This number was used
to find a corresponding drag coefficient based on tabulated
data [19]. In the spherical case, no viscous drag torque was
modelled in the pitch direction due to symmetry. For the
cylindrical buoy, the drag coefficient in the pitch direction
was estimated from a previous study with a similar buoy [21].
The cylindrical buoy also has viscous drag forces which are
pitch dependent. For an inclined cylinder, as a step towards
including position dependence in the viscous drag force, the
flow is divided into components in the axial direction of the
cylinder, and perpendicular to the axial direction. The forces
in the respective directions are found using the previously
discussed method to estimate drag coefficients in the rotated
reference frame. These forces are then rotated to align with
the surge and heave directions. A block diagram showing
the flow of data within the pseudo-nonlinear model of the
spherical buoy is given in Fig. 3. Though this does not fully
capture the nonlinearity of viscous drag, it is expected that
this approach is a better representation of drag effects than if
the drag coefficient is assumed to be constant and the pitch
rotation of the cylinder was ignored.

C. Excitation Force Phase Position Dependence

The excitation force amplitude and phase provided by
NEMOH is a description of the force experienced by the buoy
at a nominal surge position. Therefore, as the buoy moves in
the surge direction, the force experienced by the buoy should
reflect this new position. The excitation force is described in
Equation (4). The phase change due to surge position (ϕs) can
be represented in the context of the excitation force by

Fe = Fe,amp sin(ωt − ϕ + ϕs) , (12)

where the phase change from surge is

ϕs = kx , (13)

and k is the wave number, found as the solution to [22]

ω2 = gk tanh(kh) , (14)

where h is the water depth.



D. Partially-Nonlinear Models from Literature

Previous work has included recalculating the excitation
forces at each time step [11] based on the instantaneous wetted
area of a floating buoy. This approach still uses a linear
model for the radiation force and does not include drag forces.
Additionally, the WECs were restricted to oscillate only in the
heave direction. A similar study [10] calculated the excitation
force at each time step based on instantaneous wetted surface,
and uses a second order approximation of the diffraction and
radiation force. This model also ignored viscous drag forces,
was constrained to move vertically, and only simulated a
single regular wave. Such techniques are common in partially-
nonlinear models. Nonlinearity in the excitation force is ex-
pected to be the most influencial nonlinearity within PA WEC
systems [2]. Comparatively, the radiation and diffraction forces
require far more computational effort and have less impact on
results.

One study, closer to the presented case, uses a Fully
Nonlinear Potential Flow model on a submerged cylindrical
buoy [23]. The submerged cylindrical buoy is restricted to two
DOF, heave and surge. This nonlinear flow model effectively
simulated two dimensional NWT results for limited scenarios,
involving a small buoy and small wave amplitudes (cylinder
with radius of 0.05m, and wave amplitude of 1.7cm). These
limitations predispose the simulation to act in a regime in
which linear assumptions provide reasonable results. While
nonlinear potential flow models show promising results, fur-
ther research is needed to quantify overall accuracy [2].
Additionally, such models are still computationally expensive
compared to linear models [24].

Nonlinearities can have differing results for a change in
simulated conditions [25]. One study, on submerged spherical
buoys oscillating in the heave direction, showed that a weakly
nonlinear model, based on the weak scatterer approximation,
predicted lower amplitudes for some frequencies and higher
for others [25]. Research in this area seems to indicate that
nonlinearties impact models in differing ways and cannot be
summarised as a simple increase or decrease compared to the
linear model.

Another study which compares linear and nonlinear hydro-
dynamic parameters for cylinders [26] found that for cylinders
close to the surface, the added mass and radiative damping
in the heave and pitch directions differ significantly between
linear and nonlinear simulations, whereas the surge direction
remained relatively unchanged. Also shown in this study was
that vortex shedding occurs on the edge of the cylinder, though
this nonlinearity is expected to have minimal impact for the
case presented. A more influential result seen in this study is
the formation of a chute of water as the cylinder oscillates.
We expect that this phenomenon could cause significant dis-
crepancy between linear and nonlinear models.

The proposed pseudo-nonlinear method combines the non-
linear relationships present in hydrodynamic parameters as the
pose varies, with the computational speed of linear modelling,
and in three DOF. For the purpose of this study, the general

trend of the responses at varying frequencies will be compared
to investigate the degree to which nonlinearities are captured
within the proposed model. Additionally, this model applies
the same pseudo-nonlinear approach towards quantifying vis-
cous drag effects, a force ignored in previous BEM studies.

E. Simulation Parameters
To compare the performance of each model, some common

parameters were selected (Table I). In addition to the simula-
tion parameters, the properties of the buoys and PTOs must
be consistent between the respective models. These properties
relating to the cylindrical and spherical buoys are presented in
Table II.

TABLE I
Simulation Parameters

Parameter Value Units

Acceleration of gravity, g 9.81 m·s−2

Water density, ρ 1025 kg·m−3

Kinematic viscosity of water, ν 1.004 × 10−6 m2·s−1

Water depth, h 50 m
Submersion depth (buoy top), ds 2.5 m
Wave amplitude, Aw 0.5 m

TABLE II
Buoy Properties

Property Value Units

Cylinder radius, rc 5 m
Cylinder height, hc 5 m
Sphere radius, rs 5 m
Buoy density, ρbuoys 0.7ρ kg·m−3

For the linear and pseudo-nonlinear models, the viscous
drag can only be approximated from literature values. In the
linear case, the drag coefficients are assumed to be constant
irrespective of surge and heave position. These coefficients of
drag and the corresponding characteristic areas are given in
Equations (15) and (16) where CD, c, AD, c, CD, s, and AD, s
are the coefficients of drag for the cylinder, characteristic area
of the cylinder, coefficients of drag for the sphere, and the
characteristic area of the sphere respectively [21].

CD, c =
©«
1 0 0
0 1.1 0
0 0 0.2

ª®¬ ,CD, s =
©«
0.5 0 0
0 0.5 0
0 0 0

ª®¬ (15)

AD, c =
©«
hr2

c 0 0
0 πr2

c 0
0 0 (2rc)5

ª®¬ ,AD, s =
©«
πr2

s 0 0
0 πr2

s 0
0 0 0

ª®¬ .(16)

In the pseudo-nonlinear case, the drag coefficients for surge
and heave are found by interpolating between tabulated results
from literature [19], while the pitch drag coefficient is constant.



Fig. 4. A broad overview of the NWT is shown with the spherical buoy (left),
and the cylindrical buoy mesh within the NWT (right).

For the fully nonlinear case, due to the computational
resources required for this type of model, only five test cases
were selected based on a distribution of periods. These five
test cases, and the corresponding PTO parameters are given in
Table III. The optimal PTO stiffness according to Equation (8)
was used in these simulations. Test frequencies for the linear
and pseudo-nonlinear model range from 0.1 to 2.5 rad/s.

TABLE III
CFD Test Cases

Period (s) 6 8 10 12 14

Kpto,cylinder
(MN·m−1)

1.07 0.62 0.38 0.25 0.17

Kpto,sphere
(MN·m−1)

0.79 0.46 0.29 0.20 0.14

Bpto,buoys
(MN·s·m−1)

0.14 0.14 0.14 0.14 0.14

F. CFD Setup
CFD models are nonlinear models used to simulate fluid

structure interaction. They are computationally expensive but
can be a powerful tool to acquire accurate simulated results.
The CFD model was adapted from previous studies [12], [27].
A broad view of the numerical wave tank and a detailed view
of the mesh surrounding the cylindrical buoy can be seen in
Fig. 4. This model has been checked for convergence and has
been validated against experimental data for spherical buoys.

IV. Results
A. Hydrodynamic results from NEMOH

Hydrodynamic parameters at a range of poses for the
cylinder and sphere were found using NEMOH. Representative
graphs of the added mass from Equation (6) for the cylindrical
buoy at a heave position of 0.5m and varying pitch angles, and
the added mass for the spherical buoy at varied heave positions
are given in Figs 5 and 6, respectively. Radiation damping
of the cylindrical and spherical buoys follow similar trends.
Representative excitation forces and phases from Equation (4)
are given in Figs 7 and 8 for the cylindrical and spherical
buoys, respectively.

These added mass and damping coefficients were used to
construct a model of the radiation force for different positions.
However, for the spherical buoy, some terms fluctuate about
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Fig. 5. Representative added mass values for the cylinder at constant surge
and heave locations. Shown are the contributions to the added mass in the
surge direction due to motions in all three DOF.

0 0.5 1 1.5 2 2.5

, rad/s

1

2

3

4

A
x
-x

 (
k
g

)

10
5

0 0.5 1 1.5 2 2.5

, rad/s

-0.05

0

0.05

A
x
-z

 (
k
g

)

0 0.5 1 1.5 2 2.5

, rad/s

-1

0

1

2

A
x
-

 (
k
g

)

10
4

z = 1.5m

z = 1.25m

z = 1m

z = 0.75m

z = 0.5m

z = 0.25m

z = 0m

z = -0.25m

z = -0.5m

z = -0.75m

z = -1m

z = -1.25m

z = -1.5m

Fig. 6. Added mass values for the sphere at nominal surge location and
pitch orientation. Shown are the contributions to the added mass in the surge
direction due to motions in all three DOF.

zero due to numerical error or mesh imperfections. Addition-
ally, the pitch-pitch and cross terms were expected to be zero
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Fig. 7. Representative excitation forces (left) and phases (right) for the cylin-
der at nominal surge and heave locations. The excitation moment amplitude
in the pitch DOF is shown.
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Fig. 8. Representative excitation forces (left) and phases (right) for the
sphere at nominal surge location and pitch orientation. The excitation moment
amplitude in the pitch DOF is shown.

but were found to be two orders of magnitude lower than surge-
surge and heave-heave. These values are likely due to mesh
imperfection and were also set to zero for the purpose of this
study. Likewise, for the cylinder at the nominal pitch angle,
the cross terms were near zero. These quantities were also
set to zero in the calculation of transfer functions to prevent
numerical artefacts in the radiation forces.

B. Simulation results in regular waves
In order to show the extent of the difference between the

linear and pseudo-nonlinear models, the resonance frequency
in heave was matched with the resonance frequency in surge
using Equation (9). This provides large opportunity for strong
nonlinear cross coupling effects. To isolate the effect of the
hydrodynamic nonlinearity from viscous drag nonlinearity,
the drag coefficient was held constant as with the linear
simulations. In another set of simulations, the drag force
was calculated according to the pseudo-nonlinear method
with varying drag coefficient, (Fig. 9). This figure shows the
oscillation amplitude for the cylinder when subjected to regular
waves. A similar effect was also seen for the spherical buoy
(not shown).

The linear, pseudo-nonlinear, and fully nonlinear models
were subjected to simulated regular waves. Under this exci-
tation, the steady state response of the WEC was recorded for
each frequency. The mean of each DOF was found and used
to center the signal for each DOF. A spectrum was obtained
from this time domain signal using a Hamming window and a
suitable frequency resolution. The maximum amplitude seen in
each simulation was identified. The resulting peak oscillation
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Fig. 9. The peak oscillation amplitude for the linear, pseudo-nonlinear
(indicated by LPV), and pseudo-nonlinear with constant drag coefficient
(indicated by LPV, C) models when the resonant frequencies in surge and
heave are close. Results for the cylindrical buoy are shown.

in three DOF are presented in Figs 10 and 11 for the cylinder
and sphere, respectively. The mean position of each buoy
subjected to regular waves is shown in Figs 12 and 13 for
the cylinder and sphere, respectively.

For practical WEC systems, another aspect to consider is
the maximum PTO forces and power generated. The maximum
PTO forces and the mean of the power generation were found
at each frequency and displayed in Figs 14 and 15 for the
cylinder and sphere, respectively.

V. Discussion
The simulated results show a notable difference between

the linear and pseudo-nonlinear models. For the strongly
coupled case with constant drag coefficients, the linear model
and the pseudo-nonlinear models are approximately equivalent
with the linear model overestimating and underestimating at
different frequency ranges. However, when the drag coefficient
is varied as a function of velocity, larger amplitudes are seen.
This indicates the constant drag coefficients lead to an overes-
timate of drag forces. This finding informs the interpretation of
subsequent results for the linear, pseudo-nonlinear, and fully
nonlinear comparison. That is, larger motion amplitudes are
expected for fully nonlinear results due to an overestimate
in viscous drag forces in the linear model. Optimal stiffness
conditions lead to increased motion amplitudes, which were
used to further compare the linear, pseudo-nonlinear, and CFD
approaches.

For the optimal stiffness condition, the heave oscillation
amplitude of the pseudo-nonlinear model of the cylinder
shows an increase around larger amplitudes and is relatively
unchanged elsewhere compared to the linear model. A no-
ticeable difference between the results is the change in mean
positions about which the buoy oscillates. In both the strongly
coupled and optimal stiffness PTO conditions, the pseudo-
nonlinear approach resulted in larger displacements for the
cylinder than for the spherical buoy. This is expected due to
spherical symmetry preventing strong coupling between DOFs.
This behaviour arises due to an asymmetric force experienced
by the buoy over each oscillation cycle; that is, a net drift
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Fig. 10. The peak oscillation amplitude for the cylinder at various excitation
frequencies when optimal PTO stiffness is used. The linear, pseudo-nonlinear
(indicated by LPV), and fully nonlinear CFD results are shown.

force. Drift forces are known to be a second order effect
[28]. This behaviour is caused by a phase difference between
the heave and surge excitation forces. This phase difference,
coupled with the changing position of the buoy, creates a net
movement in one direction until the stiffness force of the PTO
is large enough to balance this drifting effect. The CFD results
show the same bias trend though different peak locations
and magnitudes for the spherical buoy. However, the mean
position of the cylindrical buoy was clearly over-estimated in
the pseudo-nonlinear method. One speculated result of this
surge bias is that the tether extension is more coupled with
rotation, allowing pitch to have more influence over power
generation.

The difference between linear and pseudo-nonlinear oscil-
lation amplitudes may, in part, be due to coupling between
the three modelled DOF. This coupling can be seen in the
hydrodynamic parameters in Fig. 5 for non-zero pitch angles.
For the cylinder, pitch has a large effect on the effective added
mass between surge and heave and pitch and heave motions.
In the linear system, these cross terms are typically neglected
as the pitch angle position is assumed to be zero. Conversely,
the amplitude of oscillation of the spherical buoy is relatively
unchanged for all DOF. Due to symmetry, the cross terms are
zero and a changing heave location does not lead to strong
hydrodynamic coupling. Consequently, less change between
linear and nonlinear models is expected for spherical buoys.

The CFD results (Fig. 11) demonstrate that the linear model
loses accuracy as the motion amplitude increases, agreeing
with literature expectation. Results for the pseudo-nonlinear
method do not clearly match CFD results but show a closer
trend than the linear case, indicating that the LPV method
captures some, but not all, nonlinearity in the hydrodynamics
acting on the buoy. The trend for the sphere seems to be
the peak thinning and a higher peak amplitude. The pseudo-
nonlinear model results begin to show the same increase in
peak amplitude. The pseudo-nonlinear model of the cylindrical
buoy showed two distinct peaks, a large deviation from the
linear model. Increased heave amplitudes occurred around the
same frequencies as decreased surge amplitudes, indicating
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Fig. 11. The peak oscillation amplitude for the sphere at various excitation
frequencies when optimal PTO stiffness is used. The linear, pseudo-nonlinear
(indicated by LPV), and fully nonlinear CFD results are shown.

some degree of coupling between heave and surge. The
CFD results for the cylinder again show that the pseudo-
nonlinear results capture trends better than linear counter-
parts, though with greatly decreased amplitudes. The pseudo-
nonlinear method gives larger amplitudes due to asymmetry
in excitation forces in heave direction. That is, the exponential
trend in excitation force indicates a greater increase for excita-
tion force amplitude above the nominal position than decrease
for below (Fig. 8). Therefore, nonlinearity in the excitation
force is being captured. However, the motion amplitude is far
less in the fully nonlinear CFD model (Fig. 10), indicating
there is significant nonlinearity missing which the linear BEM
hydrodynamic coefficients do not capture.

Other nonlinear forces acting on the buoy, such as overtop-
ping or slamming, are not able to be modelled with linear BEM
solvers. Submerged buoys, however, are away from highly
nonlinear surface effects, and the outlined method does more
closely approximate the nonlinearity of hydrodynamic forces
than the simple linear BEM solver about a nominal position.
It is commonly thought that the most influential nonlinearity
for PA WEC systems is excitation force [2]. However, these
results show that while the inclusion of nonlinearities in
the excitation force does impact the results, there are more
influential nonlinearties for this system not captured.

Linear BEM solvers are not able to fully capture the
radiation forces for cylindrical buoys closer to the surface due
to the formation of water jets and vortex shedding [26]. It
was noticed that in the CFD simulations, significant vorticity
was periodically occurring above the cylinder, indicating the
presence of some complex resonance effect present in the
column of water above the cylinder. Also, poor sampling
grid resolution in the pseudo-nonlinear method and higher
order nonlinear forces could be the reason for the discrepancy
between pseudo-nonlinear and fully nonlinear results. Further-
more, interpreting the CFD results was made difficult due
to the limited number of sampled frequencies. These reasons
suggest that the proposed pseudo-nonlinear method is suited
towards rapid modelling of submerged WEC devices only
if additional improvements can be made which incorporate
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Fig. 12. The mean location for the cylinder at various excitation frequencies
when optimal PTO stiffness is used. The linear, pseudo-nonlinear (indicated
by LPV), and fully nonlinear CFD results are shown.

nonlinear trends as buoys approach the surface. Alternatively,
the proposed modelling method may be suited to specific oper-
ating conditions, such a sufficient submergence depth, because
linear BEM solvers may adequately represent hydrodynamic
parameters in particular conditions.

To comprehensively model WEC devices, it is important
to accurately model the PTO forces. These forces influence
installation cost and power generated. As an indication, the
tether forces and power generated for all three modelling
methods is provided in Section IV. These results show the
pseudo-nonlinear method generally overestimates PTO forces
and power generated. It should be emphasised that the viscous
drag coefficient for the linear model is held constant and
has been shown earlier to be the result of an over-estimated
drag coefficient. However, as both the linear and pseudo-
nonlinear model overestimate motion at higher frequencies,
this is further evidence of the limitation that strong frequency-
dependent nonlinearities are not captured using linear BEM
solvers. One limitation of this study is that the CFD model was
validated only against experimental data of spherical buoys,
not cylindrical. Another limitation is that the results present
the frequency of maximum oscillation amplitude seen in the
response of the WECs when subjected to a regular wave, which
does not account for harmonic distortions. Such harmonics
were seen in the time domain results of CFD models, and, to a
lesser extent, the pseudo-nonlinear model, particularly around
natural frequencies.

Though the linear method proposed in this study has signif-
icant limitations, there are some benefits to such methods. The
primary benefit of the linear and pseudo-nonlinear models is
the drastic reduction in simulation time compared to CFD. The
pseudo-nonlinear method is marginally more computationally
expensive than the linear model. The linear method was
able to simulate 2000 seconds in approximately 4 seconds,
while the pseudo-nonlinear method took 10–15 seconds, on
a standard computer. The CFD model simulated 300 seconds
in approximately 2–3 days on a supercomputer. The found
results and the potential benefits merit further investigation
into the applicability of this modelling technique under a range
of operating conditions. If the proposed pseudo-nonlinear

0 0.5 1 1.5 2 2.5

 rad/s

-0.1

0

0.1

0.2

0.3

0.4

M
e

a
n

 L
o

c
a

ti
o

n
 (

m
 |
 r

a
d

)

x

z

x - LPV

z - LPV

 - LPV

x - CFD

z - CFD

 - CFD

Fig. 13. The mean location for the sphere at various excitation frequencies
when optimal PTO stiffness is used. The linear, pseudo-nonlinear (indicated
by LPV), and fully nonlinear CFD results are shown.

model can be shown to capture significant nonlinearities in
hydrodynamic forces, it can greatly speed up development of
submerged WEC devices.

Further extensions of this research include improving the
modelling method of the drag forces in each direction, which
could be made more accurate by including drag coefficients
of inclined cylinders rather than decomposing the flow di-
rection into components. Furthermore, the resolution of the
sampling grid of different positions and orientations may be
increased to more adequately represent nonlinear trends in the
hydrodynamic parameters. The model could be extended to
explore the effect of larger wave amplitudes on submerged
buoys. The CFD model could also be used to acquire results
from more excitation frequencies to gain a clearer perspective
of nonlinear effects over a broad range of operating conditions.
Alternatively, the effect of surface nonlinearities in CFD could
be further explored by varying the submergence depth. For
submerged devices, this pseudo-nonlinear method presents a
potential alternative to greatly improving simulation speed
from CFD, while capturing some nonlinear behaviours arising
from position dependant hydrodynamic parameters.

VI. Conclusion
In this study a linear, pseudo-nonlinear, and fully nonlinear

hydrodynamic parameter model for two point absorbers were
developed and the corresponding motion and forces were
compared. The linear and pseudo-nonlinear models displayed
similar motion amplitudes for a spherical buoy and differ-
ing amplitudes for a cylindrical buoy. The pseudo-nonlinear
model incorporated position dependence into the hydrody-
namic parameters and drag forces. The results showed in-
creased nonlinear behaviour and more closely match the trend
in the CFD results compared to linear methods. The proposed
model demonstrated the ability to capture some higher order
nonlinearities such as drift forces and nonlinear trends in
excitation forces. The pseudo-nonlinear model showed only a
small increase in computation time over the linear model, but
showed some basic nonlinear behaviours noticed in the CFD
results and matched the trend of the fully nonlinear results.
The significant differences between the pseudo-nonlinear and
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Fig. 14. The maximum PTO force (left) and mean of instantaneous power
(right) experienced for each regular wave frequency for the cylindrical buoy.

fully nonlinear for the cylindrical buoy results suggest that
nonlinearity in the hydrodynamic excitation forces are not the
most significant nonlinearity for the buoy dynamics, and that
the linear potential flow method for calculating hydrodynamic
parameters becomes inadequate close to the surface. For the
concept of submerged buoys, the results presented demonstrate
the applicability of pseudo-nonlinear modelling for rapid sim-
ulation compared to fully nonlinear alternatives, and justify
further investigation of this method.

Acknowledgement
This work was supported with supercomputing resources

provided by the Phoenix HPC service at the University of
Adelaide. This research has been supported by the Australian
Government Research Training Program Scholarship.

References
[1] J. Cruz, Ocean Wave Energy, 1st ed. Springer-Verlag Berlin Heidelberg,

2008.
[2] M. Penalba, G. Giorgi, and J. V. Ringwood, “Mathematical modelling of

wave energy converters: A review of nonlinear approaches,” Renewable
and Sustainable Energy Reviews, vol. 78, pp. 1188–1207, Oct. 2017.

[3] P. Hardy, B. Cazzolato, B. Ding, and Z. Prime, “A maximum capture
width tracking controller for ocean wave energy converters in irregular
waves,” Ocean Engineering, vol. 121, pp. 516 – 529, 2016.

[4] J. Chozas, “International levelised cost of energy for ocean energy
technologies an analysis of the development pathway and levelised cost
of energy trajectories of wave, tidal and OTEC technologies,” Ocean
Energy Systems, Tech. Rep., May 2015.

[5] AQWA User Manual, ANSYS, Oct. 2012.
[6] WAMIT USER MANUAL, 7th ed., WAMIT Inc., 2016.
[7] A. Babarit, NEMOH User manual, Ecole Centrale de Nantes, Jan. 2014.
[8] J. Davidson, S. Giorgi, and J. V. Ringwood, “Linear parametric hy-

drodynamic models for ocean wave energy converters identified from
numerical wave tank experiments,” Ocean Engineering, vol. 103, pp. 31
– 39, 2015.

[9] A. McCabe, G. A. Aggidis, and T. Stallard, “A time-varying parameter
model of a body oscillating in pitch,” Applied Ocean Research, vol. 28,
no. 6, pp. 359–370, 2006.

[10] A. Merigaud, J.-C. Gilloteaux, and J. V. Ringwood, “A nonlinear
extension for linear boundary element methods in wave energy device
modelling,” in Volume 4: Offshore Geotechnics; Ronald W. Yeung
Honoring Symposium on Offshore and Ship Hydrodynamics. ASME,
Jul. 2012.

[11] M. Penalba Retes, A. Mérigaud, J.-C. Gilloteaux, and J. Ringwood,
“Nonlinear Froude-Krylov force modelling for two heaving wave energy
point absorbers,” in Proceedings of the 11th European Wave and Tidal
Energy Conference. European Wave and Tidal Energy Conference 2015,
2015.

[12] F. Meng, A. Rafiee, B. Cazzolato, B. Ding, M. Arjomandi, J. D. Piper,
N. Sergiienko, and Q. Hu, “Numerical simulation of a submerged spher-
ical point absorber with asymmetric mass distribution,” in Proceedings
of the 11th European Wave and Tidal Energy Conference, 2017.

0 0.5 1 1.5 2 2.5

 rad/s

1.4

1.6

1.8

2

2.2

2.4

M
a
x
im

u
m

 P
T

O
 F

o
rc

e
 (

N
)

10
6

PTO Force

PTO Force - LPV

PTO Force - CFD

0 0.5 1 1.5 2 2.5

 rad/s

0

20

40

60

80

P
o

w
e

r 
M

e
a

n
 (

k
W

)

Power

Power - LPV

Power - CFD

Fig. 15. The maximum PTO force (left) and mean of instantaneous power
(right) experienced for each regular wave frequency for the spherical buoy.

[13] W. Cummins, “The impulse response function and ship motions,” David
Taylor Model Basin Washington DC, Tech. Rep., 1962.

[14] T. Perez and T. I. Fossen, “A Matlab toolbox for parametric identification
of radiation-force models of ships and offshore structures,” Modeling,
Identification and Control: A Norwegian Research Bulletin, vol. 30,
no. 1, pp. 1–15, 2009.

[15] R. G. Coe and D. L. Bull, “Nonlinear time-domain performance model
for a wave energy converter in three dimensions,” in Oceans-St. John’s,
2014. IEEE, 2014, pp. 1–10.

[16] A. Babarit, J. Hals, M. Muliawan, A. Kurniawan, T. Moan, and
J. Krokstad, “Numerical estimation of energy delivery from a selection
of wave energy convertersfinal report,” Report, Ecole Centrale de Nantes
& Norges Teknisk-Naturvitenskapelige Universitet, 2011.

[17] J. Falnes, Ocean waves and oscillating systems: linear interactions
including wave-energy extraction. Cambridge university press, 2002.

[18] F. Meng, B. Cazzolato, B. Ding, and M. Arjomandi, “Modal analysis of a
submerged spherical point absorber with asymmetric mass distribution,”
submitted to Renewable Energy, 2017.

[19] R. D. Blevins, “Applied fluid dynamics handbook,” New York, Van
Nostrand Reinhold Co., 1984, 568 p., 1984.

[20] M. Penalba, T. Kelly, and J. V. Ringwood, “Using NEMOH for mod-
elling wave energy converters: A comparative study with WAMIT,”
Centre for Ocean Energy Research (COER), Maynooth University, Co.
Kildare, Ireland, 2017.

[21] N. Y. Sergiienko, B. S. Cazzolato, B. Ding, and M. Arjomandi, “Three-
tether axisymmetric wave energy converter: estimation of energy deliv-
ery,” in Proceedings of the 3rd Asian Wave and Tidal Energy Conference,
Singapore, 2016, pp. 163–171.

[22] S. Chao Jiang, Y. Gou, B. Teng, and D. Zhi Ning, “Analytical solution
of a wave diffraction problem on a submerged cylinder,” Journal of
Engineering Mechanics, vol. 140, no. 1, pp. 225–232, Jan. 2014.

[23] E. Guerber, M. Benoit, S. Grilli, and C. Buvat, “Numerical modeling of
fully nonlinear interactions of ocean waves with a submerged moving
body,” in Proceedings of the 3rd International Conference on Ocean
Energy. Bilbao, Spain, 2010, pp. 1–6.

[24] L. Letournel, P. Ferrant, A. Babarit, G. Ducrozet, J. C. Harris, M. Benoit,
and E. Dombre, “Comparison of fully nonlinear and weakly nonlinear
potential flow solvers for the study of wave energy converters undergoing
large amplitude motions,” in ASME 2014 33rd International Conference
on Ocean, Offshore and Arctic Engineering. American Society of
Mechanical Engineers, 2014, pp. V09BT09A002–V09BT09A002.

[25] L. Letournel, C. Chauvigné, B. Gelly, A. Babarit, G. Ducrozet, and
P. Ferrant, “Weakly nonlinear modeling of submerged wave energy
converters,” Applied Ocean Research, vol. 75, pp. 201–222, Jun. 2018.

[26] A. Rafiee and A. Valizadeh, “Nonlinear hydrodynamics of bluff bodies
oscillating near freesurface,” in Proceedings of the twenty-eighth Inter-
national Ocean and Polar Engineering Conference (ISOPE), Sapporo,
Hokkaido, Japan, Jun. 2018.

[27] A. Rafiee and J. Fiévez, “Numerical prediction of extreme loads on the
CETO wave energy converter,” in Proceedings of the 11th European
Wave and Tidal Energy Conference, Nantes, France, 2015.

[28] B. W. Kim, S. Y. Hong, and H. G. Sung, “Comparison of drift force
calculation methods in time domain analysis of moored bodies,” Ocean
Engineering, vol. 126, pp. 81–91, Nov. 2016.





Appendix D

Enhancing the relative capture
width of submerged point
absorbing wave energy
converters

Ding, B., Sergiienko, N., Meng, F., Cazzolato, B. S., Hardy, P. and Arjomandi,
M. (2018). “Enhancing the relative capture width of submerged point absorb-
ing wave energy converters”. In: Proceedings of the 4th Asian Wave and Tidal
Energy Conference. Ed. by J. Chen. Taipei, Taiwan, China. pp. 1-10.

Statement of Authorship

Publication Status Published
Name of Co-author Fantai Meng
Contribution to the Paper Helped to develop the mathematical model of

the single-tether point absorber with asymmet-
ric mass distribution, helped in interpretation
of obtained results.

Overall Percentage (%) 10%

199







Enhancing the relative capture width of submerged 
point absorbing wave energy converters 

Boyin Ding1, Nataliia Sergiienko2, Fantai Meng3, Benjamin Cazzolato, Peter Hardy, and Maziar Arjomandi 

Ocean Wave Energy Research Group, School of Mechanical Engineering, the University of Adelaide 
South Australia, Australia, 5005 

1boyin.ding@adelaide.edu.au 
2nataliia.sergiienko@adelaide.edu.au 

3fantai.meng@adelaide.edu.au 

 
Abstract  Point absorbing wave energy converters account for 
53% of the existing wave energy converter prototype designs. 
Generally, point absorbers are designed to operate on or just 
below the water surface, extracting wave power from the heaving 
motion. In recent years, an increasing amount of attention has 
been given to fully submerged point absorbers that demonstrate 
better survivability under storm conditions and capability of 
extracting wave power from motion in multiple degrees of 
freedom. This paper investigates three submerged point absorber 
designs operating in three degrees of freedom: a generic 
axisymmetric spherical buoy with a single tether power-take-off; 
and two modified types, one employing an asymmetric mass 
distribution buoy and the other employing a three tether power-
take-off arrangement. Simulations in the frequency domain were 
used to study the behaviour of the three point absorber designs 
from the perspectives of dynamic response, power absorption 
principles and capabilities, and power-take-off requirements. 
Compared to the generic single tether spherical buoy design, both 
modified submerged point absorber designs demonstrate 
considerable improvements in their performance indices (e.g. the 
relative capture width and the power to PTO force ratio), while 
exhibit additional challenges in their implementations. 

 
Keywords  Point absorber, submerged wave energy converter, 
multiple degrees of freedom oscillation, optimal power-take-off 

I. INTRODUCTION 

Ocean wave energy has been under the public spotlight over 
the past few decades for its high energy density, predictability, 
and consistency. It has shown a great potential to address the 
increasing global energy demand, with recent estimates 
suggesting a global wave energy capacity exceeding 2TW [1]. 
However, wave energy converter (WEC) technologies that 
extract energy from ocean waves are still in their pre-
commercial phase and exhibit great diversity in design, leading 
to more than one thousand different WEC prototypes in various 
stage of development [2]. 

Oscillating point absorbing wave energy converters (PAs), a 
popular type of WEC designs defined by having geometry 
smaller than a wavelength, account for 53% of the existing 
WEC prototypes [3]. PAs are usually designed as axisymmetric 
buoys which are insensitive to wave direction change [1]. They 
typically operate offshore in deep water waves with higher 
energy content than shallow water waves [4]. Budal and Falnes 
[5], and Evans [6] found that given unconstrained motion, the 

maximum capture width of the oscillating body does not 
depend on its size, shape or submergence depth, but is only 
governed by the mode of motion. An axisymmetric body needs 
to oscillate in at least two modes, one radiating symmetric 
waves such as heave and the other radiating antisymmetric 
waves such as surge, to absorb the maximum available power 
from waves [7], [8]. 

Sergiienko et al. [9] compared the power absorption 
capability of floating and fully submerged PAs under physical 
motion constraints [9]. Results showed that in comparison with 
floating PAs, fully submerged PAs generally absorb less power 
from the heaving mode, but absorb similar amount of power 
from the combined heaving and surging modes. Furthermore, 
fully submerged PAs experience less wave excitation force and 
therefore exhibit higher durability and survivability than 
floating counterparts. Therefore, a submerged PA operating in 
multiple degrees of freedom has a potential to resolve the trade-
off between power absorption capability and survivability in 
WEC design. 

Buoys are typically submerged in water by a single tether 
anchored to the seabed (bottom-reference [10]) with a power-
take-off (PTO) machinery installed along the tether that 
converts mechanical power due to buoy oscillation into 
electricity, as illustrated in Fig. 1(a). Anchored by a tether and 
excited by a plane wave, the buoy is able to move in three 
degrees of freedom (3DoF), namely heave, surge and pitch [11]. 
However, the majority of the wave power is absorbed from the 
buoy rom the kinematic constraint of 
the single tether PTO arrangement, where PTO is aligned with 
the heave motion predominantly. The authors of this paper have 
previously investigated two submerged PA design variants that 
are capable of extracting wave energy from the 
oscillations. The first prototype employs a buoy with 
asymmetric mass distribution as shown in Fig. 1(b), with the  

 
Fig. 1 Tether anchored (bottom fixed) submerged point absorber variants 

(a) (b) (c) 



goal of enhancing dynamic coupling between the 
oscillating modes and consequently absorbing power from 
surge by exploiting the surge-pitch and pitch-heave couplings 
[12]. The second prototype applies a three-tether PTO 
arrangement in tripod formation as shown in Fig. 1(c), 
originally proposed by Srokosz in 1979 [13]. The three-tether 
PTO can enhance kinematic coupling between the 
oscillating modes and the PTO units along the tethers, and 
therefore more efficiently convert the 
PTO work [14]-[16]. The two submerged PA variants can 
absorb 2-3 times more power than the single-tether generic PA 
in theory [12], [14], however, their engineering characteristics 
(e.g. optimal design maximising economic efficiency and PTO 
implementation) remain insufficiently explored for a 
commercialisation. 

This paper conducts a comparison study between the three 
PA prototypes shown in Fig. 1, in order to better understand 
their dynamic response, power absorption efficiency, and 
optimal PTO design requirement, with an effort to provide 
insights into their engineering merits and economic viability 
relative to each other. The comparison is undertaken using 
numerical simulations based on the dynamic models of the PAs 
in the frequency-domain built upon linear wave theory. The 
layout of the paper is as follows: Section II describes the 
systems and their equations of motion, Section III discusses the 
simulation results and Section IV provides a summary of the 
results. 

 

II. SYSTEM DESCRIPTION AND MOTION EQUATION 

This study considers spherical buoys only for simplicity, 
particularly for the ease of analysis on a buoy with asymmetric 
mass distribution as shown in Fig. 2. In order to exclude 
uncertainties associated with a specific PTO design, it is 
presumed that the machinery force has linear spring and 
damper effects proportional to the tether elongation and the rate 
of change of the tether elongation, respectively. The tether 
stiffness is assumed to be at least two orders of magnitude 
higher than the PTO spring stiffness and therefore is regarded 
as a rigid component in the system. Linear wave theory is used 
to model the hydrodynamics of the PAs [9], and only 
monochromatic plane waves are considered. Therefore, the 
dynamics of the PAs can be simplified to a planar case of 3DoF 
motion and investigated in the frequency-domain. 

A. Equation of Motion for Submerged Point Absorber 

An oscillating body excited by a plane incident wave can be 
modelled based on the Cummins equation [17]: 

,               (1) 
where the vector  contains the surge displacement , heave 
displacement  and pitch angle  of the body at its geometrical 
centre;  is the mass matrix of the oscillating body;  is the 
hydrodynamic added mass existing at infinite frequency; 

 is the radiation impulse response function; and , 
, , and  are the hydrostatic, viscous drag, wave 

excitation and PTO forces exerted on the body in Cartesian 
space, respectively. 

As the buoy is fully submerged, the generalised hydrostatic 
force is 

,               (2) 
where  is the density of water,  and  are the mass and 
volume of the buoy respectively, and  is the gravitational 
acceleration. 

The viscous drag forces experienced by the buoy can be 
written as quadratic functions of the buoy velocity, based on the 
Morison equation [18]: 

,            (3) 

where , , and  are the viscous drag coefficients of 
the buoy along surge, heave and pitch axes respectively, whose 
values can be found from [19] for various buoy shapes;  and 

 are the cross sectional areas of the buoy along surge and 
heave axes respectively;  is the diameter of the buoy. For the 
spherical buoy, = ; ; and , 
where  is the radius of the buoy. 

The PTO force exerted on the body is given by 
,               (4) 

where  is the transpose of an inverse Jacobian matrix  
 that relates the PTO force in the joint space  (along the 

tether/s) to the PTO force in the task space  (along the buoy 
Cartesian coordinates), and is dependent on buoy position.  
consists of a static pretension force that overcomes the buoy  
hydrostatic force; a spring force proportional to the tether 
elongation; and a damping force proportional to the rate of 
change of tether elongation. The forms of  and  are 
dependent on the specific PA design and will be discussed in 
more details for each of the PA candidates in later subsections. 

Assuming small displacements of the buoy with respect to 
the tether length, Equation (1) can be linearised at the 
nominal/rest position of the buoy, , and thus 
can be written in the following frequency-domain form [10]: 

.               (5) 
For a spherical buoy, 

 

,  

, 

,              (6) 

where  and  denote the frequency-dependent 
hydrodynamic coefficients (added mass and radiation damping 
respectively) of the buoy at its rest position;  and  are the 
frequency and buoy velocity dependent viscous damping 



coefficients along surge and heave axes respectively, which are 
approximated from Equation (3) using Lorentz linearisation 
[20];  and  represent the wave excitation force along surge 
and heave axes of the buoy. The superscript  denotes the 
complex amplitudes. The hydrodynamic coefficients and the 
wave excitation forces can be calculated using boundary 
element solvers such as WAMIT, AQWA and NEMOH for any 
buoy shapes. For submerged spherical buoys, , ,  and  
can be calculated using an analytical method described in [21]. 

, , and  in Equation (5) are dependent on the specific 
PA design and thus will be discussed in the later subsection for 
each PA candidate. The hydrostatic force disappears in 
Equation (5) as it is cancelled by the PTO pretension force.  

B. Generic Single Tether Point Absorber 

For the generic single tether PA design shown in Fig. 1(a), 
the PTO force along the tether is 

,             (7) 
where  is a pretension (offset) force that 
counteracts the buoyancy/hydrostatic force along the z-axis; 

 and  are the PTO stiffness and damping respectively; 
 is the tether/PTO elongation. The inverse Jacobian matrix of 

the system  is described in [11] and is not repeated here. 
Applying linearisation to the PA system at its nominal/rest 

position (for more details about the linearisation procedure, 
please refer to [16]), the following mass and PTO damping and 
stiffness matrices associated with Equation (5) are obtained: 

, 

, 

,           (8) 

where  is the moment of inertia of the buoy about the pitch 
(y) axis;  and  denote the radius of the spherical buoy and 
the nominal tether length at the rest pose of the buoy 
respectively. Equation (8) shows that the PTO control is 
directly applied to the heave mode only.  

At the nominal position of the buoy, the elongation velocity 
of the tether/PTO is given by 

,             (9) 
where is the inverse Jacobian matrix at the buoy 
nominal position. The time-averaged absorbed power by the 
system is then equal to the mechanical power dissipated by the 
linear PTO damper on the tether: 

.             (10) 

C. Asymmetric Mass Distribution Point Absorber 

The purpose of having an asymmetric mass distribution 
(AMD) PA as shown in Fig. 1(b) is to enhance dynamic 
coupling between the oscillating modes of the buoy, with the 
aim to increase power absorption by the surge mode. 

 
Fig. 2 Schematic showing the x-z plane of a spherical buoy with asymmetric 
mass distribution at its rest position. 

Fig. 2 shows a cross section view of a spherical buoy with 
asymmetric mass distribution, on the x-z plane that the buoy is 
symmetric about. A body-fixed coordinate frame is located at 
the geometric centre of the buoy. The buoy consists of a 
spherical hull with a radius  and a mass , and an additional 
mass  offset from the geometric centre of the buoy, resulting 
in an eccentric buoy centre of gravity on the x-z plane. The 
location of  on the x-z plane is defined by the offset distance 

 and the offset angle  with respect to the positive x-axis. For 
the buoy to remain at rest in calm water, the PTO pretension 
(offset) force is given by 

.                    (11) 
In addition, in order to balance the torque generated by the 
offset mass about the geometric centre of the buoy, the tether 
attachment point is rotated clockwise around the surface of the 
hull on the x-z plane. The line passing through the geometric 
centre of buoy and the tether attachment point forms an angle 

 with respect to the negative z-axis, which can be calculated 
by solving 

.          (12) 
A similar linearisation procedure is applied to the AMD PA, 

as detailed in [16]. The resulting mass, PTO damping and 
stiffness matrices associated with Equation (5) are given by: 

,  

, 

   

              (13) 
Compared with the same matrices for the generic case in 
Equation (8), , , and  in Equation (13) exhibit 
additional couplings (e.g. heave-pitch and surge-pitch) due to 
the asymmetric mass distribution.  

At the nominal position of the buoy (as shown in Fig. 2), the 
elongation velocity of the tether/PTO is given by 
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.          (14) 
The inverse Jacobian matrix shows that both the heave and 
pitch modes directly couple to the tether/PTO elongation. The 
time-averaged absorbed power of the asymmetric mass 
distribution system is also given by Equation (10). 

  

D. Three Tether Point Absorber 

The purpose of having the three-tether PTO arrangement is 
to enhance kinematic coupling between the oscillating modes 
of the buoy and the PTO units along the tethers, allowing more 
efficient conversion of the buoy 3DoF motion into PTO work. 

Fig. 3 illustrates a schematic of a three-tether point absorber 
at its rest pose, where the tethers are equally distributed around 
the buoy, separated by  in the horizontal plane. This 
configuration makes the system insensitive to wave direction. 
Tether 1 aligns with the x-z plane, and thus the wave travelling 
direction, and tethers 2 and 3 are symmetric about the x-z plane. 
In this paper, it is assumed that all three tethers point towards 
the geometric centre of the spherical buoy and the PTO units 
along the three tethers have identical linear characteristics (e.g. 
pretension force, PTO damping and stiffness). The tether 
attachment points are located on the surface of the buoy hull. 
The inclination angle of the tethers with respect to the z-axis, 

, plays an important role in this design as it defines the 
contribution of the surge and heave modes in the total absorbed 
power, as well as the effects of PTO control on the surge and 
heave modes. The PTO force along each tether is 

,         (15) 
where  is the pretension (offset) force generated 
by the PTO unit on each tether. The three PTO units jointly 
provide a total pretension force  along the z-axis that 
counteracts the buoyancy/hydrostatic force of the buoy. 

The three tether PA has a mass matrix identical to the generic 
single tether PA. Following the linearistion procedure reported 
in [14], the PTO damping and stiffness matrices for the three 
tether PA can be derived as shown in Equation (16). Compared 
with the same matrices for the single tether case in Equations 
(8) and (13),  and  in Equation (16) demonstrate 
additional PTO control directly applied to the surge mode, 
enabled by inclining the tether by . 

 
 

,         (16) 

 

Fig. 3 Schematic showing a three-tether point absorber with a submerged 
spherical buoy at its rest pose 

At the nominal position of the buoy (as shown in Fig. 3), the 
elongation velocities of the tethers/PTOs are given by 

.  (17) 

The inverse Jacobian matrix shows that both the surge and 
heave modes directly couple to the tether/PTO elongations. The 
time-averaged absorbed power is equal to the mechanical 
power dissipated by the three PTO units: 

.                  (18) 

E. Power Absorption and Optimal Condition 

The time-averaged absorbed power can also be calculated in 
the Cartesian coordinates as the difference between the wave 
power input into the system and the power radiated and 
dissipated in water [6]: 

,         (19) 

where  denotes the conjugate transpose. Furthermore, the total 
absorbed power can be decomposed into power absorption by 
the surge and heave modes respectively: 

,          

.         (20) 

For a spherical buoy, there is neither excitation torque nor 
hydrodynamic damping on its rotational axis. Therefore, the 
power absorption from the pitch mode of the buoy is zero. 
 
 
 

.               

 
Tether 1 Tether 2 

Tether 3 



Maximum power is absorbed when the velocity of the buoy 
is unconstrained and equal to: 

 ,           (21) 

which is the optimal velocity. Equation (21) shows that the 
buoy optimal velocity is in phase with the excitation force and 
of optimal amplitude scaled by the damping coefficients [8]. 
The maximum power available in the surge and heave modes 
by an axisymmetric body in monochromic waves are: 

,              
,             (22) 

where   denotes the power transport per unit width of the wave 
frontage and  denotes the wavenumber [8]. The superscript 

 denotes the power limit of the mode governed by the 
radiation ability of the mode oscillating at the optimal velocity. 

The relative capture width (RCW) is a measure of the 
efficiency of the WEC device with respect to its size and is 
given by  

.           (23) 
 

F. Optimisation of Absorbed Power 

In order to have a fair comparison of the power absorption 
capability of the three PAs, it is assumed that all PAs have the 
same size of buoy and physical constraints, and are located at 
the same submergence depth but operate under their own 
optimal PTO configurations, which are wave frequency 
dependent. Therefore, the optimisation goal is to maximise   
subject to constraints by seeking the frequency-dependent 
optimal  and  matrices. 

For the single tether PAs,  and  are governed by 
, , , and , where  is set to overcome the 

hydrostatic force and thus is a fixed value, whilst the other three 
PTO parameters can be tuned to achieve optimality.  can be 
physically changed increasing the height of the mooring above 
the ocean floor, however, a discussion on how specific designs 
impact on hydrodynamics, and resulting economic viability is 
out of the scope of the current paper. Substituting Equations (6), 
(8) and (13) into Equation (5), ignoring all the off-
diagonal/coupling terms and comparing with Equation (21), the 
theoretical optimal values of ,  and  can be found 
for the single tether PAs: 

,            
, 

,                   (24) 
where  and  achieve the optimal phase (resonance) 
and amplitude conditions for the decoupled heave mode;  
achieves the resonance condition for the decoupled surge mode, 
implying that for small buoy displacements the surge mode of 
the bottom-referenced single tether PA is analogous to an 
inverted pendulum. The theoretical optimal values in Equation 
(24) do not represent the real optimal values for the systems 
because dynamic coupling is ignored and physical constraints 
are not considered. However, they can be used as an initial 
guess for the PTO optimisation. The optimisation goal for the 
single tether PAs is then 

,           (25) 
subject to the nominal tether length constraint 

 and the tether elongation (PTO stroke) constraint 
. 

For the three tether system,  and  are 
predominantly governed by , , and .   is 
determined from the inverse kinematics of the system assuming 
the tethers are anchored at the sea floor as shown in Figure 3. 
The optimisation goal for the three tether PA is then 

,                      (26) 
subjected to the tether inclination angle constraint  
and the PTO stroke constraint . The initial value 
of  for optimisation is set to  based on the results in [9]. 
The initial values of  and  can be obtained from the 
following equations given known , , and : 

, 

,          (27) 

which respectively satisfy the optimal phase and amplitude 
conditions for the decoupled surge mode. We take the priority 
to tune the system to be optimal in the surge mode because it 
contains twice power compared to the heave mode for 
unconstrained buoy motion as shown in Equation (22). 
Optimisation is implemented using the fmincon command in 
MATLAB Optimisation Toolbox. 
 

G. System Parameters for Simulation 

Simulation parameters are listed in Table 1. The buoys for 
the three PAs are assumed to have the same geometrical shape 
(sphere), size (radius), and weight (total mass), and are 
submerged at the same water and submergence depth. The buoy 
with asymmetric mass distribution has identical hull mass and 
offset mass, with the offset mass located at a near-optimal 
location [16]. The buoy hull is assumed to be hollow so that 
PTO circuits and control instruments can be placed inside. For 
the single tether PAs, their nominal tether length is constrained 
between 5m and 50m in optimisation, defined to ensure the 
fidelity of the optimisation results without taking the feasibility 
of the specific design into consideration. Maximum PTO stroke 
of 3m is applied to all systems to prevent the buoy from 
breaking the water surface, and thus to constrain the problem 
within the boundaries of linear wave theory. Simulations were 
run across frequencies between 0.3 and 1.6 rad/s. By default, 
0.1m wave amplitude is used unless otherwise stated. PTO 
optimisation is conducted at each wave frequency for the three 
PAs, following the procedures discussed in Section II.F. 

TABLE I SYSTEM PARAMETERS FOR SIMULATION 

Symbol Value/unit Description 
 50m Water depth of the sea 

 8.5m 
Submergence depth from buoy 
geometric centre to water surface 

 5m Radius of the spherical buoy 

 kg 
Buoy mass, defined as half of the 
buoy buoyancy force  



 kg 
Hull mass for the buoy with 
asymmetric mass distribution 

 kg 
Offset mass for the buoy with 
asymmetric mass distribution 

 4m Offset distance of the offset mass  
  Offset angle of the offset mass   

 
 

Moment of inertia of a hollow 
spherical buoy about its pitch axis, 

given by  

 
 

Moment of inertia of a hollow 
spherical buoy with offset mass about 
its pitch axis, given by 

 

, 
 

5m,  
50m 

Nominal tether length limits for the 
single tether systems 

 3m 
Tether elongation constraint (PTO 
maximum stroke) 

 0.3-1.6rad/s Wave frequency range (regular) 
 0.1m Wave amplitude (regular) 

III. RESULTS 

This section presents and discusses results categorised into 
six main aspects that are critical from an engineering 
perspective: optimal PTO parameters, dynamic response, 
power absorption, PTO force, power to PTO force ratio, and 
bandwidth. For convenience, the generic single tether PA, the 
asymmetric mass distribution PA, and the three tether PA are 
abbreviated as the G1T, the AMD and the 3T respectively. 

A. Optimal PTO Parameters 

A comparison of the frequency-dependent optimal PTO 
parameters for the three PAs is shown in Fig. 4. With regard to 

the G1T, its optimised nominal tether length fluctuates
randomly between the defined limits across the wave 
frequencies (not displayed in the figure) which implies that its 
power absorption does not depend on the surge (inverted 
pendulum) mode. This outcome is expected for the G1T given 
there is no coupling between its surge mode and tether/PTO 
elongation as evident in Equations (8) and (9). Therefore, the 
nominal tether length of the G1T is fixed to 

 across the wave frequencies, assuming the tether is 
anchored to the sea floor level and requires no tower. For the 
AMD, the optimal nominal tether length decreases sharply with 
an increase in wave frequency and reaches the lower limit at 
0.72rad/s. By comparison, the 3T has its optimal tether 
inclination angle barely varying across the wave frequencies. 

The G1T and the 3T have similar optimal PTO stiffness and 
damping that smoothly increase across the wave frequencies. 
The optimal stiffness and damping of the 3T are generally 
lower than the that of the G1T. In contrast, the AMD 
demonstrates much larger variations in its optimal PTO 
stiffness and damping across the wave frequencies, which 
indicates more challenges in its PTO design and manufacture. 
The optimal stiffness of the AMD is lower than the optimal 
stiffness of the G1T for low to medium frequency waves but is 
higher for high frequency waves. The optimal damping of the 
AMD is dramatically higher than the optimal damping of the 
G1T, in particular for low to medium frequency waves, where 
a peak difference of over one order of magnitude is observed. 
In the following subsections, results are presented for the PA 
candidates that operate under the frequency-dependent optimal 
PTO parameters as shown in Fig. 4, unless otherwise explicitly 
stated.

 

   

    
Fig. 4 Comparison of the frequency-dependent optimal PTO parameters for the three PAs: (a) optimal nominal tether length  normalised by buoy radius for the 
G1T and the AMD; (b) optimal tether inclination angle for the 3T; (c) optimal PTO stiffness ; (d) optimal PTO damping . 

(a) (b) 

(c) (d) 



    
Fig. 5 Comparison of the buoy displacement amplitudes for the three PAs  under their optimal PTO configurations: (a) surge displacement  and heave 
displacement ; (b) pitch displacement . 

 

Fig. 6 Comparison between the buoy velocity phases  for the three PAs and 
the excitation force phases  

B. Dynamic Response 

A comparison of the buoy displacement amplitudes for the 
three PAs is shown in Fig. 5, while a comparison between the 
buoy velocity phases for the three PAs and the excitation force 
phases is shown in Fig. 6. 

As was shown in the last subsection, the G1T can only 
absorb power from heave. Thus, the G1T has the buoy heave 
velocity in phase with the heave excitation force across the 
wave frequencies, indicating the buoy heave response reaches 
its resonance or optimal phase condition as shown in Equation 
(21), resulting in relatively large heave displacement across the 
wave frequencies. In contrast, the buoy surge velocity and the 
surge excitation force are only in phase at a single frequency of 
0.3rad/s, and are almost  out of phase at other wave 
frequencies, resulting in a resonance peak at 0.3rad/s in the 
surge displacement. This is due to the fact that the nominal 
tether length of the G1T (that governs the surge natural 
frequency) is fixed across the wave frequencies. The resonance 
peak in the surge response also induces a peak in the pitch 
response via the surge-pitch coupling as shown by the stiffness 
matrix in Equation (8). 

In comparison to the G1T, the 3T has both its surge and 
heave modes tuned to resonance across the wave frequencies, 
as evident in Fig. 6, where both its buoy surge and heave 
velocities are in phase with the surge and heave excitation 
forces across the wave frequencies. This results in relatively 
large surge and heave displacements across the frequencies. In 
contrast, the pitch response of the 3T is relatively small across 
the wave frequencies stabilised by the 3T configuration. 

  

Fig. 7 Comparison of the tether elongation displacement amplitudes   

The AMD performance lies between the G1T and the 3T, 
and its surge and heave modes can only both be tuned to 
resonance for low frequency waves (below 0.45rad/s), where 
both the surge and heave displacements are relatively large. 
Between 0.45rad/s and 0.72rad/s, optimisation tunes the surge 
mode of the AMD in resonance as the surge mode contains 
more power than the heave mode. Thus, surge displacement is 
much larger than the heave displacement in this frequency 
range. Above 0.72rad/s, the surge (inverted pendulum) mode of 
the AMD can no longer be tuned to resonance because the 
nominal tether length reaches the lower limit. As a result, 
optimisation evaluates the available power in the surge mode 
and the heave mode to determine their contributions. An 
intersection between the surge and heave displacement curves 
at 0.8rad/s indicates that the AMD switches to extract more 
power from the heave mode. In comparison to the G1T and the 
3T, the AMD has higher pitch response below 0.72rad/s 
because the AMD coverts power from its surge mode into PTO 
work via surge-pitch and heave-pitch couplings as indicated by 
Equation (13). 

A comparison of the amplitudes of tether elongation 
displacements is shown in Fig. 7. For the G1T and the AMD, 
their tether elongation displacements are almost identical to the 
buoy heave displacements, due to their inverse kinematics at 
the nominal position of the buoy. The 3T has its first tether 
oscillating with amplitudes similar as that of the G1T, and its 
second and third tethers oscillating with amplitudes about two 
thirds that of the first tether. The AMD requires much less 
tether elongation than either the G1T or the 3T to absorb 
maximum power for low to medium frequency waves. 

(a) (b) 



C. Power Absorption 

A comparison of the RCWs of the three PAs is shown in Fig. 
8. Also shown is the theoretical RCW limits of the heave mode 
and the combined surge and heave mode. The high frequency 
RCW limits are defined by the radiation ability of the buoy 
when operating at optimal velocity given unconstrained motion, 
calculated from Equations (22) and (23): 

                 (28) 
where the subscripts  and  denote the surge mode and the 
heave mode respectively. The low frequency RCW limits are 
defined by the maximum swept volume (MSV) of the buoy, 
given by the following equation for a submerged sphere: 

         (29) 
where  denotes the maximum buoy displacement of the 
corresponding mode [9], and is set as 3m for both the heave 
mode and the surge mode to be consistent with the tether 
elongation constraint defined in optimisation. 

The G1T has the lowest RCW among the three PAs and 
converges to the  curve at high frequencies. The 3T has 
the highest RCW among the three PAs (2-3 times that of the 
G1T) that converges to the  curve at high 
frequencies. The AMD performs between the G1T and the 3T, 
and has its RCW converge to the 3T curve at low frequencies 
and to the G1T curve at high frequencies. At low frequencies, 
the RCWs of the PAs are lower than the  curve and the 

 curve. This is because the calculations of 
the  limits do not consider the effects of viscous loss. 
The linearised viscous damping is significantly higher than the 
radiation damping at low wave frequencies as shown in Fig. 9, 
which dissipates additional energy in water. 

The RCW of each PA is decomposed into the RCWs of the 
surge mode and the heave mode using Equation (20), with 
results demonstrated in Fig. 10. The G1T purely absorbs power 
from its heave mode across the wave frequencies as expected. 
The 3T absorbs the same amount of power as the G1T from its 
heave mode and absorbs up to twice the power from its surge 
mode at high frequencies. The power absorbed by the surge 
mode and the heave mode of 3T are similar at low frequencies 
because the surge mode experiences more viscous losses than 
the heave mode, as shown in Fig. 9. The AMD exhibits power 
absorption behaviour matching its dynamic response behaviour 
shown in Fig. 6. For wave frequencies below 0.45rad/s, the 
power absorbed by the modes of the AMD are equal to those of 
the 3T. Between 0.45rad/s and 0.72rad/s, the power absorbed 
by the surge mode of the AMD is equal to that of the 3T, whilst 
the power absorbed by the heave mode of the AMD is less than 
that of the 3T. Above 0.72rad/s when the nominal tether length 
reaches the lower limit, the AMD decreases power absorption 
from its surge mode and increases power absorption from its 
heave mode with an increase in wave frequency, and trends 
towards the G1T at high frequencies. 

The power absorption capabilities of the 3T and the AMD 
are compared under various wave amplitudes but subject to the 
same tether elongation constraint of 3m, with the q-factors 
denoting the ratio of the absorbed power by the 3T to the 
absorbed power by the AMD as shown in Fig. 11. In general, 
the 3T absorbs more power than the AMD, in particular for very 

  
Fig. 8 Comparison of the RCWs of the three PAs (solid lines) and the RCW 
limits of the heave mode (dashed lines) and the combined surge and heave 
modes (dotted lines). The RCW limits in magenta and cyan are respectively 
defined by the maximum swept volume of the buoy and the radiation ability of 
the buoy given unconstrained motion. 

 
Fig. 9 Comparison of the radiation damping coefficients  and  and the 
linearised viscous damping coefficients  and  for the three PAs. 

  
Fig. 10 Comparison of the RCWs associated with the individual modes. 

    
Fig. 11 Comparison of the q factors as an efficiency improvement ratio between 
power absorption from the 3T and the AMD for various wave amplitudes. 



low and high frequency waves. For medium frequency waves, 
the q-factor decreases with an increase in wave amplitude, to 
less than unity. This is due to the fact that the 3T requires more 
tether elongation displacement than the AMD to absorb 
maximum power from medium frequency waves as evident in 
Fig. 7. Thus, excited by large waves, the 3T is more likely to 
reach its tether elongation constraint compared to the AMD. 

D. PTO Force 

A comparison of the dynamic PTO forces and the net PTO 
forces for the three PAs are shown in Fig. 12 and Fig. 13 
respectively. The dynamic PTO force of the AMD is two to four 
times lower than that of the G1T at medium wave frequencies 
between 0.45rad/s and 0.72rad/s. This is because in this 
frequency range the AMD has lower optimal PTO stiffness and 
lower tether elongation displacement than those of the G1T, 
which leads to a significantly lower stiffness force. The average 
of the dynamic PTO forces on the tethers of the 3T is two to 
four times lower than the dynamic PTO force of the G1T at 
frequencies below 0.72rad/s. The dynamic PTO forces on the 
second and third tethers of the 3T are about two thirds of that 
on its first tether on average across the wave frequencies. For 
the three PAs, their net PTO forces are dominated by the 
pretension forces used to overcome the buoy buoyancy force 
when excited by small waves. The tethers of the 3T have a 
pretension force that is 60% of the pretension force of the G1T 
and the AMD due to the tripod formation of the 3T. 

 

 
Fig. 12 Comparison of the dynamic (spring and damper) PTO forces 

 

Fig. 13 Comparison of the net PTO force (sum of the PTO dynamic and 
pretension forces) normalised by the buoy buoyancy force. The solid lines 
denote results for 0.1m wave amplitude and the dashed lines denote results for 
0.5m wave amplitude. 

E. Power to PTO Force Ratio 

The root mean square (RMS) of the net PTO force relates to 
the costs of the PTO and the mooring. Therefore, a cost-related 
performance index of power to PTO force ratio  that 
indicates the cost of PTO and mooring facility per kW is used 
to assess the economic viability of the PAs. A comparison of 
this cost-related index is conducted for two wave amplitudes 
and across the wave frequencies, with the q-factors that 
correspond to the increase of  between the PAs as 
shown in Fig. 14. The AMD has its power to PTO force ratio 
twofold that of the G1T for low to medium frequency waves 
that have high occurrence probability in most seas. For the 3T, 
its power to PTO force ratio is calculated in two ways for 
comparison: 1) the absorbed power divided by the RMS of the 
net PTO force on the first tether, assuming that the three tethers 
share a common PTO circuit and thus the RMS of the highest 
net PTO force among tethers indicates the whole PTO cost; 2) 
the absorbed power divided by the sum of the RMS of the net 
PTO forces on all tethers, assuming that the tethers employ 
uncoupled PTO units. When having uncoupled PTO units, the 
3T has its power to PTO force ratio slightly higher than that of 
the G1T. However, if the desired PTO forces on the tethers can 
be achieved by a shared PTO circuit, the 3T has a power to PTO 
force ratio over three times higher than the G1T. 

 

  
Fig. 14 Comparison of the q factors that correspond to the increase of the power 
to PTO force ratio between the PAs. The solid lines denote results for 0.1m 
wave amplitude and the dashed lines denote results for 0.5m wave amplitude. 

 
Fig. 15 Comparison of RCWs and bandwidths of the three PAs with: 1) fully 
optimal PTO parameters  frequency-dependent optimal  or  
(solid lines); 2) frequency-dependent optimal  and  but fixed  or  
only optimal at 0.67rad/s (dashed lines); 3) fully fixed PTO parameters  fixed 

 or  only optimal at 0.67rad/s (dotted lines). 



F. Absorption Bandwidth 

Absorption bandwidth of the WEC corresponds to the 
frequency range where the absorbed power stays within 50% of 
its maximum value. It indicates the power absorption capability 
of the WEC in stochastic seas, where the wave frequency and 
amplitude vary continuously with time. Fig. 15 compares the 
absorption bandwidth of the three PAs operating with 1) 
frequency-dependent optimal PTO parameters (as used in the 
previous subsections); 2) frequency-dependent optimal PTO 
stiffness and damping but nominal tether length and tether 
inclination angle fixed to their optimal values for the 0.67rad/s 
wave; and 3) PTO parameters all fixed to their optimal values 
for the 0.67rad/s wave. 0.67rad/s (9.4s) wave was selected as it 
often occurs in sea. Fixing the nominal tether length and the 
tether inclination angle do not compromise the absorption 
bandwidth of the G1T or the 3T (about 0.7rad/s). In contrast, 
fixing the nominal tether length reduces the absorption 
bandwidth of the AMD from 0.45rad/s to 0.3rad/s. For all the 
PAs, their bandwidth is significantly reduced (to 0.1rad/s) when 
their PTO parameters are fully fixed. This implies that adaptive 
spring-damper control is necessary when the submerged PAs 
operate at a sea site with a broad wave occurrence spectrum. 

IV. CONCLUSIONS 

This paper conducted a comparison study in the frequency 
domain between thee submerged PA designs: a generic type as 
a benchmark and the other two with modified buoy and PTO 
designs to enhance RCWs. The linearised models for 
simulation assumed that the displacements of the buoys were 
small and considered the effects of viscous drag. Constraints 
were used in PTO optimisation to keep the models within the 
boundary of linear wave theory. 

Results revealed the power absorption mechanisms of the 
two modified PA designs and compared their engineering 
characteristics to that of the generic single tether PA from the 
perspectives of dynamics response, power absorption 
capability, and PTO design requirements. In comparison to the 
G1T, the 3T is capable of extracting two to three times power 
from the combined surge and heave modes across the broad 
frequency range, given a fixed tether inclination angle set to the 
optimal value. The economic viability of the 3T largely 
depends on the feasibility in designing a shared PTO circuit to 
achieve the desired PTO forces on the three tethers. In contrast, 
the AMD depends on selecting the appropriate tether length to 
extract power from the surge mode. It compromises power 
absorption from the surge and the heave modes for medium 
frequency waves even if the PTO parameters are tuned to their 
optimal values. Nevertheless, it still extracts twice the power of 
the G1T in medium frequency waves. In comparison to the G1T 
and the 3T, the AMD exhibits larger variations in the optimal 
PTO parameters across the wave frequencies but demonstrates 
less requirements for the dynamic PTO force and the tether 
elongation displacement at medium frequencies. The economic 
viability of the AMD seems plausible but the costs associated 
with manufacturing an asymmetric mass distribution buoy and 
a tower to achieve the desired nominal tether length were 
ignored in this study. All the three submerged PAs require 

adaptive control to operate efficiently in stochastic seas. Future 
work will compare the PAs in stochastic seas in time-domain 
subject to directional waves.  
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A B S T R A C T

Point absorbers are one of the most common wave energy converters, which are typically designed to extract
power primarily from heave motion. Pure heave motion of an axisymmetric wave energy converter results in a
relative capture width limited to a third of the maximum possible. Over the past few decades, an increasing
amount of attention has been given to the design of point absorbing wave energy converters operating in
multiple oscillation modes, in an attempt to more efficiently extract power from waves. However, it is not a
trivial task as wave energy converters operating in multiple modes demonstrate complex coupled vibrational
characteristics across several degrees of freedom. This paper addresses this challenge using modal analysis, a
modern approach developed for determining, improving and optimising dynamic characteristics of complex
engineering systems. Case studies are conducted on three multi-mode submerged point absorber designs, each
with distinct modal behaviour to show the generality and efficacy of the approach. Results show that in com-
bination with knowledge of wave power absorption in the frequency-domain, modal analysis can be used as an
effective analytical tool to evaluate the vibrational characteristics and the power absorption potential of the
multi-mode system, as well as to explore the corresponding working principles and the physical limits of the
design.

1. Introduction

Ocean wave energy has been under the public spotlight over the
past few decades for its high energy density, predictability, and con-
sistency. It has shown a great potential to address the increasing global
energy demand, with recent estimates suggesting a global wave energy
capacity exceeding 2 TW (Cruz, 2008). However, wave energy con-
verter (WEC) technologies are still in their pre-commercial phase and
exhibit great diversity in design, leading to more than one thousand
different WEC prototypes in various stage of development (Hayward
and Osman, 2011). Oscillating point absorbers (PA) are a popular type
of WEC design defined by having dimensions much smaller than a
wavelength and account for 53% of the existing WEC prototypes
(International Energy Agency, 2011). PAs are usually designed as ax-
isymmetric heaving buoys which mainly extract power from heave
motion regardless of wave direction (Cruz, 2008).

In 1975, 1976, Budal and Falnes (1975), and Evans (1976) found
that given unconstrained motion, the maximum capture width of an
oscillating buoy does not depend on its size, shape or submergence

depth, and is only governed by the mode of motion. An axisymmetric
buoy needs to oscillate in at least two modes, one radiating symmetric
waves such as heave and the other one radiating antisymmetric waves
such as surge or pitch, to absorb the maximum available power from
waves (Falnes, 2002). Since then, a number of PA prototypes have been
proposed to extract power from multiple modes of motion (multi-mode)
(Sergiienko, 2018). A major group of multi-mode PA prototypes employ
multiple tethers and power-take-off (PTO) machineries to enhance ki-
nematic coupling between the modes of the buoy (where wave power
enters the system) and the PTO machinery (where wave power is either
stored or converted to electricity). A typical example is the submerged
three tether PA proposed by Srokosz in 1979 (Srokosz, 1979). In con-
trast, buoys with an asymmetric shape or mass distribution have been
employed to enhance dynamic coupling between the modes of the
buoy, and thus convert power absorbed by multiple modes into useful
PTO work. Typical examples in this category are the Edinburgh duck
(Salter, 1974) and the submerged asymmetric mass distribution PA
proposed by Meng et al. (Meng et al., 2017). Despite the diversity in the
design concepts, multi-mode WECs demonstrate coupled vibrational
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characteristics in multiple degrees of freedom (DoFs) which makes
them much more complex than their uni-modal counterparts (e.g.
heaving buoy). The complexity associated with a specific converter
design increases as the number of motion modes and moving parts in-
crease.

Modal analysis is a tool commonly employed for determining, im-
proving and optimising dynamic characteristics of complex engineering
systems, and there are numerous applications of modal analysis re-
ported in the literature covering wide areas of engineering, science and
technology (He and Fu, 2001). The applications of modal analysis in
WEC design optimisation started in the late 1970s, when Newman
(1979) and Farley (1982) studied the modal behaviour of floating beam
WECs. Taghipour et al. (Taghipour and Moan, 2008) applied the mode
expansion method to the investigation of a multi-body WEC array.
Recently, Babarit et al. (2017) developed a linear numerical model
based on the concept of modal decomposition for analysing the hy-
droelastic response of flexible electroactive WEC. Nevertheless, to the
best knowledge of the authors, few attempts have been made to utilise
modal analysis in the design of multi-mode point absorber WECs.
Finnegan and Goggins (2012) applied modal analysis to a two-body
wave energy converter to transform the coupled equations of motion
into uncoupled modal equations, reducing the complexity of the solu-
tion for the response amplitude operator in the frequency domain.
Meng et al. (2019) used modal analysis to explore the modal behaviour
of a submerged asymmetric mass distribution PA with optimal PTO
parameters. The two studies mentioned above neither reported the full
functionalities of the modal analysis approach nor discussed its true
value in solving multi-mode WEC design problems.

This paper addresses the complex design problem of multi-mode
WECs by applying modal analysis and well-known theory in wave
power absorption. Three multi-mode submerged PA designs are used as
examples to illustrate the methodology in order of increasing com-
plexity in the modal behaviour, in an attempt to develop a guideline for
the WEC designers to follow. The layout of the paper is as follows:
Section 2 describes the fundamental of WEC modelling, wave power
absorption in the frequency domain, and modal analysis; Section 3
describes the application of modal analysis on a generic single tether
spherical buoy PA, highlighting the procedure, and discussing the
outcomes; Sections 4 and 5 escalate the applications to two advanced
multi-mode PA designs with more complex modal behaviour and op-
erating principles; Section 6 provides a summary of the results.

2. Fundamental knowledge of wave energy converter properties

2.1. Motion equation for submerged point absorbing wave energy converters

A rigid body oscillating WEC experiences 6DoF motion in the buoy
Cartesian coordinates as illustrated in Fig. 1. In general, for an oscil-
lating WEC having axisymmetric buoy that is excited by a plane in-
cident wave travelling along the x-axis, the WEC system can be

modelled in 3DoF for analysis: with a surge mode along the x-axis, a
heave mode along the z-axis, and a pitch mode about the y-axis. This
3DoF motion equation in the time domain can be written based on the
well-known Cummins equation (Cummins, 1962):

+ + = + + +t dM A x K x F F F F( ) ¨ ( ) ( )
t

rad h stat d exc pto
0

/
(1)

where the vector x contains the surge displacement x , heave dis-
placement z and pitch angle of the body at its geometrical centre; M is
the mass matrix of the oscillating body; A is the hydrodynamic added
mass existing at infinite frequency; tK ( )rad is the radiation impulse re-
sponse function; and Fh stat/ , Fd, Fexc, and Fpto are the hydrostatic, viscous
drag, wave excitation and PTO forces exerted on the body in Cartesian
space, respectively.

Sergiienko et al. (2017) found that compared with floating con-
verters, fully submerged buoys can more effectively utilise multiple
modes of motion to extract power from waves. Therefore, only fully
submerged PAs anchored to the sea floor by taut tethers are considered
in this study. For a fully submerged buoy, the generalised hydrostatic
force is

= V m gF [0 ( ) 0]h stat/
T (2)

where is the density of water, m andV are the mass and volume of the
buoy, respectively, and g is the gravitational acceleration.

The viscous drag forces experienced by the buoy can be written as
quadratic functions of the buoy velocity, based on the Morison equation
(Morison et al., 1950):

=
C A x x x x
C A z z z z

C D D
F

0.5 ( )
0.5 ( )

0.5
d

Dx x f f

Dz z f f

D
4 (3)

where CDx , CDz, and CD are the viscous drag coefficients of the buoy
along surge, heave and pitch axes respectively, whose values for various
buoy shapes can be found in (Blevins, 2003); Ax and Az are the cross
sectional areas of the buoy along surge and heave axes, respectively; D
is the diameter of the buoy; xf and zf are the fluid particle velocities at
the position of the geometric centre of the buoy, which are usually
assumed to be negligible compared to the buoy velocity. Spherical
shape buoys are considered in this study for simplicity. Thus, =C CDx Dz,

=C 0D and = =A A rx z
2, where r is the radius of the buoy.

The PTO force exerted on the buoy along buoy Cartesian co-
ordinates is given by

=F J x F( )pto t
T (4)

where Ft are the forces generated by the PTO machinery installed along
the tethers; J x( ) T is the transpose inverse Jacobian matrix that maps
the PTO forces along the tethers to the PTO forces in buoy Cartesian
coordinates. The forms and dimensions of J x( ) T and Ft depend on the
specific arrangement of the tethers and the PTO machinery that will be
illustrated for each of the three submerged PA designs in later sections.

In order to exclude uncertainties associated with a specific PTO
machinery design, it is presumed that the PTO force has linear spring
and damping effects proportional to the tether elongation and the rate
of change of the tether elongation, respectively. Therefore, the PTO
force along each tether consists of a static term for keeping the buoy
submerged at its rest position, and the spring and damping terms:

=F C K l B lt i pto i pto i i pto i i, , , , (5)

where Cpto is a constant pretension force defined based on the buoyancy
force experienced by the buoy and the arrangement of tethers, Kpto and
Bpto are the stiffness and damping coefficients of the PTO machinery
along the tether, respectively, l is the elongation of the tether, and the
subscript i denotes the tether number.

A , tK ( )rad and Fexc are basic hydrodynamics arising from wave-Fig. 1. Six degrees of freedom of the rigid body modes (Sergiienko, 2018).
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buoy interaction and are usually solved by linear wave theory that
assumes the wave height relative to the wave length and the resulting
buoy motion are both small (Pecher and Kofoed, 2017). Therefore, the
terms in Equation (1) associated with the fundamental hydrodynamics
are linear, which is essential for modal analysis given it is a frequency-
domain based approach. In contrast, Fd and Fpto are non-linear terms
which need to be linearised before the time-domain motion equation
can be transformed to the frequency domain form for modal analysis.
By applying Lorentz linearisation (Folley et al., 2007), the quadratic
drag terms in Fd can be numerically converted to linear viscous
damping terms. Fpto contains trigonometric functions of buoy position
and can be linearised at the nominal/rest position of the buoy

=x [0 0 0]0
T, assuming small displacements of the buoy in Cartesian

space with respect to the tether length which is normally the case in
deep water. In a shallow water scenario, linearisation of Fpto remains
valid subject to the constraint of small magnitudes of wave amplitude
and buoy displacement.

After linearisation, Equation (1) can be transformed to the following
frequency-domain form (Babarit et al., 2011):

+ + + + + =ˆ ˆM A x B B B x K x F( ( )) ¨ ( ( ) ( ) ) ˆ ˆ ( )rad d pto pto exc (6)

where the superscript x̂ denotes the complex amplitudes covering the
magnitude and phase information of the variables. For a spherical
shape buoy,

=
a

aA( )
( ) 0 0
0 ( ) 0
0 0 0

,
11

33

=
b

bB ( )
( ) 0 0
0 ( ) 0
0 0 0

,rad

11

33

=
b

bB ( )
( ) 0 0
0 ( ) 0
0 0 0

,d

s

h

=
F
FF̂ ( )
ˆ ( )
ˆ ( )

0
,exc

s

h
(7)

where is the wave frequency; aii and bii denote the frequency-de-
pendent hydrodynamic coefficients (added mass and radiation damping
respectively) of the buoy at its rest position; bs and bh are the linearised
frequency-dependent viscous damping coefficients along surge and
heave axes, respectively; F̂s and F̂h represent the wave excitation force
along surge and heave axes of the buoy. The hydrodynamic coefficients
and the wave excitation forces can be calculated using boundary ele-
ment solvers such as WAMIT, AQWA and NEMOH for any buoy shapes.
For submerged spherical buoys, aii, bii, F̂s and F̂h can be solved using an
analytical method described in (Linton, 1991). M, , and Kpto in Equa-
tion (6) are dependent on the specific PA design and thus will be dis-
cussed for each case in later sections. The hydrostatic force disappears
in Equation (6) as it is cancelled by the constant PTO pretension force.

After the motion response of the buoy in Cartesian space (e.g. buoy
velocity) is solved by Equation (6), the corresponding elongation re-
sponse of the tethers (e.g. tether elongation velocity) can be obtained:

= ˆl̂ J x x( ) ,o
1 (8)

where J x( )o
1 is the inverse Jacobian matrix at the buoy nominal/rest

position. The time-averaged power absorbed by the PA, more specifi-
cally by the PTO machinery installed along the tethers, is then equal to
the mechanical power dissipated by the PTO dampers:

=
=

ˆP B l1
2

,a
i

n

pto i i
1

,

2

(9)

where n denotes the total number of tethers. The time-averaged ab-
sorbed power can also be calculated in the buoy Cartesian coordinates
as the difference between the wave power input into the system and the
power radiated and dissipated in water (Falnes, 2002):

= = + +ˆ ˆ ˆ ˆP P P F x x F x B B x1
4

( ˆ ˆ ) 1
2

( ) ,a in out exc exc rad d
T* T* T*

(10)

where the superscript T* denotes the conjugate transpose. Furthermore,
the total absorbed power can be decomposed into power absorption by
the surge, heave, and pitch modes if only 3DoF motion are considered:

= + +ˆ ˆ ˆ ˆP F x x F x b b x1
4

( ˆ ˆ ) 1
2

( ) ,a s s s s,
* * *

11

= + +ˆ ˆ ˆ ˆP F z z F z b b z1
4

( ˆ ˆ ) 1
2

( ) ,a h h h h,
* * *

33

= + +P F F b b1
4

( ˆ ˆ ˆ ˆ ) 1
2

ˆ ( ) ˆ.a p p p p,
* * *

55 (11)

For a spherical buoy, there is neither excitation torque, F̂p, nor radiation
damping and linearised viscous damping, b55 and bp respectively, on its
rotational axis. Therefore, the power absorbed by the pitch mode of the
buoy, Pa p, , is always zero.

2.2. Theory of wave power absorption

2.2.1. Power limits for regular waves
A body placed in water captures wave energy when it moves in an

oscillatory manner and radiates waves in order to counteract the in-
cident wave front. Thus, the maximum amount of power that can be
removed from waves is defined by the radiating ability of the body. This
limit has been derived in (Budal and Falnes, 1975) and (Evans, 1976)
for various motion modes. A well known equation characterising the
maximum absorbed power by an axisymmetric body in monochromatic
waves is (Falnes, 2002):

=P J
k

,max
rad

(12)

where =J g D kh A( ) /(4 )2 2 is the wave-energy transport per unit
frontage of the incident wave, is a coefficient that depends on the
motion oscillation mode ( = 1 for heave, = 2 for surge or pitch, and

= 3 when the body oscillates in heave, surge and/or pitch simulta-
neously), and k is the wavenumber which is obtained by numerically
solving = gk khtanh( )2 . In the function of J , h is the water depth, A is
the wave amplitude, and D kh( ) is the depth function which is given by

= +D kh kh kh kh kh( ) tanh( ) ( )tanh ( )2 . In deep water condition where
>kh 1, k is equal to g/2 and D kh( ) is equal to 1. Thus, Pmax

rad in Equation
(12) depends primarily on the mode of motion and decreases cubically
as the wave frequency, , increases. It is worth noting that Equation
(12) is only valid when the viscous damping loss is not considered in the
system.

The actual maximum absorbed power taking linearised viscous
damping loss into consideration is obtained when the buoy velocities
are (Falnes, 2002):

= +ˆ F b bx ( ) 1
2

ˆ ( )/( ( ) ( )),opt s s11 (13a)

= +ˆ F b bz ( ) 1
2

ˆ ( )/( ( ) ( )),opt h h33 (13b)

= +ˆ F b b( ) 1
2

ˆ ( )/( ( ) ( )),opt p p55 (13c)

for surge, heave, and pitch modes, respectively. In long period (low
frequency) waves with large amplitudes, hydrodynamic damping
coefficients are significantly smaller than the excitation force, and thus
according to Equation (13) the body should move with extremely high
velocities and displacements to approach the maximum power ab-
sorption, Pmax

rad . This may not be possible in practice due to the design
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constraints associated with the buoy and the PTO machinery. Large
PTO damping is usually used in this scenario to constrain the buoy
velocity/displacement within the operating limit of the PTO machinery
(e.g. PTO maximum stroke defined to protect the machinery from da-
mage), which consequently reduces the absorbed power. Budal (Falnes
and Hals, 1959) then showed that the power extraction at low fre-
quencies is limited by the swept volume of the body, which is a col-
lective term for the body physical volume and the maximum motion
amplitude of each mode subject to the specific constraints in WEC de-
sign. The expression of this low-frequency power limit is strongly de-
pendent on the shape of the buoy, and for a submerged spherical buoy
is given by (Sergiienko et al., 2017):

=P e d VAmax
swept kh

max
3s (14)

for both the surge and heave modes. In Equation (14), hs denotes the
submergence depth of the buoy (from buoy geometric centre to water
surface) and dmax denotes the maximum buoy displacement of the
mode. The Pmax

rad and the Pmax
swept graphs together form the well known

Budal diagram (Falnes and Hals, 1959), where viscous damping loss is
not considered.

2.2.2. Optimal reactive control
In Equation (13), the optimal condition is defined by the velocity of

the buoy in each mode being in phase (resonance) with the excitation
force and of optimal amplitude, given by the ratio of the excitation
force to the hydrodynamic damping coefficient associated with the
mode. This can be achieved by applying optimal reactive control to the
PTO machinery. To illustrate the main concept underlying this control
strategy, a submerged buoy constrained to move in heave only and
subject to reactive PTO control is used as an example. The concept is
equally applicable to the other modes such as surge and pitch. The
motion equation for a submerged heaving buoy under reactive spring-
damper control in the frequency domain can be extracted from Equa-
tion (6):

+ + + + + =ˆ ˆm a b b B K F( ( )) z̈ ( ( ) ( ) ) z ẑ ˆ ( ).h pto pto h33 33 (15)

Substituting =ˆ ˆjz̈ z and = ˆjẑ z / into Equation (15) results in:

+ + + + =ˆb b B j m j a j
K

F( ) ( ) ( ) z ˆ ( ).h pto
pto

h33 33
(16)

Comparing Equation (16) with the optimal heave velocity equation in
Equation (13b), the following optimal values of the PTO control para-
meters can be obtained:

= +K m a( ( )),pto opt,
2

33 (17a)

= +B b b( ) ( ),pto opt h, 33 (17b)

Equation (17) is usually called optimal reactive control as the PTO
spring provides a reactive force, and thus reactive power to the system.
It is also often called complex conjugate, or impedance matching,
control, as the optimal PTO load impedance is defined as the complex
conjugate of the intrinsic mechanical impedance of the buoy (Ringwood
et al., 2014):

=Z Zˆ ( ) ˆ ( ),pto opt h, (18)

where =Z B jˆ ( ) ,pto opt pto opt
K

, ,
pto opt, and = +Z bˆ ( ) ( )h 33

+ +b j m a( ) ( ( ))h 33 .

2.3. Modal analysis

2.3.1. Matrix eigenvalue problem for an undamped multiple DoF system
The eigenvalue problem is a commonly encountered problem in

engineering and is the basis of modal analysis. The solution of an ei-
genvalue problem provides important physical meaning to a dynamic
system. The general motion equation for the free vibration of an

undamped n DoF system is given by:

+ =Mx Kx¨ 0, (19)

where M and K are the mass and stiffness matrices respectively.
Assuming harmonic sinusoidal motion and substituting

= +tx sin( ) and = +tẍ sin( )2 into Equation (19) results
in:

=K M( ) 0.2 (20)

The non-trivial solution of Equation (20) is given by:

=det K M( ) 0,2 (21)

where det is the determinant of the matrix, which can be expanded,
forming an nth order polynomial for 2. The roots of this polynomial
are the eigenvalues of K M1 , whose square roots are the system natural
frequencies …[ ]n1 2 . Substituting each eigenvalue or natural fre-
quency into Equation (20), a corresponding eigenvector can be de-
rived. Therefore, the system has n eigenvectors …[ ]n1 2 , denoting
the mode shapes of the system, also referred to as normal modes.

2.3.2. Orthogonality of normal modes
The orthogonality properties of an undamped n DoF system are

manifested in the relationship between its spatial and modal models.
Mode shapes are orthogonal to each other with respect to system mass
and stiffness matrices (He and Fu, 2001):

= i jM 0, for ,i j
T

= i jK 0, for ,i j
T

= mM ,i i i
T

= kK ,i i i
T (22)

where i and j are the ith and jth eigenvectors/modes, respectively,
mi and ki are the modal mass and modal stiffness of the ith mode, re-
spectively. This is known as the principle of orthogonality. This prin-
ciple can be utilised to transform the (usually coupled) spatial model to
the uncoupled modal model for an undamped system (He and Fu,
2001). For a system of light damping ( < <0 , damping ratio 0.2i for all
modes), the assumption is usually made that the damping matrix sa-
tisfies the same modal orthogonality properties as the mass and stiffness
matrices (Benaroya, 1998):

= i jB 0, for ,i j
T

= bB ,i i i
T (23)

where B is the damping matrix, and bi is the modal damping of the ith
mode. Under this assumption, a lightly damped n DoF system can be
transformed from the original spatial form to the following modal form:

+ + =ˆ ˆM q B q K q N¨ ˆ ˆ ,exc
T T T (24)

where = …[ ]n1 2 ; q̂ denotes the modal displacement defined
by x̂1 ; N̂exc denotes the modal excitation force defined by F̂exc

T .
Substituting Equations (22) and (23) into Equation (24), the following
decoupled modal model in matrix form is obtained:

…
+

…
+

…
=ˆ ˆ

m
m

m

b
b

b

k
k

k

q q q N

0 0
0

0
0

0

¨

0 0
0

0
0

0

0 0
0

0
0

0

ˆ ˆ .

n n n

exc

1

2

1

2

1

2

(25)

2.3.3. Application in multi-mode WEC design
To absorb the maximum energy from waves, a multi-mode PA WEC

needs to achieve both the phase (resonance) and amplitude optimal
conditions for at least two spatial modes: one radiates symmetric waves

B. Ding et al. Ocean Engineering 171 (2019) 603–618

606



such as heave and the other radiates antisymmetric waves such as surge
or pitch. The optimal phase condition can be achieved when the natural
frequency of the mode is equal to the wave frequency, obtained by re-
arranging Equation (17a). The amplitude optimal condition can occur
when the PTO damping is equal to the hydrodynamic damping of the
mode, as shown in Equation (17b).

The matrix eigenvalue problem defined by Equations (20) and (21)
outputs the natural frequencies of a multi-mode PA WEC, i, as well as
the corresponding mode shapes represented in the buoy Cartesian co-
ordinates (e.g. = [ ]i ix iz i T for a 3DoF WEC), which can be used
to evaluate the phase optimality of the system modes. A PA WEC is
usually lightly damped because it needs to oscillate with waves to ex-
tract energy. Thus, the damped spatial model of the PA in buoy Car-
tesian coordinates as shown in Equation (6) can be transformed to the
decoupled modal form as shown in Equation (25) for the ease of eval-
uating the amplitude optimality of the modes and the controllability of
the PA system. Modes that are not utilised or cannot be properly con-
trolled for wave energy extraction should be designed off-resonant with
waves to improve the overall durability of the system. Case studies are
conducted on three multi-mode WEC designs having representative
modal behaviour in the following three sections.

3. Modal analysis on a generic single tether spherical buoy PA

3.1. System description

Fig. 2 shows a generic single tether spherical buoy (to be referred to
as G1TSB) PA at its nominal/rest position, where the only tether is
vertical and under tension which maintains the positively buoyant buoy
fully submerged. The tension is generated by the PTO unit as part of the
PTO force shown in Equation (5), and is given by:

=C V m g( ) .pto (26)

Fixed system parameters are listed in Table 1. Based on the geometrical
dimensions of the buoy, the drag coefficient is = =C C 0.18Dx Dz for

× < < ×Re5 10 1 106 7 (Blevins, 2003). The parameters that will be
tuned by modal analysis are the PTO stiffness Kpto, PTO damping Bpto

and nominal tether length at buoy rest position l0. During parameter
tuning, motion constraints are not considered. The buoy hull is assumed
to be hollow so that hydraulic circuits and control instruments can be
placed inside. The mass of the buoy is evenly distributed on the buoy
hull, resulting in buoy centre of gravity and buoy geometric centre
being coincident.

3.2. Frequency domain model

A time-domain model of the G1TSB PA system is discussed in detail
in (Babarit et al., 2011) and (Ding et al., 2016). Applying linearisation
to the system at its nominal/rest position for small waves (refer to
(Babarit et al., 2011) for more details about the linearisation proce-
dure), the following mass and PTO damping and stiffness matrices as-
sociated with Equation (6) are obtained:

=

=

=
+

m
m

I

B

C l C r l
K

C r l C r l r l

M

B

K

0 0
0 0
0 0

,

0 0 0
0 0
0 0 0

,

/ 0 /
0 0

/ 0 ( )/
.

yy

pto pto

pto

pto pto

pto

pto pto

0 0

0 0 0 (27)

where there are three unknowns: PTO stiffness Kpto, PTO damping Bpto,
and nominal tether length l0. In this study, it is assumed that any de-
sired Kpto and Bpto can be achieved in the PTO design and l0 can be
varied by changing the height of the mooring base above the ocean
floor. The corresponding design challenges and economic viability,
however, are out of the scope of the paper. At the nominal position of
the buoy, the inverse Jacobian matrix of the G1TSB PA is given by:

=J x( ) (0 1 0).o
1 (28)

3.3. Natural frequencies and mode shapes

Substituting the mass and stiffness matrices M, A( ) and Kpto into
Equations (20) and (21), the eigenvalue problem for the undamped
G1TSB PA system can be solved, for varying nominal tether length l0
and varying PTO stiffness Kpto. The resulting natural frequencies and
mode shapes of the system are displayed in Fig. 3, as functions of the
nominal tether length and the PTO stiffness. Fig. 3(a) shows two convex
surfaces, denoting the natural frequencies of Mode 1 and Mode 3. Mode
1 is surge dominant as can be seen from its mode shapes shown in
Fig. 3(b). Mode 2 is pitch dominant as evident in Fig. 3(c). Mode 3 is
heave dominant as evident in Fig. 3(d). A graphical representation of
Modes 1, 2, and 3 in the buoy Cartesian coordinates is shown in Fig. 4.
As the pitch mode does not contribute to power absorption for a
spherical buoy, Mode 2 is not shown in Fig. 3(a) for better visualisation
of the natural frequencies of Mode 1 and Mode 3. As shown in Fig. 3(a),
the natural frequency of Mode 1 increases as the nominal tether length
decreases, because the G1TSB PA operating in this surge-dominant
mode is analogous to an inverted pendulum under small displacements
(see Fig. 4). Therefore, ignoring couplings between the surge and pitch
modes in Kpto in Equation (27), the natural frequency of Mode 1 can be
approximated as:

+
V m g

l m a
( )
( ( ))

.1
0 11 (29)

On the other hand, the natural frequency of Mode 3 increases as the
PTO stiffness increases, and is approximately equal to the natural fre-
quency of a 1DoF heaving PA:Fig. 2. Generic single tether spherical buoy PA.
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+
K

m a( ( ))
.3

33 (30)

It is evident in Fig. 3(a) that by varying the PTO stiffness, the natural
frequency of Mode 3 can reach any value between 0.3 and 1.5 rad/s, the
typical wave frequency range, whilst the natural frequency of Mode 1
can only reach up to 0.7 rad/s when the nominal tether length de-
creases to be less than the buoy radius. The line of intersection of the
Mode 1 and the Mode 3 surfaces indicates the wave frequency range
where both modes can be tuned to resonance (i.e. optimal phase con-
dition), as well as the required combination of nominal tether length

and PTO stiffness.
Wave power is absorbed by the oscillation of the buoy, and then

eventually absorbed by the PTO machinery or dissipated in the sea.
Therefore, it is critical to consider the coupling between the PTO ma-
chinery and the normal modes of the buoy in Cartesian coordinates. The
inverse Jacobian matrix can be used to transform the mode shapes in
Cartesian coordinates to the contribution of the modes on tether elon-
gation:

= J x( ) .i io
1 (31)

For the G1TSB PA system, the contribution of its three normal

Table 1
Parameters for the generic single tether spherical buoy PA.

Symbol Value/unit Description

dw 50m Water depth
hs 8.5m Submergence depth from buoy geometric centre to water surface
r 5m Radius of the spherical buoy
m ×2.68 105kg Buoy mass, defined as half of the buoy buoyancy force =m V /2
Iyy ×4.472 10 kg. m6 2 Moment of inertia of a hollow spherical buoy about its pitch axis, given by =I mryy

2
3

2

Fig. 3. Eigenanalysis on the generic single tether spherical buoy PA: (a) Natural frequencies of normal modes, i, plotted from two different visual angles; (b) Mode
shapes of Mode 1, 1; (c) Mode shapes of Mode 2, 2; (d) Modes shapes of Mode 3, 3; (e) Contribution of normal modes to tether elongation, vs. nominal tether
length l0 (normalised by buoy radius r ) and PTO stiffness Kpto (normalised by the hydrostatic stiffness of a half-submerged buoy =K rhs

2). In subplots (b), (c), (d)
and (e), yellow colour indicates value close to 1; green colour indicates values close to 0; and purple colour indicates value close to −1. For an undamped system, its
mode shapes are either in phase or °180 out of phase with respect to the spatial modes (e.g. surge, heave, pitch), depending on the sign of the elements of the mode
shapes, = [ ]i ix iz i T. (For interpretation of the references to colour in this figure legend, the reader is referred to the Web version of this article.)
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modes on the single tether is shown in Fig. 3(e). It is evident that only
Mode 3 contributes to tether elongation that drives the PTO unit, and
therefore actually contributes to PTO power absorption. As Mode 1 and
Mode 2 do not contribute to PTO power generation, they should be
designed as off-resonant modes to improve the durability of the whole
system. In practice, additional modal coupling will occur due to the real
nonlinear dynamics of the PA, however, the power arising from these
coupling effects are negligible compared to the power in the primary
modes.

3.4. Optimality across wave frequencies

For the ease of design in the mooring base, the tether is assumed to
be anchored to the sea floor level, and thus = =l d h r 36.5w s0 m.
At this nominal tether length, the natural frequencies of the G1TSB PA
system as a function of PTO stiffness are shown in Fig. 5. By varying
PTO stiffness, Mode 3 can be tuned to resonance or optimal phase
condition across the wave frequency range, as also observed from the
3D plot shown in Fig. 3(a), whilst the natural frequencies of Modes 1
and 2 remain constant. The natural frequency of Mode 2 is much higher
than the wave frequency upper limit and therefore is always an off-
resonant mode as desired. The natural frequency of Mode 1 is at the
edge of the wave frequency lower limit. Therefore, there is a probability
that Mode 1 can reach resonance, in particular at seas sites where very
long waves often occur. The natural frequency of Mode 1 can be further
reduced by increasing buoy mass as shown in Equation (29).

As shown in Fig. 3, when the nominal tether length is 36.5m, the
mode shapes of the system form a constant matrix regardless of the
variation of PTO stiffness:

1 0.1 0
0 0 1
0 1 0

.
(32)

The elements of the mode shapes are rounded to one decimal point.
Then applying the orthogonality of normal modes described in Section
2.3.2, the motion equation of the G1TSB system given by Equations (6),
(7) and (27), can be transformed to the following decoupled modal
form:
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where the scalar numbers arise from the mode shape matrix given by
Equation (32). Equation (33) shows that Mode 1 and Mode 2 are not
affected by PTO spring, Kpto, or damping, Bpto, whilst Mode 3 can be
reactively controlled by tuning PTO spring and damping to their op-
timal values as defined in Equation (17).

Since Mode 3 aligns with the heave mode as can be observed from
Fig. 3(d), Fig. 4 and Equation (33), the G1TSB PA system can only
absorb power from its heave motion, and thus one third of the max-
imum available wave power with reference to Equation (12) in ac-
cordance with Budal, Falnes and Evans (Budal and Falnes, 1975; Evans,
1976). To validate this conclusion made by modal analysis, power ab-
sorbed by the surge and heave modes of the reactively controlled
system subject to incident waves of 0.1m amplitude and frequencies
between 0.3 and 1.5 rad/s are calculated, with results shown in Fig. 6.
The wave amplitude of 0.1m was selected to meet the conditions of
linearised wave assumption used in the modelling, as well as to ensure
reasonable unconstrained motion of the buoy across the selected wave
frequency range of interests. In this wave frequency range, the selection
of 0.1 m wave amplitude results in a wave steepness (wave height to
wavelength ratio) of less than 1%. Also shown are the low and high
frequency power bounds of the heave mode arising due to the swept
volume limit (e.g. =d 3max m) and the radiation limit of the buoy, re-
spectively. It can be seen from Fig. 6 that the G1TSB PA system only
absorbs power from its heave mode. At low frequencies, the power
absorbed by the heave mode is much lower than the power bound as-
sociated with swept volume limit because the effects of the viscous drag
(which dissipates additional power from the system) were not con-
sidered in the calculation of the power bound associated with swept
volume limit. The effects of the viscous drag are significant at low wave
frequencies but negligible at high wave frequencies (Ding et al., 2018).
Thus the power absorbed by the heave mode converges to the power
bound associated with the radiation limit at high frequencies, meaning

Fig. 4. Graphical representation of Modes 1, 2, 3 in the buoy Cartesian coordinates for the generic single tether spherical buoy PA regardless of wave frequency.
Mode 1 oscillates predominantly along surge; Mode 2 oscillates predominantly along pitch; Mode 3 oscillates predominantly along heave.

Fig. 5. Natural frequencies of normal modes, i, vs. PTO stiffness Kpto (nor-
malised by the hydrostatic stiffness of a half-submerged buoy =K rhs

2), when
the nominal tether length l0 is =d h r 36.5w s m, for the generic single te-
ther spherical buoy PA.
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the PA can absorb at most one-third of the wave power.

4. Modal analysis on a three tether spherical buoy PA

4.1. System description

As shown in the previous section, the G1TSB PA system has control
authority along its heave mode only and therefore is inefficient for
power absorption. Thus, a three-tether spherical buoy (to be referred to
as 3TSB) PA system was proposed to enhance kinematic coupling be-
tween the oscillating modes of the buoy and the PTO machinery in-
stalled along the tethers, enabling more control authority of the modes.

Fig. 7 illustrates a schematic of a 3TSB PA system at its rest pose,
where the tethers are equally distributed around the buoy, separated by

°120 in the horizontal plane. This configuration makes the system in-
sensitive to wave direction. Tether 1 lies on the x-z plane, and thus the
wave travelling direction, and tethers 2 and 3 are symmetric about the
x-z plane. In this paper, it is assumed that all three tethers point towards
the geometric centre of the spherical buoy and the PTO units along the
three tethers have identical linear characteristics (e.g. pretension force

Cpto, PTO damping Bpto and stiffness Kpto). The tether attachment points
are located on the surface of the buoy hull. The inclination angle of the
tethers with respect to the z-axis, , plays an important role in this
design as it defines the contribution of the surge and heave modes in the
total absorbed power, as well as the effects of PTO control on the surge
and heave modes (Sergiienko et al., 2018). Due to tether inclination,
the pretension force along each tether is given by:

=C V m g( ) /(3 cos( )).pto (34)

The system parameters are kept identical to the ones for the G1TSB
PA system as shown in Table 1. Submergence depth of the buoy is fixed
during the tuning of the PTO parameters and the tether inclination
angle for modal analysis. All three tethers are anchored to the sea floor
level and thus the nominal tether length l0 is a function of the tether
inclination angle between 0 and 90°. Although it is not feasible to
have a tether inclination angle of 90° in practice as this results in in-
finitely long tether length, the purpose is to show the evolution of the
PA modal behaviour subject to the variation of tether inclination angle
from one extreme condition to the opposite extreme condition.

4.2. Frequency domain model

A time-domain model of the 3TSB PA system is discussed in detail in
(Sergiienko et al., 2018). Applying linearisation to the system at its
nominal/rest position for small waves (refer to (Sergiienko et al., 2016)
for more details about the linearisation procedure), the following mass
and PTO damping and stiffness matrices associated with Equation (6)
are obtained:
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At the nominal position of the buoy, the inverse Jacobian matrix of the
linear 3TSB PA is given by:

=J x( )
sin( ) cos( ) 0

sin( )/2 cos( ) 0
sin( )/2 cos( ) 0

.o
1

(36)

4.3. Natural frequencies and mode shapes

Substituting the mass and stiffness matrices M, A( ) and Kpto into
Equations (20) and (21), the eigenvalue problem for the 3TSB PA
system can be solved, for varying tether inclination angle and varying
PTO stiffness Kpto. The resulting natural frequencies and mode shapes of
the system are displayed in Fig. 8, as functions of the tether inclination
angle and the PTO stiffness. Fig. 8(a) shows two convex surfaces, de-
noting the natural frequencies of Mode 1 and Mode 3 respectively.
Mode 1 is surge dominant as can be seen from its mode shapes shown in
Fig. 8(b). Mode 2 is pitch dominant as evident in Fig. 8(c). Mode 3 is
heave dominant as evident in Fig. 8(d). A graphical representation of
Modes 1, 2, and 3 in the buoy Cartesian coordinates is shown in Fig. 9.
As the pitch mode does not contribute to power absorption for a
spherical buoy, the natural frequency of Mode 2 is not shown in

Fig. 6. Power absorbed by the surge (blue solid line) and heave (red solid line)
modes of the G1TSB PA system under reactive control subject to incident waves
of 0.1m amplitude and 0.3–1.5 rad/s frequencies; power bound of the heave
mode caused by swept volume limit, Pmax

swept for =d 3max m, (magenta dashed
line) defined by Equation (14); power bound of the heave mode caused by
radiation limit, Pmax

rad for = 1, (cyan dashed line) defined by Equation (12). (For
interpretation of the references to colour in this figure legend, the reader is
referred to the Web version of this article.)

Fig. 7. Three tether spherical buoy PA.
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Fig. 8. Eigenanalysis on the three-tether spherical buoy PA: (a) Natural frequencies of normal modes, i, plotted from two different visual angles; (b) Mode shapes of
Mode 1; (c) Mode shapes of Mode 2; (d) Modes shapes of Mode 3; (e) Contribution of Mode 1 and Mode 3 to tether elongations, vs. tether inclination angle in
degrees and PTO stiffness Kpto (normalised by the hydrostatic stiffness of a half-submerged buoy =K rhs

2). In subplots (b), (c), (d) and (e), yellow colour indicates
value close to 1; green colour indicates values close to 0; and purple colour indicates value close to −1. (For interpretation of the references to colour in this figure
legend, the reader is referred to the Web version of this article.)

Fig. 9. Graphical representation of Modes 1, 2, 3 in the buoy Cartesian coordinates for the three-tether spherical buoy PA regardless of wave frequency. Mode 1
oscillates predominantly along surge; Mode 2 oscillates predominantly along pitch; Mode 3 oscillates predominantly along heave.
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Fig. 8(a). The line of intersection of the natural frequency surfaces of
Modes 1 and 3 in Fig. 8(a) indicates that at tether inclination angle of
54.5°, both modes can be simultaneously tuned to resonance (i.e. the
optimal phase condition) across the wave frequency range between 0.3
and 1.5 rad/s by varying PTO stiffness. Fig. 10 plots this line of inter-
section against PTO stiffness. Fig. 8(e) shows the contribution of Mode
1 and Mode 3 to the elongations of the three tethers, mapped from the
system mode shapes by the inverse Jacobian matrix. When the tether
inclination angle increases from 0 to 90°, the contribution gradually
shifts from Mode 3 (heave) dominant (like the G1TSB PA system) to
Mode 1 (surge) dominant. At a tether inclination angle of 54.5°, Mode 1
and Mode 3 contribute to approximately equal tether elongations, thus
both modes are able to cause considerable PTO power generation.

4.4. Optimality across wave frequencies

As discussed in Section 4.3, Mode 1 (surge-dominant) and Mode 3
(heave dominant) can be simultaneously tuned to resonance across the
wave frequency range between 0.3 and 1.5 rad/s, for a tether inclina-
tion angle of 54.5° and various PTO stiffness. In contrast, the natural
frequency of Mode 2 (pitch-dominant) is insensitive to PTO stiffness
and is higher than the usual wave frequency range as shown in Fig. 10,
which is ideal as Mode 2 (pitch-dominant) is not necessary for ab-
sorbing maximum power from waves.

As shown in Fig. 8, the modes shapes of the system are insensitive to
the variations of tether inclination angle and PTO stiffness, hence the
mode shape matrix can be approximated by:

1 0.2 0
0 0 1
0 1 0

.
(37)

Then applying the orthogonality of normal modes described in Section
2.3.2, the motion equation of the 3TSB PA system can be transformed to
the following decoupled modal form:
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Equation (38) shows that the 3TSB PA system has control authority
along all three modes, although Mode 2 is much less controllable than
the other two modes. In order to absorb the maximum available power
from waves, Mode 1 and Mode 3 are also required to satisfy the optimal
amplitude conditions, as shown in the decoupled damping matrix in
Equation (38):

= +
= +

B b b
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3
2

2
11

2
33 (39)

Solving the system of two equations in Equation (39) across the wave
frequency range, the frequency-dependent PTO damping and tether
inclination angle that result in the optimal amplitude condition for
Mode 1 and Mode 3 are obtained, as shown in Fig. 11. The required
tether inclination angle varies between 43 and 60°, which conflicts with
the previous finding that tether inclination angle should be always fixed
at 54.5° to satisfy the optimal phase condition for Mode 1 and Mode 3
across the wave frequency range. Therefore, by having identical PTO
characteristics (e.g. spring and damping) on all three tethers, Mode 1
(surge dominant) and Mode 3 (heave dominant) of the 3TSB PA system
cannot be simultaneously and optimally controlled except when the

Fig. 10. Natural frequencies of normal modes, i, vs. PTO stiffness Kpto (nor-
malised by the hydrostatic stiffness of a half-submerged buoy =K rhs

2), when
the tether inclination angle is 54.5°, for the three tether spherical buoy PA.

Fig. 11. Tether inclination angle (blue curve) and PTO damping (brown curve)
that achieve the optimal amplitude condition for Modes 1 and 3 across the wave
frequencies, for the three tether spherical buoy PA. (For interpretation of the
references to colour in this figure legend, the reader is referred to the Web
version of this article.)
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system is excited by very low frequency waves. In this case, the de-
termination of the frequency-dependent optimal PTO parameters for
the 3TSB PA needs an additional numerical process (e.g. power opti-
misation), which is discussed in detail in (Ding et al., 2018) and
(Sergiienko et al., 2016).

The power absorbed by the surge and heave modes of the reactively
controlled system (with the optimised PTO parameters in (Ding et al.,
2018)) subject to incident waves of 0.1m amplitude and frequencies
between 0.3 and 1.5 rad/s are calculated, with results shown in Fig. 12.
Also plotted are the high frequency power bounds of the heave and
surge modes due to the radiation limit of the buoy. In addition, the
maximum power absorbed by a 1DoF surging buoy (assuming its PTO
perfectly aligns with the surge axis) and a 1DoF heaving buoy with
identical buoy parameters as the 3TSB PA are plotted for a benchmark.
It is evident that the surge mode and heave mode of the 3TSB PA absorb
slightly less power than the combination of a 1DoF surging buoy and a
1DoF heaving buoy, and thus absorb almost the maximum available
power from waves. In general, the surge mode absorbs two times more
power than the heave mode, except at low frequencies where the surge
mode dissipates more power than the heave mode due to higher viscous
losses ( >b bs h). The power absorption curves of the surge and heave
modes converge to the corresponding power radiation limits at high
frequencies, where viscous losses are negligible compared to radiation
loss (b b11 s and b b33 h). In order to absorb the absolute maximum
available power from waves, the 3TSB PA must have distinct PTO

characteristics (e.g. spring and damping) on the three tethers.

5. Modal analysis on an asymmetric mass distribution spherical
buoy PA

5.1. System description

The 3TSB PA system is almost able to absorb the maximum avail-
able power from waves, however its economic viability is governed by
the manufacturing costs of the PTO machineries along the tethers. Thus,
to reduce the costs associated with PTO machineries, Meng et al. (2017)
proposed a single tether asymmetric mass distribution spherical buoy
(1TAMDSB) PA, as shown in Fig. 13(a). The concept is to simply shift
the buoy's centre of gravity away from its geometric centre to enhance
dynamic coupling between the oscillating modes, and thus to provide
control authority of all the modes from a single PTO, tether. Fig. 13(b)
shows a cross section view of the 1TAMDSB PA system on the x-z plane
that the buoy is symmetric about. The buoy consists of a spherical hull
with a radius r and a massmh, and an additional massmo offset from the
geometric centre of the buoy, resulting in an eccentric buoy centre of
gravity on the x-z plane. The location of mo on the x-z plane is defined
by the offset distance ro and the offset angle with respect to the po-
sitive x-axis. For the buoy to remain at rest in calm water, the PTO
pretension (offset) force is given by

Fig. 12. Power absorbed by the surge (blue solid line) and heave (red solid line) modes of the 3TSB PA system under reactive control, subject to incident waves of
0.1m amplitude and 0.3–1.5 rad/s frequencies; power bounds of the heave mode (cyan dashed line) and surge mode (cyan dashdot line) caused by radiation limit,
Pmax

rad defined by Equation (12); maximum power absorbed by a 1DoF surging buoy (magenta dashed line) and a 1DoF heaving buoy (green dashed line) with identical
buoy parameters as the 3TSB PA. The corresponding RAO response of the 3TSB PA can be found in (Ding et al., 2018). (For interpretation of the references to colour
in this figure legend, the reader is referred to the Web version of this article.)

Fig. 13. Single tether asymmetric mass distribution spherical buoy PA (left) and schematic highlighting the buoy variables in the buoy Cartesian coordinates (right).
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=C V m m g( ) .pto h o (40)

In addition, in order to balance the torque generated by the offset mass
about the geometric centre of the buoy, the tether attachment point is
rotated clockwise around the surface of the hull on the x-z plane. The
line passing through the geometric centre of buoy and the tether at-
tachment point forms an angle with respect to the negative z-axis,
which can be calculated by solving

=C r m grsin( ) cos( ).pto o o (41)

The system parameters are kept identical to the ones for the G1TSB and
the 3TSB PA systems, except for the ones specific to the 1TAMDSB PA as
listed in Table 2. The settings in Table 2 are optimal for the 1TAMDSB
PA system subject to low frequency waves, and are used to demonstrate
the application of modal analysis in evaluating a tightly coupled multi-
mode WEC system.

5.2. Frequency domain model

The linearisation procedure for the 1TAMDSB PA is similar to the
one for the G1TSB PA, as detailed in (Meng et al., 2019). The resulting
mass, PTO damping and stiffness matrices associated with Equation (6)
are given by:

=
+

+

=

= +
+

m m m r
m m m r

m r m r I

B B r
B r B r

C l C r l
K K r

C r l K r
C r l r l
m gr K r

M

B

K

0 sin( )
0 cos( )
sin( ) cos( )

,

0 0 0
0 sin( )
0 sin( ) sin ( )

,

/ 0 cos( )/
0 sin( )

cos( )/ sin( )
cos( )( cos( ))/
sin( ) sin ( )

h o o o

h o o o

o o o o yy o

pto pto pto

pto pto

pto

pto pto

pto pto

pto pto
pto

o o pto

,

2 2

0 0

0
0 0

2 2

(42)

Compared with the matrices for the G1TSB PA in Equation (27), M, ,
and Kpto for the 1TAMDSB PA in Equation (42) exhibit additional
couplings (e.g. heave-pitch and surge-pitch) due to the asymmetric
mass distribution.

At the nominal position of the buoy, the inverse Jacobian matrix of
the 1TAMDSB PA is given by:

= rJ x( ) (0 1 sin( )).o
1 (43)

5.3. Natural frequencies and mode shapes

Substituting the mass and stiffness matrices M, A( ) and Kpto into
Equations (20) and (21), the eigenvalue problem for the 1TAMDSB PA
system can be solved for varying nominal tether length l0 and PTO
stiffness Kpto. The resulting natural frequencies and mode shapes of the
system are displayed in Fig. 14 as functions of the nominal tether length

and the PTO stiffness. Fig. 14(a) shows two convex surfaces, denoting
the natural frequencies of Mode 1 and Mode 3 respectively, which do
not intersect but become extremely close, as shown in the zoomed-in
area. This implies that Mode 1 and Mode 3 cannot be simultaneously
tuned to resonance through varying the nominal tether length or PTO
stiffness. Individually, Mode 1 can be tuned to resonance across the
typical wave frequency range, whilst Mode 3 can only be tuned to re-
sonance at frequencies between 0.3 and 0.8 rad/s. The natural fre-
quency of Mode 2 is always higher than the typical wave frequency
range, thus, Mode 2 is not considered in this analysis. The mode shapes
of the 1TAMDSB PA system vary as the PTO characteristics change. As
shown in Fig. 14(b), Mode 1 gradually switches from a heave dominant
mode to a surge dominant mode, when the PTO stiffness and the
nominal tether length are such that the natural frequencies of Modes 1
and 3 are almost equal. This region of optimality will be herein referred
to as “the natural frequency asymptote”. Mode 3 shows a similar but
opposite trend to Mode 1, as shown in Fig. 14(c), transitioning from a
surge dominant mode to a heave dominant mode. Fig. 14(d) shows the
contribution of Mode 1 and Mode 3 to the elongation of the single te-
ther, mapped from the mode shapes by the inverse Jacobian matrix. It is
evident that Mode 1 and Mode 3 have nearly equal contributions to the
tether elongation near the natural frequency asymptote. The observa-
tions from Fig. 12 imply that the optimal combination of nominal tether
length and PTO stiffness must exist near the natural frequency
asymptote.

The natural frequencies and mode shapes of the 1TAMDSB system
are also plotted in 2D in Fig. 15 for a better visualisation. The left
subplots are for fixed =l r/ 50 and varying K K/pto hs, while the right
subplots are for fixed =K K/ 6pto hs and varying l r/0 . For very low wave
frequency waves, Mode 1 and Mode 3 can almost be tuned to resonance
simultaneously as evident by the tiny gap between the natural fre-
quency surfaces as shown in the zoomed-in area in Fig. 14(a), which
can be more clearly observed from Fig. 15(a). When both Mode 1 and
Mode 3 operate near resonance, their mode shapes have almost equal

z component and opposite x component as shown in Fig. 15(b),
meaning that the two modes oscillate along the z axis (heave) with
equal amplitude and equal phase, and oscillate along the x axis (surge)
with equal amplitude but opposite phase, as illustrated in the buoy
Cartesian coordinates in Fig. 16. Consequently, Mode 1 and Mode 3
have almost equal contributions to the tether elongation, as shown in
Fig. 15(c), similar to the 3TSB PA. When the wave frequency increases,
and thus the required natural frequencies of the modes increase, it
becomes difficult to tune both modes into resonance, as shown in
Figs. 14(a) and Fig. 15(d). In addition, it can be observed from
Fig. 15(d), (e) and (f) that the optimal tether length occurring near the
natural frequency asymptote is extremely short, as highlighted in the
shaded grey regions where <l r/ 10 . This generates additional chal-
lenges in the practical PA design, and thus a nominal tether length
lower limit is introduced for modal analysis (e.g. assuming l r/0 must be
greater than 1). This limit further narrows down the wave frequency
range within which Mode 1 can be tuned to resonance to between 0.3
and 0.7 rad/s. At the nominal tether length lower limit, Modes 1 and 3

Table 2
Additional buoy parameters for the asymmetric mass distribution spherical buoy PA.

Symbol Value/unit Description

mh ×1.34 105kg Hull mass for the buoy with asymmetric mass distribution
mo ×1.34 105kg Offset mass for the buoy with asymmetric mass distribution
ro 4m Offset distance of the offset mass mo

°30 Offset angle of the offset mass mo

Iyy o, ×4.383 10 kg. m6 2 Moment of inertia of a hollow spherical buoy with offset mass about its pitch axis, given by = +I m r m ryy o h o o,
2
3

2 2
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start to show surge- and heave-dominant behaviour, as evident in
Fig. 15(e), and Mode 3 contributes to more tether elongation than Mode
1, as evident in Fig. 15(f).

5.4. Optimality across wave frequencies

As the wave frequency increases, it is increasingly difficult to si-
multaneously tune Modes 1 and 3 into resonance, particularly Mode 1
which can only be tuned to resonance for wave frequencies up to
0.7 rad/s given the lower limit is applied to the nominal tether length
(l r/ 10 ). Due to this limit, there is a trend that the mode shapes of
Modes 1 and 3 rotate anticlockwise as wave frequency increases, from
45° with respect to the heave and surge spatial modes (as shown in
Fig. 16) at very low frequencies to almost aligning with the heave and
surge modes at high frequencies:

0.7 0.2 0.7
0.7 0.7 0.7
0 0.7 0

1 0 0.3
0.3 0.7 1
0 0.6 0

1 0 0
0 0.8 1
0 0.5 0

,0.4 0.7 1.2
(44)

where the subscripts denote the corresponding wave frequency. Again,
applying the orthogonality of normal modes, the following decoupled
modal forms (without showing Mode 2 for the ease of comparison) are
obtained for wave frequencies at 0.4, 0.7 and 1.2 rad/s, respectively.

For = 0.4 rad/s,
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For = 0.7 rad/s,

Fig. 14. Eigenanalysis on the single tether asymmetric mass distribution spherical buoy PA: (a) Natural frequencies of normal modes, i, plotted from two different
visual angles; (b) Mode shapes of Mode 1; (c) Mode shapes of Mode 3; (d) Contribution of Mode 1 and Mode 3 to tether elongation, vs. nominal tether length l0
(normalised by buoy radius r) and PTO stiffness Kpto (normalised by the hydrostatic stiffness of a half-submerged buoy =K rhs

2). In subplots (b), (c), and (d),
yellow colour indicates value close to 1; green colour indicates values close to 0; and purple colour indicates value close to −1. (For interpretation of the references to
colour in this figure legend, the reader is referred to the Web version of this article.)
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Fig. 15. Eigenanalysis on the single tether asymmetric mass distribution spherical buoy PA: (a), (b) and (c) on the left hand side show the natural frequencies, mode
shapes, and contribution of modes to tether elongation, respectively, vs. PTO stiffness Kpto, when l r/0 is 5; (d), (e) and (f) on the right hand side show the natural
frequencies, mode shapes, and contribution of modes to tether elongation, respectively, vs. nominal tether length l0, when K K/pto hs is 6. The grey region denotes the
impractical case where <l r/ 10

Fig. 16. Graphical representation of Modes 1, 2
and 3 in the buoy Cartesian coordinates for the
single tether asymmetric mass distribution
spherical buoy PA at the natural frequency
asymptote. Mode 1 oscillates predominantly
along surge and heave with equal amplitude but
opposite phase. Mode 3 oscillates predominantly
along surge and heave with equal amplitude and
equal phase. Mode 2 oscillates predominantly
along heave and pitch with equal amplitude and
equal phase. The natural frequency of Mode 2 is
much higher than the wave frequency range so
Mode 2 barely contributes to power absorption.
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For = 1.2 rad/s,
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where = +m m mh o, = +b b bsw1 11 , and = +b b bhw3 33 . The modal
form in Equation (45) shows that at = 0.4 rad/s Mode 1 and Mode 3
have almost identical motion equations and are affected almost equally
by the PTO control parameters, Bpto and Kpto, considering round-off
errors in the mode shapes used for the transformation. This indicates
that Modes 1 and 3 can be simultaneously tuned close to their optimal
operating conditions for very low frequency waves, and thus can absorb
nearly the maximum available wave power. In contrast, the modal form
in Equation (46) for = 0.7 rad/s shows two distinct motion equations
(as evident by the distinct diagonal terms in the matrices) controlled by
the same PTO parameters. Thus a compromise exists in tuning both
Modes 1 and 3 to their optimal operating conditions for low to medium
frequency waves. For example, it is evident in the modal damping
matrix that the PTO damping Bpto required to tune Modes 1 and 3 to the
optimal amplitude condition exhibits a difference in the order of one
magnitude. Mode 1 can absorb more power than Mode 3, as Mode 1
couples more with the surge mode, as evident from the modal excita-
tion force in Equation (46). Therefore, Mode 1 has the priority to be
tuned to the optimal operating condition whenever possible for low to
medium frequency waves. The modal form in Equation (47) for

= 1.2 rad/s is almost (to the limit of the round-off errors in the mode
shapes for transformation) identical to the modal form of the G1TSB PA
system, and thus can only absorb about one third of the maximum
available wave power for high frequency waves. The exact frequency-
dependent optimal PTO parameters for the 1TAMDSB PA were de-
termined by numerical optimisation, as discussed in detail in (Ding
et al., 2018).

The power absorbed by the surge and heave modes of the reactively
controlled system subject to incident waves of 0.1 m amplitude and
frequencies between 0.3 and 1.5 rad/s are calculated, with results
shown in Fig. 17. The optimal PTO parameters determined in (Ding
et al., 2018) are adopted. Also plotted are the radiation limit power
bounds and the maximum power absorbed by a 1DoF heaving buoy and
a 1DoF surging buoy (assuming its PTO perfectly aligns with the surge
axis), for a benchmark. It is evident that optimisation results match the
conclusions made from modal analysis for the 1TAMDSB PA. At very
low frequencies (Region I), the PA absorbs nearly the maximum power
from waves similar to the 3TSB PA. Between low and medium fre-
quencies (Region II), the PA can only tune Mode 1 (surge dominant)
into the optimal operating condition and therefore can absorb full
power from the surge mode and partial power from the heave mode.
When the wave frequency further increases (into Region III), the PA can
no longer achieve the optimal operating condition for Mode 1 and thus
decreases power absorption from Mode 1 while increases power ab-
sorption from Mode 3. Finally at high frequencies (Region IV), the PA
switches to absorb power from the heave mode dominantly, and thus
approaches the performance of the G1TSB PA.

6. Conclusion

This paper introduced the application of modal analysis in the de-
sign of multi-mode WECs and used three submerged PA systems with
distinct modal behaviour as case studies to illustrate the procedure and
the efficacy of the method. The natural frequencies and the mode
shapes of normal modes were used to understand the phase condition of
the spatial modes of the systems. The decoupled modal form was used
to understand the amplitude condition of the spatial modes and the
controllability of the systems. Both the phase and the amplitude con-
ditions associated with modes determine the power absorption poten-
tial of the multi-mode WEC design. Controllability further suggests the
compromise faced in multi-mode control and thus the limit of the
proposed design concepts.

Modal analysis provided an in-depth understanding on the three
multi-mode submerged PA systems. The single tether generic spherical
buoy PA demonstrates an extremely controllable mode (Mode 3, heave-
dominant) that contributes to 100% of WEC power absorption, as well
as two barely controllable modes (Mode 1, surge-dominant, and Mode
2, pitch-dominant) that should be designed off-resonance to increase
system durability. This PA design can only efficiently operate in heave,
and this is constrained to absorb one third of the maximum power from
the waves. The three tether spherical buoy PA, in contrast, while ex-
hibiting similar modal behaviour (e.g. mode shapes) to the single tether
generic spherical buoy PA, shows almost equal control authorities along
Mode 1 (surge dominant) and Mode 3 (surge dominant) at the optimal
tether inclination angle of 54.5°. Whilst having identical PTO char-
acteristics on all three tethers does not allow the PA to achieve the
absolute optimal phase and amplitude conditions for both modes, the
three tether spherical buoy PA is able to extract nearly the maximum
available power from waves. Finally, the single tether asymmetric mass
distribution spherical buoy PA shows complex modal behaviour that is
wave frequency dependent due to the nature and physical limits of the
design. For very low frequency waves, Modes 1 and 3 are both surge-
heave coupled modes, which can be almost simultaneously tuned to
optimal, leading to power absorption capability similar to the three
tether spherical buoy PA. For low to medium frequency waves, Mode 1
becomes surge-dominant and Mode 3 becomes heave-dominant, which

Fig. 17. Power absorbed by the surge (blue solid line) and heave (red solid line)
modes of the 1TAMDSB PA system under reactive control, subject to incident
waves of 0.1m amplitude and 0.3–1.5 rad/s frequencies; power bound of the
heave mode (cyan dashed line) and surge mode (cyan dashdot line) caused by
radiation limit, Pmax

rad defined by Equation (12); maximum power absorbed by a
1DoF surging buoy (magenta dashed line) and a 1DoF heaving buoy (green
dashed line) with identical buoy parameters as the 1TAMDSB PA. Black dashed
vertical lines divide the frequency-dependent performance of the PA into four
regions that have distinct modal behaviour. The corresponding RAO response of
the 1TAMDSB PA can be found in (Ding et al., 2018). (For interpretation of the
references to colour in this figure legend, the reader is referred to the Web
version of this article.)
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results a trade-off in tuning both modes close to their optimal.
Therefore, Mode 1 (surge-dominant) is optimally controlled as a
priority in this wave frequency range as it absorbs more power from
waves. For high frequency waves, Mode 1 (surge-dominant) can no
longer be tuned to the optimal phase condition, and thus Mode 3
(heave-dominant) is optimally controlled instead, resulting in power
absorption performance approaching the single tether generic spherical
buoy PA.

In summary, modal analysis was proven to be an efficient analytical
approach that can be used to assess and understand the optimality and
the limit of the multi-mode PA design in an early conceptual design
stage, before more in-depth studies are conducted using time-con-
suming numerical simulation (e.g. CFD) and fine tuning optimisation
under more realistic wave conditions (e.g. larger wave amplitudes and
irregular waves) (Li and Yu, 2012; Pastor and Liu, 2014; Rafiee and
Fievez, 2015; L Xu et al., 2018). Modal analysis can also be used to
assist the interpretation of the optimisation results, which are usually
not intuitive for complex multi-mode PA systems operating in several
DoFs, particularly in the stage of wave-to-wire development where the
system model becomes more complex by involving additional moving
parts (e.g. moving components of the PTO transmission system) (Ding
et al., 2016). The main limitation of the modal analysis method is that
the PA system under investigation must meet the conditions of linear
wave theory and small motion assumption for the approach to be ac-
curate. Both these condition are strongly dependent on the system
settings and the wave condition. Future work will focus on defining the
fidelity region of modal analysis for typical multi-mode PA designs,
within which an accurate estimation to the PA behaviour in practice
can be achieved by modal analysis. Future work will also attempt to
extend the modal analysis approach towards the spectrum domain
(Folley and Whittacker, 2010) for the study of WEC systems subject to
nonlinear waves and nonlinear system dynamics.
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1. INTRODUCTION 

Ocean waves are a huge resource of renewable energy for utilisation. Wave energy converter (WEC) 

devices are being developed to enable capture of this energy resource. In the late 1980s, the principle of 

extraction energy from waves was studied (Falnes, 2007) and it showed that reactive control can increase 

significantly wave power extraction for a heaving point-absorber. Since then, studies on the control strategies 

and their implementations have been a focus in the field of wave energy research (Ringwood, 2014). 

Majority of the wave energy control studies used linear potential flow theory and Cummins equation as 

the basis for modelling hydrodynamics arising from wave-body interaction, which is essential for the 

implementation of control simulation as well as for the formulation of model-based control strategies 

(Penalba, 2016). Although this simplifies/linearises the control problem as well as speeds up the simulation 

process, the utilisation of linear solver (which assumes that the wave steepness and body motion are both 

small) contradicts the large motion arising from the reactively controlled wave energy converter and thus 

does not ensure the fidelity of the control simulation results in medium to large wave conditions. On the 

extreme opposite, the Navier-Stokes equation based CFD captures the full nonlinear hydrodynamics in the 

wave-body interaction problem leading to high fidelity simulation results regardless of the system 

operational conditions, however, is barely used in the study of wave energy converter control due to its high 

computational requirement. Compromise between the linear method and the Navier-Stokes solver also exists 

(Wuillaume, 2019). A typical example is the weak-scatterer potential flow method proposed for seakeeping 

analysis of ship with forward speed (Pawlowski, 1991), which is formulated based on the assumption that the 

perturbation wave field generated by the body oscillation is small compared to the incident wave field, such 

as the free surface conditions can be linearised at the incident wave elevation level. The weak-scatterer 

method takes into account the unsteady and nonlinear hydrodynamic loads associated with dynamic wave-

body interaction as long as the aforementioned assumption is satisfied and that viscosity effects remain 

negligible. However, it remains questionable if the weak-scatterer method is suitable for solving wave 

energy converter control problem where large perturbation wave field is expected given the large resonant 

motion of the body. A further simplified version of the weak-scatterer method is the body-exact potential 

method that assumes the free surface conditions can be linearised around the mean free surface elevation 𝑧 =
0. This solver was proposed to account for the body motion induced nonlinearities but is only valid when 

small steepness waves are present. It is a compromise between the weak-scatterer method and the linear 

method. 

The proposed study intends to conduct a comparison study on the aforementioned four wave-body 

interaction modelling methods in terms of their fidelity in solving the reactive control problem of a 

submerged point-absorber (PA) WEC. 

 

2. WAVE-BODY INTERACTION MODELLING METHODS 

Table 1 summarises the main differences between the four wave-body interaction modelling methods. 

1) Navier-Stokes equation (CFD) solver: Navier-Stokes equations are a set of partial differential 

equations that describe the motion of fluids as a relationship between flow velocity (or momentum) and 

pressure. For the incompressible sea water, the Navier-Stokes equations can be written in the general form as: 

𝜌(𝜕𝐮
𝜕𝑡⁄ + 𝐮 ∙ ∇𝐮) = −∇𝑝 + ∇ ∙ (𝜇∇𝐮) + 𝐟                      (1a) 
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∇ ∙ 𝐮 = 0                       (1b) 

where 𝐮, 𝜌, 𝑝, 𝜇 and 𝐟 are the velocity vector, density, pressure, dynamic viscosity and external force (e.g. 

gravity force) and ∇ is the gradient operator. Solving Equation (1) stepwise across the computational domain 

of the numerical wave tank under boundary conditions and integrating the total stress over the wetted body 

surface 𝑆𝐵(𝑡) result in the total hydrodynamic force acting on the body (Meng, 2017). The advantage of CFD 

solvers are that they are not based on any linearisation assumption, take into account the real fluid viscosity, 

can accommodate turbulence effects and other nonlinear phenomena that may occur during a simulation. 

However, these benefits come at a cost of high level of complexity and very high computation time relative 

to linear models. In this study, the OpenFOAM package (e.g. OLAFOAM and interFoam utility) forms the 

CFD solver (specifically the Reynold-averaged Navier-Stokes model) as described by Meng et al. (2017). 

2) Weak-scatterer potential flow (WSP) solver: The potential flow theory was established based on 

the assumptions that the fluid is irrotational, incompressible and inviscid. Without considering the viscosity 

and turbulence, the potential flow theory introduced the velocity potential 𝜙, the only one scalar function that 

is necessary to compute the three dimensional fluid velocity. Thus, the velocity potential can be evaluated 

using a boundary element method and the total pressure can be solved from the Bernoulli’s equation 

(Wuillaume, 2019): 

𝑝 = −𝜌 (
𝜕𝜙

𝜕𝑡
+

1

2
∇𝜙 ∙ ∇𝜙 + 𝑔𝑧)           (2) 

where – 𝜌𝑔𝑧 is the hydrostatic pressure. The total dynamic force acting on the body is then calculated by 

integrating the total pressure over the instantaneous wetted surface of the body 𝑆𝐵(𝑡). Due to the high 

computational demand associated with the fully nonlinear potential flow method in solving the real varying 

intersection curves between the free surface and bodies, decomposition of the velocity potential and the wave 

elevation into incident and perturbed quantities were applied and the weak-scatterer hypothesis was proposed 

(Pawlowski et al., 1991). It assumed the perturbed quantities are small compared to the incident quantities: 

{
𝜙 = 𝜙𝐼 + 𝜙𝑃

𝜙𝑃 = 𝒪(𝜙𝐼)
.             (3) 

In this case, the free surface boundary equations are linearised around the known incident free surface 

elevation 𝑧 = 𝜂𝐼(𝑥, 𝑦, 𝑡). Thus, the perturbed waves are not required to be meshed which largely reduce 

computational demand. Due to the free surface conditions, wave breaking cannot be modelled. In this study, 

the WS_CN numerical tool as described in detail by Wuillaume (2019) will be used as the WSP solver. 

3) Body-exact potential flow (BEP) solver: The potential flow theory based solver can be further 

simplified under small wave conditions (e.g. wave steepness, 𝜖 ≪ 1). Thus, the free surface conditions can be 

linearised around the mean surface elevation 𝑧 = 0. This forces the free surface mesh remain planar, which 

enables a faster mesh convergence and reduction of computing time. The pressure is integrated over the 

wetted body surface 𝑆𝐵(𝑡) subject to “body-exact” motion and delimited by the mean wave elevation. In the 

WS_CN numerical tool, an option of linearising the free surface conditions around the mean surface 

elevation exists and thus the WS_CN numerical tool can be configured as the BEP solver for use in this study. 

4) Linear potential flow (LP) solver: The potential flow theory based solver can be simplified to its 

neatest form, by assuming that wave steepness, 𝜖, is small and the body undergoes small amplitude motion, 

𝐴𝑚. Consequently, the free surface conditions can be linearised around the mean free surface elevation 𝑧 = 0 

and the body meshes are fixed at the rest position of the body. This leads to a linearised model, where the 

perturbed component can be further decomposed into a diffraction component and a radiation component: 

{
𝜙 = 𝜙𝐼 + 𝜙𝐷 + 𝜙𝑅

𝜖 ≪ 1, 𝐴𝑚 ≪ 1 
.            (4) 

The elementary problems for these velocity potentials are solved and the total hydrodynamic force is 

obtained by summing the excitation force and the radiation force. The linearised model can be solved either 

in the time domain (Cummins, 1962) or in the frequency domain, with hydrodynamic functions/coefficients 

(e.g. added mass, radiation damping and excitation force) pre-calculated using boundary element solver (e.g. 

WAMIT, NEMOH, Aquaplus). Surface piercing (e.g. when a fully submerged buoy pierces the free surface) 

cannot be modelled in this case given the linearised surface and body conditions. In this study, a frequency-

domain based linear solver is applied (Ding, 2018). 
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Table 1. Main differences between the four wave-body interaction modelling methods  

 Linear potential 

flow solver 

Body-exact potential 

flow solver 

Weak-scatterer 

potential solver 

Navier-Stokes based 

CFD solver 

Assumption 

{

Irrotational and 
inviscid fluid,

𝜖 ≪ 1,
𝐴𝑚 ≪ 1

 
{
Irrotational and 

inviscid fluid,
𝜖 ≪ 1

 {

Irrotational and 
inviscid fluid,

𝜙𝑃 = 𝒪(𝜙𝐼)
 

 

Isotropic fluid 

Hydrodynamics 

decomposition 
𝜙 = 𝜙𝐼 + 𝜙𝐷 + 𝜙𝑅 𝜙 = 𝜙𝐼 + 𝜙𝑃 NA 

Meshed free surface 𝑧 = 0 𝑧 = 𝜂𝐼(𝑥, 𝑦, 𝑡) 𝑧 = 𝜂(𝑥, 𝑦, 𝑡) 

Meshed body surface 𝑆𝐵(0) 𝑆𝐵(𝑡) 

Hydrodynamic force 

computation 

Sum of excitation 

and radiation forces 

Integration of total pressure over the wetted 

body surface 

Integration of total 

stress over the wetted 

body surface 

Fluid vortices NO YES 

Wave breaking NO YES 

Drag force NO, a Morison-like term −0.5𝜌𝐶𝐷𝐴|�̇�𝑏 − �̇�𝑓|(�̇�𝑏 − �̇�𝑓) can be added YES 

Surface piercing NO YES 

Computational speed Extremely fast Medium Slow Extremely slow 

                 
Fig. 1. Submerged heaving PA WEC 

 

3 CASE STUDIES 

Fig. 1 shows the test case, a fully submerged heaving PA WEC with parameters defined in Table 2. A 

submerged PA was selected since Sergiienko et al. (2018) showed that reactive control plays a critical role in 

enlarging the absorption bandwidth of this PA system. A spherical buoy was selected to avoid nonlinearities 

associated with fluid vortices neglected by the potential flow solvers. The power take-off (PTO) was 

simplified as a combination of a spring, a damper, and a pretension force that counteracts the net buoyancy 

force. The PA system modelled by the four wave-body interaction methods was tested under regular wave 

conditions of 0.1m and 1m wave amplitudes and 4 typical wave frequencies, respectively. The PTO spring 

and damper parameters were optimised in the linear frequency-domain solver so that the PTO damper 

absorbed power was maximised subject to a body motion constraint of 3m (Ding, 2018). This mitigated the 

occurrence of surface piercing which was not accounted for by the linear solver. The optimised PTO 

parameters were then used by all four wave-body interaction models for a comparison. Quadratic damping 

was considered as an external force in the three potential flow theory based solvers to account for the drag 

force neglected by the inviscid fluid assumption. Fluid velocity was assumed to be zero in the Morison force 

computation due to its negligible influence. Lorentz linearisation was used to convert the quadratic Morison 

equation into a linearised damping for use in the frequency-domain linear solver (Ding, 2018). 

 

4. RESULTS 

Fig. 2 shows the RAO and power absorption of the heaving buoy at two wave steepness and four typical 

wave frequencies, output by the four wave-body interaction models. By the time of abstract submission,  

Table 2. Parameters for the case studies 
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Fig. 2. Buoy heave RAO (left) and power absorption (right) under 0.1m (upper) and 1m (lower) amplitude wave 

the CFD solver results at 0.75rad/s had not yet been obtained due to HPC maintenance at the University of 

Adelaide. At low wave steepness (e.g. 0.1m amplitude), the buoy RAO did not reach the 3m displacement 

constraint so that the buoy was kept fully submerged during its free motion. In this scenario, the buoy RAO 

results output by the four solvers reached a good agreement across the frequencies whilst a discrepancy of 14% 

in the power absorption can be observed between the CFD solver result and the potential flow solver results 

at 0.85rad/s. The reason behind this discrepancy is under investigation. At high wave steepness (e.g. 1m 

amplitude), the buoy RAOs were near the 3m displacement constraint, meaning that the buoy moved very 

closely to the trough of the free surface at its upper stroke so that surface piercing and wave breaking can 

occur. In this case, both the results output by the BEP solver and the WSP solver diverged from the results of 

the linear solver (in particular at steeper/higher-frequency waves, with a discrepancy of up to 34%) since 

buoy motion induced nonlinearities (e.g. those arising from surface piercing phenomenon) became dominant 

in the system hydrodynamics. The BEP solver and the WSP solver output similar results, with a difference of 

up to 13%. In general, the WSP solver results were slightly lower than the CFD results, with a discrepancy of 

up to 8%. The small discrepancy can be attributed to the weak-scatterer hypothesis that disabled the WSP 

solver from modelling wave breaking. In conclusion, the linear solver showed poor accuracy in modelling 

reactive control of fully submerged point absorber in high steepness waves, whilst both the BEP solver and 

the WSP solvers demonstrated acceptable consistency against the CFD solver. More fundamental results (e.g. 

wave field data and meshing analysis) and new findings are to be shared at the IWWWFB workshop. 
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