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The anti-kaon nucleon scattering lengths resulting from a Hamiltonian effective field theory analysis of
experimental data and lattice QCD studies are presented. The same Hamiltonian is then used to compute
the scattering length for the K—d system, taking careful account of the effects of recoil on the energy at
which the KN T-matrices are evaluated. These results are then used to estimate the shift and width of
the 1S levels of anti-kaonic hydrogen and deuterium. The K~ p result is in excellent agreement with the

SIDDHARTA measurement. In the K—d case the imaginary part of the scattering length and consequently
the width of the 1S state are considerably larger than found in earlier work. This is a consequence of the
effect of recoil on the energy of the KN energy, which enhances the role of the A(1405) resonance.
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1. Introduction

The kaon has played an important role in advancing particle
physics since it was discovered in cosmic rays. The related 6-t
puzzle resulted in the proposal of parity violation. A bound state
of the kaon and nucleon was predicted and the candidate A(1405)
was discovered in experiment, even before the birth of the quark
model [1,2]. The study of kaonic nuclei and atoms constitutes an
important source of information as we seek to understand the non-
perturbative properties of QCD and many experiments have been
designed to investigate them (see, for example, Ref. [3] for a recent
review).

In a kaonic atom an electron is replaced by a K—, which is
still bound primarily by the attractive electromagnetic interaction.
Since the kaon is three orders of magnitude heavier than the elec-
tron, the size of the kaonic orbit in a light atom is only ~ 100
fm, while the binding energy is ~ keV. If the kaon is captured by
the nucleus, it can be annihilated in the formation of a hyperon.
The behavior of these exotic atoms and nuclei allows us to explore
new aspects of hadronic interactions. For example, the A (1405)
lies close below threshold in the JP =1/2~ KN system, while the
lowest-lying J” = 1/2~ strangeness-zero baryon, the N(1535), is
far from the m N threshold. This difference has led to a great deal
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of speculation regarding the adequacy of the conventional quark
model [4-15].

Since the atomic size is beyond the range of the strong inter-
action, the kaonic atom can be studied pretty well within QED.
However, for the 1S state, the wave function 1//1%ED (f =0) is non-
zero and the strong interaction plays a role. Therefore, the exper-

imental energy, Eqs, is different from the QED prediction, E%ED ,

because of the strong interaction, AEis = E1s — E%ED. More-
over, the KN system can decay to m#X and A and thus the
1S level has a width I'is, in addition to the energy shift €qs,
AEis = Eqs5 — E%ED = €15 — %I}s. The energy distributions of X-
rays emitted from the excited kaonic atom may be measured to
obtain AEqs in experiment [16-21]. The difference between the
measured and QED-predicted nP — 1S transition energy is essen-
tially the same as AEqs, since the nP level is scarcely affected by
the strong interaction. The SIDDHARTA experiment gave the energy
shift and width for 1S kaonic hydrogen as

elps = 283 £ 36(stat) &= 6(sys) eV,
I'ls =541 + 89(stat) & 22(sys) eV, (1)

which helps us to constrain the K~ p interaction at low energy
[16,17]. The reduced mass of the anti-kaon and the deuteron is a
little larger than that of KN and thus kaonic deuterium would be
easier to form under the pure electromagnetic interaction. There
has been a proposal to search for kaonic deuterium in SIDDHARTA-
2 and the J-PARC E57 experiment [18-21]. However, technically it
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is far more difficult to measure the kaonic deuteron than kaonic
hydrogen.

The study of kaonic deuterium may be expected to benefit from
a comparison with earlier studies of pionic deuterium. The lat-
ter was proposed and observed in experiment very early - see
Ref. [22] for a review. The energy shifts and widths of the 1S states
of pionic hydrogen and deuterium were measured with precision
at the Paul Scherrer Institute (PSI) at Villigen [23].

Kaonic deuterium has already been investigated by many au-
thors [24-34]. In recent studies, after the resummation of contri-
butions from kaon multiple scatterings between the two nucleons
in the deuteron, solving the full three-body Hamiltonian or Fad-
deev equations, the energy shift for kaonic deuterium has been
found to be of order 700~900 eV, while the width has been re-
ported to be in the range 800~1200 eV [28-33].

The nucleons in the deuteron have been assumed to be static
in most studies of kaonic deuterium, perhaps because this approx-
imation has been shown to be quite accurate for pionic deuterium.
However, the situation merits further consideration for the follow-
ing reason. In the pionic case the closest resonance, the A(1232),
has angular momentum one and is still 150 MeV away from the
7N threshold. Even allowing for its width, it is far away. On the
other hand, the difference between the A(1405) resonance and the
KN threshold is less than 30 MeV and, moreover, its 50 MeV width
means they overlap to some extent. In such a case, even if the re-
coiling nucleon shifts the center-of-mass energy of KN a relatively
small distance from the threshold, the scattering amplitude may
be very different from that at threshold, which the static approxi-
mation uses. These considerations led us to examine the effect of
recoil carefully in the Kd system.

Some earlier studies of the effect of nucleon recoil for Kd scat-
tering was undertaken within effective field theory in Refs. [35,36].
There non-local effects were taken into account perturbatively by
using the effective-range expansion of the KN amplitude. The re-
coil effect for the double scattering contribution was found to be
the order of 10-15%, as compared to the static term [35]. The ef-
fect on the single scattering process was not discussed there, while
it is a key issue in this study.

In this work, we focus particularly on the recoil effects for the
1S level shifts of anti-kaonic deuterium with Hamiltonian Effec-
tive Field Theory (HEFT). HEFT was developed to study the low-
lying resonances based on a combined analysis of both lattice QCD
data and experimental scattering data, while preserving the con-
straints of chiral perturbation theory where appropriate. It has led
to important insights into the properties of the N(1535), N(1440),
A (1405), and so on [12,37-44]. In Ref. [12], we studied both the
cross sections for K~ p scattering and the relevant lattice QCD data
and reproduced the two-pole structure of the A(1405). If not ex-
plicitly pointed out, references of the A(1405) refer to the pole
close to the experimental mass.

We first briefly review the HEFT for KN in Sec. 2. Then we use
it to compute the K~ p scattering lengths and the corresponding
energy shift AE§7 s» with no further adjustment of the parameters
determined in that previous work [12]. The scattering length of the
K~d system and the energy shift AE?S for kaonic deuterium, with
and without the recoil correction, are presented in Secs. 3 and 4.
We conclude with a discussion and summary in Sec. 5.

2. Kaonic hydrogen and HEFT

The T matrix for the two-body scatting process o — S is re-
lated to the corresponding S matrix and cross section by

Sga =8ap — 2i/PaPpTpas (2)
47T3kcmwcm @M yCM ,cm
Opa = P _am a5 Pu_Ps TﬂaTga , (3)

kg™ (Ecm)?

where
cm , \cm
w,
M TAB j,cm
po =TGR, 4)
cm

In this work, the channel label, « or 8, refers to KN, 7%, w A, and
nA but, of course, it could be extended to more general cases. The
labels ap; and ap refer to the meson and baryon in channel «, re-
spectively. g7 and kg™ denote the energy and spatial momentum
of the particle in the center-of-mass frame, and E.y is the total
energy in the center-of-mass frame.

For the process o — «, the cross section o

2o at threshold can
be related to the scattering length a,

ol — 47 |ay|?, (5)

where the scattering length is defined as

cm

Gg=— lim m—M BT, =, T (6)
kflm—>0 cm

and [y is the reduced mass for the channel «.

We used HEFT to study both the cross sections of K™p —
K= p/Kn/n=st/m%%2% n+=~/7%A and the corresponding en-
ergy levels in a finite volume (for comparison with lattice QCD
simulations). The results were consistent with both the experi-
mental scattering data and the spectra from lattice QCD simula-
tions [12]. Here we want to further study the scattering length,
ak-p, within this framework. Although there are two different
scenarios which give different behavior at larger pion masses in
Ref. [12,45], we have checked that both yield the same thresh-
old observables with negligible numerical differences. Thus we can
choose the simpler scenario for this work. In our framework, the
T matrix can be obtained by solving the Bethe-Salpeter equation

Tha(k, K E) =V} gk, k’)+2/qqu
14

Ve, (k. = Ty5@.K: B), (7)

1
E—wy(q) +i

with the Weinberg-Tomozawa potentials

o (K) + gy (K) ] uk) u(k’)
Vl k, ) /N — 1 [CO M( Bm ,
ap KD =8ap"g 2 2 V20 (k) /205, (K

where f is the decay constant of the pion, the isospin I can be 0 or
1. k and k' are the center-of-mass spatial momenta in the final and
initial states, respectively. The form factor u(k) = (14 k?/A?)~2 is
used, with A =1 GeV [12].

To fix the nonzero couplings, g"x’ﬂ, in Ref. [12] we fitted the
cross sections for K~p — K~ p/K°n/m 2t /n°2%/n*2~/n%A
with xg,0.r = 1.5 for laboratory energies of the kaon up to 250
MeV. There are two poles for A(1405) at 1428 — 23i and 1338 —
89i MeV with this set of parameters. We also compared our en-
ergy levels with lattice QCD results in Ref. [12].

We have not fine tuned the coupling constants, g(’x!ﬁ, in this
work to exactly fit the scattering length. Instead, we use the values
of g(’”j found in Ref. [12] to predict ax-, and further check the

reliability of HEFT. The scattering lengths for KN in the isospin
I =0 and I =1 channels in the HEFT, using Eq. (6), are

(8)

aj—o = —1.77 + 1.08i fm, aj=1 =0.27 +0.52i fm. (9)

With the isospin relation, one obtains

ag-p = —0.75+0.80i fm, (10)
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Fig. 1. Illustration of the Fadgleev equation for 7, in kaon-deuteron scattering. The Tz, can be obtained from the study of kaon nucleon scattering, which contains the
coupled-channel effect from KN, 7%, 7 A, and nA. There are two other similar diagrams for equations on 7, and 7, which can be found in Ref. [31].

and

ag-n=027+052ifm,  ago,=—0.75+0.80i fm,

gop_k—p=1.02—0.28i fm. (11)

The relation between the energy shift Efs and width Ffs of
kaonic hydrogen and ag-, can be given by the improved Deser
formula [46], but the logarithmic contribution at higher orders
is important for kaonic deuterium [32] and thus throughout this
work we use the “double-improved” Deser formula in which the
logarithmic terms are summed to all orders [35]

3,,2
_Zae ’LLK*p aK‘p

1420 pg-p (Inote — Dag-p

i
p P _
615_5 15 =

(12)

where o, is the electromagnetic fine-structure constant. With this
resummed formula we obtain

efc=307ev, TIf.=533eV. (13)

These results are consistent with the result of the SIDDHARTA ex-
periment given in Eq. (1).

3. Results for kaonic deuterium with the static nucleon
approximation

The scattering amplitude Ty, can be divided into two parts

Teo= [ Cava@ [@305@) (7+7). (14)

where /4(q) is the wave function of the nucleon in the deuteron
in momentum space and ¢ (¢') is the relative momentum between
the two nucleons in the initial (final) state. The KNN scatter-
ing amplitude 7 can be obtained by solving the Faddeev equa-
tions [47] illustrated in Fig. 1

7;J ~ TI(*p83(a - EI/) + / TI(*pGOIEI + / T](—p_>f(0nG07;h
5 5
o~ T a8 -3+ / Ty-uGoTp.
5
T~ Tronoi-p @ —0) + / TgonGoTx + / Tgop—k-pGoTn-
5 5
(15)

It corresponds to the scattering length calculation, where the kaon
momentum is zero and hence the momentum of the spectator
nucleon (to the kaon-nucleon scattering) is its momentum in the
deuteron center of mass. Gg is the propagator

-2 =2 =2
p p
Go=(eg— K _ "Nt _ N2 o)1, (16)
2m,< sz sz

where Pk, Pn,, and Py, are the momenta of the intermediate par-
ticles, and €4 is the binding energy of deuteron.

The first term in Eq. (15) corresponds to the single scattering
(SS) of the kaon with only one nucleon, which contains the effects
of the coupling of KN to the channels 7%, w A, and nA. The re-
mainder is generated by the multiple scattering (MS) of the kaon
between the two nucleons in the deuteron.

If one uses the static nucleon approximation, usually on the
basis that the momenta are relatively small, the momentum-
dependent amplitude Ty can be approximated by the value at
threshold, Tlt‘<h1{1' With this approximation, the multiple scattering
series integration can be solved analytically and the scattering
length, ag-4, can be simplified as [31]

Md 3% 1 (B2 A
Ag-g = d’r N« Ag-4(), 17
K-d m:<+md/ [Ya(M]” Ag—q (1) (17)

where 4(F) is the wave function for nucleons in the deuteron, and

ag-p + g + Qag-plg-n — b2)/r — 2b2a g /7

Ay (r) = — — —
k=a® 1 —ag-plg—n/r% + biag—n/r3

)

(18)

with agy =agy(1 +mg/my), and

bx = dgon_, k-p/+/1+ ko, /r. This corresponds to the commonly
used fixed center approximation (e.g. Ref. [48]) in which excited
nucleon intermediate states are neglected.

Using the KN scattering lengths given in Eq. (11) and the
deuteron wave function obtained from a one-boson-exchange
model [49], the numerical result with the static nucleon approxi-
mation is

Ak —dlstaticApprox = —1.55 4+ 1.57i fm. (19)

With the resummed formula (12), the energy shift and width of
the 1S level of kaonic deuterium is

€¥5|StaticAppr0x =855¢eV, Fqs |staticApprox = 1127 eV, (20)

4. Recoil effects for kaonic deuterium

The root-mean-square radius of the deuteron is about 2 fm,
which means the momentum ¢ of the nucleons in the deuteron
should be of order 1/(2 fm) ~ 100 MeV on average. The varia-
tion of momentum is not very large, but the resonance A(1405)
is around the KN threshold and thus the effect from the nucleon
recoiling in the deuteron should be carefully examined.

Firstly, we study the single scattering term of K~d, which can
be represented as the second diagram in Fig. 1. Denoting the scat-
tering amplitude of a static kaon and a nucleon with momentum
g in the deuteron as Ty (G), the integrated amplitude is

(1d) z/d3a|w@|2 Tin@)- (21)
Obviously, the amplitude of K~d from the single scattering contri-
bution is exactly T35 = (T%_ )T (Td_).

To calculate T,-(N(?]), we need to recognize that if the spec-
tator nucleon has momentum g, the KN center of mass energy



Z.-W. Liu et al. / Physics Letters B 808 (2020) 135652

Egy/MeV: 1420 1400 1380 1360 B A A
N T T LA L L B B LR BB LIS LLLRE AR C N 1
Lo ) 2 2 - ised) e — 1 2200_— ]
- J A" [haf” (wnmormalised) fm, 7'=0 r This Work with Recoil Effect | ]
i ) "777 ReI=07 2000 - 3
3_ . . el et '—f 18006— Hoshino2017 _
i C ,»” N ] = 1600 |- | Shevchenko2014 .
= 9F . S 3 C ]
S ot e o = r Kamalov2001 | 1
= N N = 1400 = _
Fot ) ] = 1400 v
X r . ] T [Révai2016 ]
< el ] 1200 |- 3
E‘% e r Y&~ NoRecoilEffect ]
: 7 ] 1000 Q\ -_
C ’ ] r Mizutani2013 | 4
1k e - 800 - | Hoshino2017 V\ — —
r P ] C Doring2011 |
- Pt ] 3]0 TR R R IR R S
T 650 700 750 800 850 900 950

0 50 100 150 200 250 300 energy shift/eV

q/MeV

Fig. 2. The scattering amplitude Ty (q) for a static kaon and a nucleon of momen-
tum q in the deuteron. The lower x-axis is the spatial momentum g of a nucleon,
while the upper x-axis is the center-of-mass energy Egy of KN, and they are re-
lated by Egy = (mg/2 +mg) — q2/2;L3 with w3 =my(my +mg)/(2my + mg). The
deuteron wave function is also shown as the green dotted lines.

at which the two-body T-matrix must be evaluated is effectively
Egy =mg+mg —my — q%/213 within Faddeev formalism where
3 =my(my +mg)/(2my +mg). We use the following relation to
obtain Tyy (@)

Tin(@ = Tin in Kk ks Egy) (22)

where k =qmyg/(my + mg).

For the multiple scattering terms, we use the approximation
Tgy — (Tld-m) to simplify the calculation. Finally, we can evaluate
ag-q- By replacing agy with (a‘}(N) = —n,ukN(T;i(N) in the for-
mula given in Eq. (17), the K~d scattering length, including the
recoil correction, may be obtained.

5. Numerical results and discussion

More than 96% of the contribution to (T?(N) in Eq. (21) comes
from q < 300 MeV, which corresponds to k < 110 MeV and
AEgyn S 80 MeV, a region in which our fit with HEFT is very re-
liable [12]. The wave function 4(q) is extracted from the Bonn
potential [50]. The wave function of the deuteron is well con-
strained both by experiments and theory, and thus we directly
cite two different results from Refs. [49] and [50] for ¥4(F) and
Y¥4(q) in the coordinate and momentum spaces respectively. We
do not transform between them and simply neglect the modest
differences between the models.

Before providing the average (T;i-(N), we show the scattering

amplitude Tyy(q) in Fig. 2. By comparing the two x-axes, one can
see that even if the momentum ¢ increases from 0 to 200 MeV
where the wave function 4 is extremely close to 0, the center-of-
mass energy Egy of the KN system varies over a relatively small
range, roughly 1430 to 1400 MeV. Usually such a small change of
Egy would not be expected to lead to large variations in related
amplitudes. For example, the blue dashed lines for the amplitudes
Tgy(I =1) are relatively flat for isospin 1. However, the issue is
very different when there is a resonance or bound state in a chan-
nel below and close to the threshold.

In our previous work [12] we searched for two poles for the
A(1405) in the I =0 channel within HEFT, finding one close to
the KN threshold with width about 50 MeV. As Egy passes by

Fig. 3. Comparison of the energy shifts and widths for the 1S state of kaonic deu-
terium. The data with green triangles are from Refs. [29-32] and AE?S are extracted
from the scattering lengths of K—d using the resummed formula (12). The data
with blue circles are from Refs. [28,32,33] where the dynamical equations directly
provide the energy level of kaonic deuterium without the help of K~d scattering
length. For example, there are two points labeled with “Hoshino2017” which are
from the same paper [32], but the left blue circle is directly obtained by solving the
Schrodinger equation while the right green triangle is translated with the double-
improved Deser formula (12) from the K—d scattering length. Our result (labeled
with hollow star) without the recoiling effect is close to other works, but the result
after considering the recoiling effect (labeled with a filled star) has a much larger
width.

the pole, the scattering amplitude Tyzy(I = 0) changes rapidly,
as shown by the red dashed and dot-dashed lines in Fig. 2. The
phase shift usually crosses 90° when a resonance appears, which
is equivalently exhibited by the real part of the amplitude chang-
ing its sign for E, around 1410 MeV (red dashed). The imaginary
part of Tgy(I =0) is related to the experimental 7 X invariant
mass distribution and thus the red dot-dashed line shows a bump
[51].

From this analysis, we would expect that the average value of
<T%N> may deviate significantly from the threshold value in the

I =0 channel. Equivalently speaking, (a‘,jzo) is very different from
the scattering length aj—g, while <a§':1> should be still close to
aj—1. We find

(@l y)=-1.0743.01ifm, (al_;)=0.32+0.40ifm, (23)

which in comparison with the threshold scattering lengths in
Eq. (9) shows that the average imaginary part in the channel with
I =0 increases by more than 1 fm. This will, of course, increase
the width of the 1S K~d energy level significantly.

We show the K~d scattering length after taking the recoiling
effect into consideration

-4 = —0.59 + 2.70i fm. (24)

With the resummed formula of Eq. (12), the energy shift and width
of 1S kaon deuterium are

d _
€15 =803 eV,

rdg =2280eV. (25)

By comparing these results with those given in Eq. (20) of Sec. 3,
we can clearly see that the recoil effect plays a very important role
for the K—d system.

We compare the scattering lengths ag-4 in this work with some
other studies in Table 1 and Fig. 3. Without including the effect of
recoil our results in the fifth column are close to those of earlier
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Table 1

Comparison of scattering lengths ax—4 in units of fm. The first four columns are from Refs. [29-32]. The last four columns are the results in this work with (v")
and without (x) the multiple scattering contributions or the recoil effects, respectively.

ax-q Kamalov [31] Doring [29] Mizutani [30] Hoshino [32] (MS v/, recoil x)  (MS x, recoil v')  (MS x, recoil x)  (MS v/, recoil v')
Re -1.62 —1.46 —1.58 —1.42 —1.55 -0.06 -0.58 —0.59
Im 191 1.08 137 1.60 157 2.55 1.59 2.70

work. That is, our result would be close to others if the momen-
tum of the nucleon in the deuteron is neglected. However, our
corrected result has a much larger width.

The contribution to ag-4 from the single scattering term is ex-

actly
ss _ Mka (1, 4 3, 4

ay’ = —"% —(a=)+—(a=)>. (26)
(S, (2 1=0) T 51di=1

We divide ay-q into a3® , and a}',, which are from the single and

multiple scattering contributions, respectively

ag-q =0y 4 +a°, = (—0.06 + 2.55i) 4 (—0.53 4 0.15i) fm.
(27)

By comparing this with

ax-dlstaticApprox = (—0.58 + 1.59i) + (—0.97 — 0.02i) fm, (28)

the main difference in the imaginary part clearly arises from the
single scattering term. This gives us confidence in the conclusion
that the ground state of kaonic deuterium is broad. Our final result
for the K—d scattering length is

ag-g = —0.59 + 2.70i fm. (29)

In summary, we first established that our earlier Hamiltonian
effective field theory study of the Kp system did indeed reproduce
the empirical K~ p scattering length, as well as producing an en-
ergy shift and width for the ground state of kaonic hydrogen which
is consistent with the SIDDHARTA experiment. The calculation was
then extended to the K~d system, where it was found that the ef-
fect of recoil in the energy argument of the Kp T-matrix within
the Faddeev formalism is very significant, making the 1S level of
kaonic deuterium considerably more broad and short lived.
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