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Abstract 

Hereby I present a PhD thesis by publications. The thesis includes two published 

journal papers, one submitted journal paper, one archived paper at Cornell University 

(USA), and three peer-reviewed conference papers. The journals include high-impact-

factor ones: Chemical Engineering Journal, International Journal of Rock Mechanics 

and Mining Sciences, and Geo-mechanics and Geophysics for Geo-energy and Geo-

Resources. 

The thesis develops a novel advanced theory for colloidal detachment of detrital and 

authigenic fines in natural porous reservoirs. Detrital fines are attracted to the surface 

by DLVO electrostatic forces, while authigenic particles form a mechanical bond with 

a substrate. The essence of the process is fines detachment, mobilization with further 

migration and recapture by the porous media. The capture of mobilized particles yields 

a decrease in suspension concentration and rock permeability. Significant permeability 

decline occurs due to straining or size exclusion. SEM images widely show open pores 

before the flow and image of the same pore plugged by strained particles after the flow.    

Regarding detrital particles, we discuss colloidal-suspension-nano transport in porous 

media with particle detachment and further capture by the rock. Previous works 

formulate particle-scale detachment conditions and porous-media scale transport 

equations with empirical coefficients, which are determined from the flow tests and are 

not predicted from the microscale. The present thesis establishes the upscaled procedure 

by stochastic distribution of torque and force balance on the attached particle and 

derivation of macro-scale equation for maximum retained concentration of attached 



iv 

 

particles as a function of velocity, PH, salinity, and temperature. Exact solution for 1D 

flow problem is used to determine Maximum Retention Function (MRF) from 

laboratory test and match it with the stochastic microscale model for detachment. High 

match obtained for four colloidal coreflood experiments validates the stochastic model 

and upscaling procedure.  

While micro and macro scale models for detrital fines detachment are available, and 

only upscaling procedure must be performed, none of models is available for authigenic 

particles. In this thesis, integrating the 3D version of Timoshenko and Goodier’s beam 

theory of elastic cylinder deformation with a CFD-based model for viscous flow around 

the attached particle and with strength failure criteria for particle-rock bond, we derived 

an explicit criterium for fines detachment by breakage at the pore scale. This leads to 

an explicit formula for the breakage flow velocity. Its upscaling yields a mathematical 

model for fines detachment by breakage, expressed in the form of the maximum 

retained concentration of attached fines versus flow velocity – MRF for breakage. We 

performed corefloods with piecewise constant increasing flow rates, measuring 

breakthrough concentration and pressure drop across the core. The behaviour of the 

measured data is consistent with two-population colloidal transport, attributed to 

detrital and authigenic fines migration. Indeed, the laboratory data show high match 

with the analytical model for two-population colloidal transport, which validates the 

proposed mathematical model for fines detachment by breakage.  

This thesis developed an advanced mathematical model for colloidal-suspension-nano 

transport in porous reservoirs. Forthcoming research works will apply this model in 

several areas of chemical, environmental, petroleum, geological, and civil engineering. 
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1 Contextual Statement  

The chapter presents a main contextual statement about the significance and novelty of 

this PhD study. It comprises proved of the significance of the PhD project for colloidal-

suspended-nano fluid mechanics in porous media and also for multiple engineering and 

natural science disciplines (Section 1.1), state of the art of the colloidal transported with 

particles detachment in porous media and existing gaps in knowledge and tools (Section 

1.2), scope of the research development to fill the gap (Section 1.3), detailed description 

of the thesis structure (Section 1.4), and formulations of the aims of the study and how 

the aims have been achieved by publications (Section 1.5). 

1.1. Significance of the project     

Particle detachment, re-attachment, and transport occur in numerous natural, 

environmental and industrial processes. Those are covered by geology, chemical, 

environmental, civil, and petroleum engineering. An incomplete list of examples 

includes industrial filtering, size-exclusion chromatography,  cold water injection into 

geothermal reservoirs with consequent fines migration, low-salinity water injection into 

aquifers for freshwater storage, propagation of viruses and bacteria in underground 

water, chemical treatment of contaminated soils, disposal of industrial waste, and re-

injection of produced water into oilfields or aquifers (Bradford et al., 2017; 2009; 2013; 

Chrysikopoulos et al., 2017; Chrysikopoulos and Syngouna, 2012; Civan, 2014; Molnar 

et al., 2015; Syngouna and Chrysikopoulos, 2011; You et al., 2019; Yuan and 

Moghanloo, 2017, 2018; Yuan and Shapiro, 2011a; Zeinijahromi et al., 2016). 

Consequently, a broad understanding of the factors that influence particle attachment 
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and mobilisation from solid surfaces is required to successfully plan and design a 

variety of operations in environmental, chemical, and petroleum engineering. 

The significance of the project is defined by wide application of colloidal detachment 

in numerous industrial processes and natural processes.  

The reservoir fines include clays (kaolinite, illite, and chlorite), silica micro particles 

and powders, non-clay reservoir silk. Some fines have been incorporated in the rock 

during gravity separation with the following sedimentation, those particles are called 

detrital, and the particles that are grown natural sand grains during geological period 

due to mineral precipitation chemical reaction are called authigenic particles. Some 

authigenic particles can be broken off the rock surface by shear deformation and strong 

underground water flux created during rock deformation and tectonic movements. Fig. 

1a, shows typical authigenic particles on the rock surface, Fig. 1b shows the detrital 

particles.  

  
a)                                                             b)  

Fig. 1: SEM photos of fines attached to rock surface: a) Authigenic kaolinite (Aróstegui 

et al. 2000); b) Detrital kaolinite (Fang et al. 2017) 
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The decision making on those industrial processes is strongly relying on mathematical 

modelling. This mathematical model must be based on laboratory data and reflects all 

scales between the particle-scale and the reservoir-scale. Currently, mathematical 

model for detachment for the particles attached to the rock surface by electrostatic 

attraction is available only from tunning of the core flood data. Assuming known all 

microscale parameters, the model at the core and upper scale cannot be constructed. 

The current mathematical model for colloidal transport of detrital particles contained 

the detachment model in the form of maximum retention function, which by the 

traditional theory can be determined from coreflood only. Upscaling of the function 

from microscale parameters is not available. Absence of the upscaling theory yields 

significant restriction for prediction of colloidal transport of detrital fines in natural 

reservoirs.  

Regarding authigenic particles, the theory for the detachment by breakage is not 

available. It makes impossible modelling the processes of permeability decline of 

geological faults and the near-fault zones by fines broken off by subterranean water 

flux.  

Absence of a predictive model for detrital particles and absence of any models for 

transport of authigenic particles add to significance of the presented PhD project. The 

extensive industrial utilization of colloidal fines detachment, coupled with the absence 

of theoretical modeling, complicates the development of an advanced multiscale model 

for colloidal detachment in porous media. This poses a significant challenge in 

understanding fluid mechanics within porous media and implementing it effectively in 

industrial settings. 
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1.2. State of the art      

This state of the art of the area of detachment of colloidal suspension is shown in Fig. 

2. Fig. 2a shows the schematic of fines detachment from pore walls. The upper particle 

in left pore throat are detrital, they are detached against electrostatic DLVO attraction. 

The particles at the low throat wall are authigenic, they are detached by breakage the 

particle-rock bonded. After detachment the particles are transported by carrier water 

passing thick pore and strained/size excluded in thin pores.  

Straining and size exclusion of fines yield significant permeability decline which 

constitute the main reason for study of fines migration in natural porous reservoirs. Fig. 

2b, shows SEM images of a pore before flow, the pore is open. Fig. 2c, shows the same 

pore after flow, being blocked by the migrating fines. Fig. 2d-2f, show the schematic 

of detrital fines detachment. Fig. 2d, shows the SEM image of natural detrital particles 

attached to the rock surface. The forces asserting the attached particles submitted to 

viscous creeping flow in pores is presented in Fig. 2e. Viscous drag and areal dynamic 

lift detach particles whilst the attractive electrostatic DLVO force attaches them to the 

substrate. The energy potential for electrostatic force is presented in Fig. 2f where two 

energy minima reflect two states in attached particles for so-called favourable and 

unfavourable attachment conditions. The theory for electrostatic attachment is currently 

very well developed (Elimelech et al. 2013, Israelachvili 2015). The current detachment 

theory expressed by maximum retention function cannot be derived from microscale 

schematic in Fig. 2d-2f.     
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This schematic for detachment of authigenic fines is presented in Fig. 2g-2i, the 

placement of a single authigenic particle linked by a bond to grain, where it grew up 

during geological time, is presented in Fig. 2g. Fig. 2h shows the drag in the rotating 

moment asserting the authigenic fines from the viscous creeping flow in a single pore. 

This stem of the particle encompassed the induced stresses, whilst the outer particle 

body is almost stress-free. Fig. 2i, shows normal and shear stresses asserting the particle 

stem (beam). The mathematical description of bond failure due to induced stresses is 

not available. The model of authigenic fines detachment is absent.  

 

Fig. 2: Graphical abstract for modern theory of fines detachment from rock surface: a) 

schematic for detachment against electrostatic by breakage; b) open pore before the 

flow; c) the same pore plugged during the flow; d) attached detrital fines; e) attachment 

of detrital fines by DLVO forces; f) DLVO energy potentials; g) attached authigenic 

particle; h) particle and beam deformation; i) normal and shear stresses in the beam. 
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1.3 Scope of the work                          

In order to create advanced predictive multiscale mathematical model, the following 

steps must be undertaken: 

Derivation of the upscale maximum retention function based on particle-scale 

mechanical equilibrium of detrital particles attached to the rock surface.; 

Development of the technique for upscaling and predicting coreflood data using the 

upscale model 

Development of the technique for downscaling, determining microscale particle 

parameters from the upper scale model. 

Validation of the proposed model for detrital detachment by the coreflood tests. 

Based on 3D beam theory, define the point of maximum of tensile and shear stresses 

during fines deformation by viscous flow, define dimensionless parameters determining 

the stress maxima. Define the geometric diagram, allowing applications of different 

rock failure criteria to the maxima points. 

Derive upscaling technique to close system of governing equations for colloidal 

transport of authigenic particles. 

Validation of the proposed model for authigenic detachment by the coreflood tests. 
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1.4. Thesis structure 

This is a PhD thesis by publication. Six papers are included in the thesis of which two 

have been published and one has been submitted in high impact peer-reviewed journals 

and three full volume papers have been published in the conference proceedings and 

peer reviewed. 

The thesis body is formed by seven chapters. The first chapter contains the context of 

statement of this thesis. It consists of the statement for significance of the project for 

theoretical fundamentals of fines detachment theory for colloidal flows (Section 1.1), 

formulation of the state of the art (Section 1.2), detailed description of the scope of the 

work (Section 1.3), the current section 1.4 describing the thesis structure, explanation 

how the publications solve the problem of this thesis (Section 1.5) and relevant 

references (Section 1.6). 

The second chapter contains the literature review of colloidal detachment theory and 

its applications in the modern reservoir engineering. Introduction into the review 

(section 2.1) contains description of authigenic and detrital fines. The current theories 

for detrital fines detachment, including the theory of electrostatic attraction (DLVO 

forces), definition of maximum retention function, formulations of transport equations 

and their analytical solutions, the results of laboratory corefloods and determining the 

maximum retention function from breakthrough concentration are described in Section 

2.2. Section 2.3 describes the detachment by breakage. The summary and conclusion 

from the critical analysis of the literature are presented in Section 2.4. Section 2.5 

contains necessary literature references. 
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Chapter 3 “Colloidal detachment in porous media: stochastic model and upscaling” is 

a paper published in Chemical Engineering Journal. It develops a multiscale theory for 

detachment of detrital particles. The theory consists of upscaled model for mechanical 

equilibrium of particles, attached to the rock surface and submitted to viscous creeping 

flow in pores. It was found out that the upscaled conditions of mechanical equilibrium 

have the form of maximum retention function. The sensitivity analysis of the upscaled 

MRF has been performed, distinguishing more and less influential microscale 

parameters, affecting the MRF microscale curve. Details comparison with the results 

of four coreflood tests validate the model performed. 

Chapter 4 “Formation Damage by Fines Breakage and Migration” is a full volume peer 

review paper presented at SPE conference and available from the proceeding in 

OnePetro as SPE-208810. Here the main idea of merging geo-mechanic with fluid 

mechanic in the elastic particles and Newtonian in pores flow is presented. However, 

stresses calculated from 2D beam theory, which limits the particle forms, where the 

theory can be applied. The results are compared with corefloods in sandstones.  

Chapter 5 “Geo-mechanical aspects for breakage detachment of rock fines by Darcy’s 

flow “has been archived as an online paper by Cornell University. The chapter contains 

a very detailed derivation of the shear and tensile stress distributions following the 

analytical solutions for 3D beam theory, developed by Timoshenko and Goodier. It was 

found out that maxima allocated on the beam base, in particular on the base beam axis 

and its boundary. Based on the expression for maxima, the tensile stress diagram allows 

defining whether the breakage by tensile stress occurs in the middle or at the boundary 

of the beam base. After this, comparison of maxima of tensile stress and shear stress at 
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the axis of symmetry define the final breakage stress afterward the stress is compared 

with the corresponding strength, defining the detachment velocity. The chapter is 

concluded by the definition of detachment conditions based on the flow velocity which 

is expressed by three explicit formulae.   

Chapter 6 “Particle detachment in reservoir flows by breakage due to induced stresses 

and drag” has been published in International Journal of Rock Mechanics and Mining 

Sciences. This paper presents the essence of maxima stress derivations from Chapter 6 

and derives some geophysics and reservoir engineering applications. The breakage 

criteria are applied for 10 world documented examples for heavy oil production, 

polymer injection in reservoir, CO2 injection in aquifers, water production from 

aquifers, well fracturing by high viscosity fracturing fluid, well fracturing by water at 

high injection rate, natural gas production, and flow in fractured reservoirs. It was found 

out that fines breakage can occurs in the majority of the cases.  

Using the result of Chapter 6, Chapter 7 “Rock fines breakage by flow-induced stresses 

against drag: geo-energy applications” presents the analytical model for simultaneous 

migration of mobilised authigenic and detrital fines. The deep bed filtration model 

accounts for different filtration and formation damage coefficient for detached detrital 

and authigenic particles. The analysis of breakthrough concentration allows concluding 

the Constantness of the detrital filtration coefficient, and of blocked Langmuirian 

filtration function for authigenic fines, the paper develops the analytical model and 

determines MRF for authigenic and detrital fines. The method developed allows 

calculation of the detachable authigenic and detrital particles. This paper has been 
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submitted to Journal Geo-mechanic and Geophysics for Geo-energy and Geo-

Resources. 

Chapter 8 “Fines migration and production in CSG reservoirs: laboratory & modelling 

study detailed coreflood treatment coal cases” is an SPE paper (SPE-210764), presented 

at a SPE conference and available from proceeding at full volume peer review paper 

from OnePetro. The paper presents the detailed analysis of the laboratory tests on 

coreflooding with piecewise constant increasing rate injections. It was found out that 

breakage along with detachment against electrostatics occurs in 12 from 16 coreflood 

tests. In 4 tests, only attachment against electrostatic occurred.  

Chapter 9 “Fines migration during Coal Bed Methane production: mathematical and 

laboratory modelling, field cases (APPEA 2023)” using the results of Chapter 8 

presents the detailed analysis of one coreflood test using coal, and concludes about the 

results of all 8 corefloods in natural and engineered coal cores. Chapter 10 formulates 

general conclusion on the development of the advanced theory for detachment of 

colloidal-suspension-nano flows in porous media. The conclusion corresponds to 

detachment of both detrital and authigenic fines. 
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Paper Chapter Title Status 

1 Chapter 3 
Colloidal detachment in porous media: stochastic 

model and upscaling 
Published 

2 Chapter 4 
Formation Damage by Fines Breakage and 

Migration 
Published 

3 Chapter 5 
Geo-mechanical aspects for breakage detachment 

of rock fines by Darcy’s flow 
Published 

4 Chapter 6 
Particle detachment in reservoir flows by breakage 

due to induced stresses and drag  
Published  

5 Chapter 7 
Rock fines breakage by flow-induced stresses 

against drag: geo-energy applications 
Submitted 

6 Chapter 8 

Fines migration and production in CSG reservoirs: 

laboratory & modelling study detailed coreflood 

treatment coal cases 

Published 

7 Chapter 9 

Fines migration during Coal Bed Methane 

production: mathematical and laboratory 

modelling, field cases 

Published 

 

1.5. Aims of the study and how the Publications are related to the 

Thesis 

The general aim of the thesis is the development of advanced multiscale theory for 

detachment of colloidal particles against electrostatic forces and by breakage. The 

particular aims comprise:  

(i) Upscaling of micromodel for detachment of detrital particles,  

(ii) Development of a microscale model for detachment of authigenic particles, its 

upscaling, and  

(iii) Derivation of analytical modelling for simultaneous detachment of authigenic and 

detrital fines. Let us discuss how this aim have been achieved in different publications.  
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The paper “Colloidal detachment in porous media: stochastic model and upscaling” 

presents below in Chapter 3, derives an upscaled formula for particle mechanical 

equilibrium and develops the explicit formula for maximum retention function at the 

core scale. This allows expressing micro scale detachment model in the form of MRF 

from probabilistic distribution of micro scale parameters of particle and pore sizes, their 

aspect ratios, zeta potential for particles and rock, etc. The MRF was used to close the 

system of governing equations for colloidal transport. This paper develops an analytical 

model allowing for matching the laboratory data. The obtained results show high match 

between the results of micro and macro modelling and the laboratory data. This 

development achieves the particular aim i. 

The paper “Formation Damage by Fines Breakage and Migration (SPE-208810)” 

presents below in Chapter 4 presents a methodology for merging fluid mechanics of 

viscous flow in porous space around attached particles, geo-mechanics of fines 

deformation, and failure criteria defining breakage. The limitation of the approach is 

using 2D analytical beam theory of elastic body. Further in the work, the detachment 

equations have been improved based on 3D beam theory. However, the methodology 

developed contributes to aim ii. 

The paper “Geo-mechanical aspects for breakage detachment of rock fines by Darcy’s 

flow”, presents below in Chapter 5, develops the methodology of previous paper using 

3D analytical beam theory. This allows using the developed theory for spherical, 

spheroidal, and cylindrical particles, corresponding to conventional forms of clay and 

silica fines. This paper derives final explicit formula for stress maxima and breaching 

the failure criteria. This paper also contributes to achieving the aim ii. 



13 

 

The paper “Particle detachment in reservoir flows by breakage due to induced stresses 

and drag” presents in Chapter 6, applies the theoretical fundamental for detachment by 

breakage, derived in the previous paper to different cases of production and injection 

well exploitation in oil and gas production and in water resources management. It was 

found out that authigenic fines breakage can occurs in the majority of field cases this 

highlight the significance of the work in different area of energy production as well as 

in hydrology and aquifers exploitation.  

The paper “Rock fines mobilisation by breakage:  flow-induced stresses and 

electrostatic forces against drag” presents in Chapter 7, uses the exact analytical 

solution for stress maxima in order to close the governing system for simultaneous 

detachment and migration of detrital and authigenic fines. The developed theory allows 

to introduce MRF separately for detrital and authigenic fines, and derives analytical 

model for binary colloidal transport, where detrital particles filters with constant 

filtration coefficient, whilst the authigenic fines performs deep bed filtration by 

blocking Langmuir filtration function. The paper also presents the laboratory studies, 

undertaken to investigate separated detachment of both particle populations. The 

laboratory data fairly well reproduces the results of binary analytical model. High 

agreement between the laboratory data and upscaled model have been observed. The 

paper achieves aim ii. 

The paper “. Fines migration and production in CSG reservoirs: laboratory & modelling 

study (SPE-210764)” presents in Chapter 8, develops particular case for single 

population transport for mobilised detrital and authigenic fines. The analysis of the 

available laboratory data shows that the breakthrough concentration does not show 
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distinguished properties reviewed by two population models. Therefore, it is more 

appropriate to tune the breakthrough data using a single population model, and then 

divides common MRF to detrital and authigenic parts. So, the model assumes equality 

of filtration and drift delay coefficient for detrital and authigenic fines but incorporate 

different condition of their detachment. Finally, 16 laboratory tests have been treated 

and the results have been generalised in term of fraction of detachable clays, fraction 

of the clays produced during coreflood and the impedance growth during the coreflood. 

This paper, despite presenting the results of 8 corefloods only achieves iii.  

The paper “Fines migration during Coal Bed Methane production: mathematical and 

laboratory modelling, field cases (APPEA 2023)” presents just one coal coreflood and 

its matching by the analytical model, but concludes about all coreflood tests, stating 

close match by the mathematical model. It contributes to the conclusion of aim iii. 
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2 Critical Literature Review 

This critical analysis of the scientific and technical literature on colloidal-suspension-

nano transport in porous media and consequent formation damage comprises definition 

of detrital and authigenic fines (Section 2.1), state-of-the-art of the detachment theory 

for detrital fines (Section 2.2), state-of-the-art of the detachment theory for authigenic 

fines (Section 2.3), and conclusions from the literature review (Section 2.4). 

2.1. Introduction: Migration of Authigenic and detrital fines 

Fines migration is the wide-spread process in subterranean flow. The essence of those 

processes is detachment of natural reservoir fines, migration with carrier water and 

reattachment by the porous rocks. The attached particles as a part of the rock matrix 

from the point of view of detachment can be divided into two groups-authigenic and 

detrital fines. The authigenic particles are formed as a result of minerals or sedimentary 

rock deposit. They are found or observed in the same place where they have been 

generated. The deformation of authigenic particles is due to sedimentation of the 

product of chemical reaction or phase transition, causing mineral precipitation, 

crystallization or chemical reaction occurring directly on grain surfaces. Often the 

precipitation and crystallization occurred at the bottom of a sea or ocean and turned into 

reservoir rocks as a result of sedimentation (Marshak 2004). 
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                               a)                                                                b)  

    
                             c)                                                                    d)  

 

      
                             e)                                                                 f)  

Fig. 3: SEM photos of a) Detrital kaolinite (Zou et al. 2018), b) Authigenic kaolinite 

(Welton, 1984), c) Detrital illite (Kar,2019), d) Authigenic illite (Burley et al. 1985), e) 

Detrital chlorite detrital (Wilson et al. 1977), f) Authigenic chlorite (Zhou et al,. 2020). 

 

The detrital particles are weathered by water, eroded, and transported in subterranean 

water to the deposition on site. Those particles are derived from existing rock matter. 
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Those fines consist of the particle of lithic or monomineralic fragments. During genetic 

processes, the detrital rocks can be weathered several times intercalated by flow within 

underground streams and deposited in other sites. From the point of view of 

mobilisation by flow in natural reservoirs, authigenic fines are detached by breakage, 

whilst detachment of detrital fines occurs against electrostatic attraction. 

The main fines-producing clays are kaolinite, illite, and chlorite. Fig. 3a,c, and e show 

the detrital kaolinite, illite and chlorite. Fig. 3b,d,f show those three authigenic clays.  

In the next section, we present the critical literature analysis of colloidal detachment of 

detrital particles.  

2.2. Fines detachment against electrostatic-state of the art 

Schematic of detrital fines detachment. Reliable prediction of particle 

detachment/mobilisation is a key step in chemical and environmental engineering 

applications of colloidal-suspension-nano transport modelling in porous media. The 

essence of those processes is detachment of particles against electrostatic DLVO 

attraction, mobilization with further migration and recapture by the porous media. The 

capture of mobilized particles yields decrease in suspension concentration and in rock 

permeability. Main particle capture mechanisms are size exclusion, straining, bridging, 

electrostatic attraction, adsorption, and Brownian diffusion into stagnant-flow zones. 

Fig. 4 shows the detachment of attached fines by shear stress induced by the viscous 

flow, migration with the carrier fluid, and size exclusion in thin pores; particle 

movement in large pores continues. Suspension concentration variation due to particle 
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mobilisation and re-capture is important to maintain the regimes in chemical reactors 

and fulfil the environmental restrictions during propagation of viruses, bacteria, and 

other contaminants in aquifers, underground storage of CO2 and hydrogen, industrial 

filtering of liquid and gases, disposal of industrial wastes in aquifers, size exclusion 

chromatography, and propagation of oily particles during disposal of water produced 

from oil fields (Bradford et al., 2017; 2009; 2013; Chrysikopoulos et al., 2017; 

Chrysikopoulos and Syngouna, 2012; Civan, 2014; Molnar et al., 2015; Syngouna and 

Chrysikopoulos, 2011; You et al., 2019; Yuan and Moghanloo, 2017, 2018; Yuan and 

Shapiro, 2011a; Zeinijahromi et al., 2016). Permeability decline occurs due to straining, 

size exclusion, while electrostatic attachment, adsorption, sedimentation or diffusion 

into dead-end pores does not affect the permeability. The permeability damage is 

significant and affects the injectivity during storage of sweet or hot water, exploitation 

of geothermal reservoirs including enhanced processes with cold water injection, water 

flooding of oil fields, and annual ocean-aquifer water exchange.  

 
Fig. 4: Schematic for fines mobilisation, migration and straining in porous space. 
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Both particle capture and permeability decline are also significant for geological 

processes of fines mobilization during tectonic rock deformation and induced powerful 

water fluxes, which can significantly decrease permeabilities of faults and near fault 

zones (Farrell et al. 2021). These processes are important for seismic events in the 

geological bodies with applications to earthquake predictions. 

The schematic of those processes is presented in Fig. 4 Particles are detached by shear 

stress induced by the viscous flux, then migrate and strain in the thin pores while the 

migration in thick pores continues. Fig. 5 presents SEM images for open pore prior to 

fines migration, and post mortem image of the same pore. The pore which was open to 

flow initially (Fig.5a), becomes completely plugged by mobilized and strained fines 

during the flow (Fig.5b). 

   
a)                                                                   b) 

Fig. 5: Pore plugging by mobilised fine particles: a) open pore prior to flow; b) the pore 

blocked by released particle after the flow (Othman et al. 2018). 

 

Traditional governing equations for colloidal transport   The decision making on above 

mentioned technological processes strongly rely on laboratory-based mathematical 

modelling at the reservoir scale. The traditional mathematical model for colloidal 

transport with particle detachment and reattachment consists of mass balance equations 
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for attached, suspended, and strained particles, and detachment-reattachment rate 

equation. 
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Where ϕ is the porosity, c is the suspended concentration, σa, σs are attached and strained 

concentrations, respectively, U is the flow velocity, λ is the filtration function, kdet is 

the detachment coefficient, βa and βs are formation damage coefficients with respect to 

attached and strained particles, and σcr is the stabilized strained concentration. 

Formation damage coefficients along with powers m and n reflect permeability 

variation due to fines attachment and detachment. Equation (1) assumes that particles 

migrate with the carrier fluid velocity. Equations (2,3) assumes simultaneous 

reattachment (straining) of mobilized particles with the detachment of attached 

particles.  

This theory has several shortcomings. The filtration function λ(σ) fulfils an advanced 

theory for deep bed filtration, including explicit formulae reflecting particle grain 

electrostatic interaction, Brownian diffusion, gravitational sedimentation, particle and 

pore sizes, etc (Bedrikovetsky 2011, 2012). The detachment coefficient is purely 
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empirical parameter which is determined by matching the laboratory data on 

breakthrough concentrations during flows in porous columns or natural reservoir rocks. 

Equation (2) yields asymptotical stabilization of σs towards its stable value. The 

relaxation time in kinetics equation (3) is the ratio 1/kdet, which is a reference time of 

stabilization provided that the attachment filtration coefficient is negligible. However, 

several laboratory tests show sharp permeability change due to switching (instant 

increase) of flow velocity (Ochi and Vernoux 1998, Guo et al. 2019, Huang et al. 2017).  

Maximum retention function model for fines detachment   Another approach to 

detachment modelling comprises the maximum (critical) attached particle 

concentration as a function of velocity, salinity, pH, and temperature (Bedrikovetsky et 

al. 2011, 2012). This function is called MRF (Maximum Retention Function). It closes 

the system of mass-balance equations for attached, suspended, and re-captured fines. 

1D flow problem allows for exact analytical solution (Yang and Bedrikovetsky 2017). 

It allows determining MRF from breakthrough concentrations during coreflooding. The 

colloidal transport model using MRF has exhibited high match with lab data in 

experiments on low-salinity waterflooding (Borazjani et al. 2017), mobilisation of 

attached clays (Yang et al. 2022), dewatering of coal seam beds (Guo et al. 2016) and 

gas production from coals (Guo et al. 2018), colloidal tracers (Kianfar et al. 2022). 

Therefore, this model was used for simulation of nanoparticles‐fines reactive transport 

(Yuan and Moghanloo 2017), using NPs to control fines detachment (Yuan and 

Moghanloo 2018), water injection into deformable rocks (Zhai and Atefi-Monfared 

2020 and 2021), exploitation of coal methane reservoirs (Peng et al. 2020), water 

injection during waterflood (Yuan and Shapiro 2011), reservoir pressure depletion 
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(Tangparitkul et al. 2020 ), groundwater re-charge (Ye et al. 2019), filtration in ultra-

filtration membranes (Nnanna et al. 2015), hot-water flooding (Ravikumar et al. 2021), 

water injection with proppant packing (Huang et al. 2021), and water injection with 

high temperature variation (Cui et al. 2019).    

However, for an arbitrary porous media, MRF was calculated theoretically only for 

poly-layer particle attachment with constant radii of pores and particles alone 

(Bedrikovetsky et al. 2011, 2012); otherwise MRF is available only from coreflood 

data. Besides this very specific case, the predictive model for MRF is not available. The 

existence of MRF is a consequence of particle-scale mechanical equilibrium on the rock 

surface, but the theoretical link between the particle- and core scales hasn’t been 

established, i.e., an upscaling procedure hasn’t been developed. This explains the 

absence of predictive colloidal transport model with particle detachment in porous 

media.     

 
Fig. 6: Drag, lift, electrostatic, gravity and capillary forces exerting a particle from the 

viscous flux upon the attached fine 

 

The MRF approach to modelling detachment has been proposed to reflect micro-scale 

conditions of fines detachment, which are mechanical equilibrium condition for the 
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attached particles submitted to viscous creeping flow. Figure (6) exhibits the forces 

exerting the attached particles. Here, we consider one phase flow (gas, air) with some 

water residing near the particle-rock contact areas. The detaching forces are drag and 

lift. The attaching forces are electrostatic, gravity, and capillary force in the case of 

water wetting area. There are three independent criteria for mechanical equilibrium of 

an attached particle.  

Assume that the mobilized particle rotates around a centre, which is particle rock 

contact at the last moment before mobilization, the mechanical equilibrium is 

determined by torque balance.  

The detaching moment of drag Mb is expressed as 

( ) ( ) ( )6b d M s l n s s d s M s l nM F bf Fl ru f bf Fl   = + = + ,             (5) 

where μ is the fluid viscosity, rs is the particle radius, us is the flow velocity at the centre 

of the particle, αs is the aspect ratio for spheroidal particles, fd and fM are shape factors 

for spheroids. Here the aspect ratio is the ratio between small and large semi axis of 

spheroid, and rs is the sphere with the volume equal to the volume of the spheroid: 

2 3 2/34 4
, ,

3 3
s s s s
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a b r b r

a
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                      (6) 

Formulae for lift, capillary force, and gravity are available from (Bedrikovetsky et al. 

2011). 
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Mechanical equilibrium of a particle on the rock surface in the case of favourable 

attachment (one primary energy minimum) is determined by the following conditions:  

(i) equality of detaching and attaching torques  

( ) ( ) ( ) ( ) ( ) ( )6 s s d s M s l s n e m n c s n g s nru f bf F r l F h l F r l F r l   + = + + ,               (7) 

which can be expressed via normal force 

( ) ( ) ( ) ( )n e m c s g s l sF F h F r F r F r= + + −                                          (8) 

( ) ( )6 s s d s M s n nru f bf F l   = ,                                                     (9) 

(ii) equality of detaching and attaching force projections on horizontal  

( )6d f s c d s C nF r u f F  = = ,                                          (10) 

(iii)      equality of detaching and attaching force projections on vertical   

( ) ( ) ( ) ( ); 0l s e m g s c s nF u F h F r F r F= + + =                            (11) 

where b and ln are the lever arms for drag and normal forces, respectively, and νC is the 

Coulomb friction coefficient. Here in the case of attached fine particle, right sides of 

Eqs (9), (10), and (11), expressing the detachment by drag and lift, are lower than their 

left sides for h=hm, that corresponds to attaching electrostatic, capillary, and gravity 
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forces. Breach of either equilibrium conditions (9), (10), or (11) yields fines detachment 

by rolling, sliding, and lifting, respectively (Chequer and Bedrikovetsky 2019, Bradford 

et al. 2013). In the case of two energy minima, there are two separating distances h=hm 

that correspond to both energy minima, and Eqs. (9), (10), and (11) are applicable to 

the particles that are located in primary and secondary energy minima. At low 

velocities, Fl≪Fe, and the lifting criterium (11) can be dropped. For majority of clay 

fines in natural rocks, gravity is negligible. Capillary force is negligible in saturated or 

dry porous media.  

The criterium that a particle remains attached to the rock and does not roll is: 
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+ + ,                          (12) 

It is implicitly assumed that the particles detached by criteria (9), (10), and (11) 

continue rolling over the rock surface, sliding over the surface, and move off the surface 

into the liquid stream, respectively. Figs. 7a and 7b show how the particle rotates around 

the touching “supporting” point at the detachment moment. The rotation occurs around 

the edge of contact particle-substrate area in Fig. 7a, and around asperity in Fig. 7b. 

Fig. 7c shows particle sliding over the rough surface of the rock. 
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a)  b)  c) 

Fig. 7: Fines mobilisation by rolling and sliding: a) particle rolling around the edge of 

attracted particle-substrate contact area; b) particle rolling around asperity on the rock 

surface; c) particle sliding over rock surface. 

 

Assume constant properties of rock and particles in equations (9), (10). In this case 

none of particles is detached at velocities, which is minimum of two values given by 

equations (9), (10). All particles are detached at any velocity that exceeds their 

detachment velocity. However, experimental observations contradict this stepwise 

detachment with flow velocity increase-each velocity increase leads to detachment of 

additional particles. This gradual particle detachment can be explained by 

multidimensional manifold of particle-rock surface contacts over the pore space. This 

corresponds to variation of all coefficients in equations (9), (10) over the rock surface. 

Increase in Darcy velocity results in the same fold increase of interstitial velocity in 

each point of the pore space domain. Therefore, for each attached particle there does 

exist Darcy velocity which would lead to breaching of either of criteria (9), (10) and its 

mobilization. This explains gradual fines detachment. The existing of the detaching 

velocity for each detrital particle follows the existence of the particle concentration 

retained for each given velocity. This dependency is called Maximum Retention 

Function (MRF). Fig. 8 shows the Maximum Retention Function, i.e. the concentration 

of attached fines as a function of velocity.  
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Fig. 8: Introduction of maximum retention concentration of attached fines as a function 

of velocity- Maximum Retention Function of Darcy’s velocity 

 

If detachment occurs due to two different physics mechanisms, MRF for each of them 

must be determined. The examples include detachment under unfavourable conditions 

where DLVO potential has two maxima, breakage, mobilisation of segregated fines, 

etc. Fig. 9 shows the total MRF for the case of breakage. In low fluid velocity the 

particles which are attracted to a substrate by electrostatic forces are detached and in 

high fluid velocity the particles which are mechanically bonded to a substrate are 

detached. The total MRF is a combination of two MRFs. When the range of fluid 

velocities for detachment of two types of particles are completely separated, the two 

MRFs do not overlap (Fig. 9a). However, sometimes the range of detachment velocities 

may overlap and the resulting MRF is shown in Fig. 9b. 
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a)                                                                   b) 

Fig. 9: Total MRF for detachment of detrital and authigenic fines: a) in the case of 

Ue
max<Ub

min, MRF has plateau; b) MRF is monotonically decreasing function of 

velocity in the case where Ue
max>Ub

min 

The system of basic equations becomes: 
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To reflect permeability decline during straining Darcy’s law is added to the system of 

(13), (14), (15).  
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+
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Here, ϕ is the porosity, c, σs, and σa are volumetric concentrations of suspended, 

attached, and strained particles, α is a drift delay factor, U is flow velocity of the carrier 

fluid, λ is the filtration function, f(c) is the suspended function, k is the permeability, β 
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is formation damage coefficient with respect to attached and strained particles, μ is the 

viscosity and p is the pressure. Drift delay coefficient α reflects the delay of sliding or 

rolling particles movement with respect to carrier flow velocity. Suspension function 

f(c) reflects distribution of colloidal particles over size, zeta potential, etc.  

Substituting expression for MRF (15) into mass balance equation (13), we obtain.  

( )( ) ( ) 0s crc U c U
t
   


+ + + =


                                      (17) 

System of four equations (13), (14), (15), and (16) closes the system of governing 

equations with respect to unknowns c, σs, U, p.  

According to works (Bedrikovetsky et al. 2011, 2012), σcr(U) is an empirical function 

describing the system rock-particles-fluid, like relative permeabilities adsorption or 

capillary pressure, which are material functions depending on particular rocks and 

fluids. Despite existence of the function σcr(U) which is a consequence of mechanical 

equilibrium conditions, presented in equations (9),(10), (11), MRF does not reflect 

those physical effects. 

For 1D corefloods, the system(13-17) simplifies and the analytical solution for is 

presented by explicit formulae (Yang and Bedrikovetsky 2017, Yang et al. 2022). 

MRF model applications   Determination of MRF from laboratory corefloods is based 

on exact solutions for system (9), (10), (11). These solutions have been obtained in 
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(Bedrikovetsky et al.  2011, 2012) for constant filtration coefficient and by Yang and 

Bedrikovetsky 2017 for any filtration function, λ(σ). The model (Bedrikovetsky et al. 

2019) have been generalized for the multicomponent colloids with distributed particle 

sizes, forms, zeta potentials, etc., where the exact solution also have been derived. 

Chequer et al. 2021 discussed initially undersaturated or over saturated system of 

attached particles where the exact solutions for 1D problems has also been found. Yuan 

and Shapiro 2011 along with Zeinijahromi et al. 2016 consider two-phase flow where 

the particles are detached from rock surface by one of phases, and MRF is a function 

of phase velocities.  

Yuan and Moghanloo 2017, 2018 applied the model for fines mobilization by produced 

fluid to find the environment preventing fines mobilization. They also applied it for 

fines mobilization during low salinity water flooding. Exact solutions have been found 

in both cases. 

Furqan Hussain and his colleagues found the solution for flow in coals (Guo et al. 

2016), he also investigated fines migration during rock dissolution in the injected water, 

and also during CO2 injection with rock dissolution (Othman et al. 2019). Those works 

include treatment of the laboratory data by the analytical model.  

The above-mentioned works consider MRF as an empirical function which can be 

determined only from laboratory experiments. Some attempts have been made to 

calculate this function for simplified model system. Zeinijahromi and his colleagues in 

the paper Bedrikovetsky et al. 2012 assumed constant pore radius and multilayer 

particle attachment to rock surface. The remarkable result is the quadratic form of MRF 
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versus velocity. This dependency Zeinijahromi used to match field data from oil and 

gas wells (Zeinijahromi et al. 2012).  

However, the mathematical model reflecting variation of mechanical equilibrium 

coefficients has not been developed. The link between MRF and particle scale model 

is not available. The upscaling from particle level to the core level has not been 

performed.  

This gap has been filled in the current thesis. Publication one (“Colloidal detachment 

in porous media: stochastic model and upscaling”) develops stochastic model for 

colloidal detachment accounting for probabilistic distribution of mechanical 

equilibrium coefficients, which equations (9,10) contain. It allows determining 

Probability Distribution Function (PDF) for detaching velocity yielding direct formula 

for MRF. This formula reflects both detachment criteria (9), (10). The analytical 

expression for MRF based on particle scale mechanical equilibrium equations provides 

the upscaling and closes the system of transport equations for colloidal flow in porous 

media. Treatment of four laboratory tests have been provided by two models. 

Downscaling allows calculating lever arm ratio and its standard deviation. 

2.3. Fines detachment by breakage 

The previous section exhibits physical schematics and mathematical modeling of the 

detachment of detrital particles, which have been attached to the rock surface during 

sedimentation, transport of broken authigenic particles by the subterranean water, etc. 
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Despite widely spread authigenic particles in natural reservoir rocks and the intensive 

studies in geology, geophysics, and formation damage in petroleum engineering the 

similar theory for detachment of authigenic particles is currently unavailable. Below 

we present some visualisation evidences of authigenic particle breakage.  

2.3.1. SEM-images proofs for authigenic fines detachment by breakage 

Fig. 10 presents SEM images of the injection face of the Indiana limestone core Circle 

1 delineates the disappearance of calcite grains, circle 2 delineates the disappearance of 

several small (<20 μm) calcite grains, circle 3 delineates breakage of a grain's 

structure, and circle 4 delineates pore blockage likely caused by the migration of the 

broken grain's structure from circle 3 (Wang et al., 2022).   

   
                            (a)                                                                     (b) 

Fig. 10: SEM images of the injection face of the Indiana limestone core sample: (a) pre-

injection, (b) post-injection. 

 

The geometry of authigenic illite particles are thin long cylinders, so they are highly 

susceptible to breakage. Indeed, Fig. 11 shows SEM images of hairy illite broken after 

treatment with fracturing fluid (Liu et al., 2018). 
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Fig. 11: SEM image of hairy illite broken by strong shear stress after treatment with 

high-viscosity fracturing fluid (Liu et al., 2018). 

 

SEM images of non-damaged and broken kaolinite are shown in Fig. 12.  

  
                                    a)                                                                         b) 

Fig. 12: SEM images of a) non-damaged kaolinite structure of Berea core, b) broken 

kaolinite sheets of damaged Berea core that undergone critical velocity test (Shafian et 

al., 2021) 

 

CO2 injection into water-saturated core sample results in mineral dissolution. If a 

kaolinite particle is attached to a surface by carbonate cement, the injected gas may 

react with the carbonate and reduce the cement bond (Othman et al., 2019). When the 

cement bond reaches a small enough value, the fluid drag force can break the remaining 

bond. Fig. 13 shows the kaolinite particle produced during core flooding. This particle 

is a kaolinite fine with attached carbonate cement. This can be explained by breakage 

down the cement bond between kaolinite particle and sand grain.   
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Fig. 13: SEM images a quartz fine (right) and kaolinite fine with carbonate cement (left) 

produced from Berea core sample during 60 g/L NaCl water-saturated super critical 

CO2 injection (Othman et al., 2019).  

 

2.3. 2. Cleat-scale numerical modelling of fines detachment by breakage 

The necessity for mathematical modelling of breakage of authigenic particles has been 

highly recognized. Despite the absence of microscale rock failure model, which can be 

upscaled up to the core scale, some numerical modelling of microscale rock 

deformation with application of failure criteria has been performed. Fig. 14 presents 

three runs of microscale rock deformation model. Figs. 14a1,a2 ,a3 show SEM photos 

near to fracture; Figs. 14b1,b2,b3 shows digitalized images of rock, fracture, and 

tortuous non uniform fracture rock boundary. Figs. 14c1,c2 ,c3 show the results of 

numerical modelling highlighting the domains where stresses exceed strength. Figs. 

14d1,d2 ,d3 zoom those failure zones. Fig. 14d1 clearly indicate breakage of particle-

rock bond. The same is shown in Fig. 14d2. Fig. 14d3 shows the development of the 

failure zone at the advancing point of the bond contact. 
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              a1)   b1)   c1)                                     d1) 

  
              a2)   b2)   c2)                                     d2) 

  
                a3)   b3)   c3)                                     d3) 

Fig. 14: SEM photos potential fine generation at different coal cleats (a1,a2,a3), cleat 

and asperity geometries used in numerical simulations (b1,b2,b3) and failure zones (in 

red) for each case as a result of numerical simulation (c1,c2,c3), and zoom for failure 

zones (d1,d2,d3) (Bai et al. 2015). 

Similar images of stress distribution around the coal cleat, but at higher scale than in 

the previous work was shown by Bai et al. 2015. The figure also shows the digitalized 

image, the fields of stresses generated numerically, and two zooms in failure points.  

 

2.3.3. Using Timoshenko and Goodier’s beam theory for analytical modelling of 

particle deformation 

The attached particle deformation theory suitable to detachment of authigenic fines, is 

3D Timoshenko and Goodier’s elastic beam theory (Timoshenko and Goodier 1951).  

Under the model assumptions formulated in section 2.1, Timoshenko and Goodier’s 3D 

solution for elastic deformation of a cylindrical beam (Fig. 15) shows that the normal 

stress σz reaches a maximum at the beam bottom, z=0, and the two shear stresses τxz and 
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τyz are independent of z. The normal and shear stresses at the beam base with applied 

external load Fd are:  

, 0d M
z x y xy

F bf x

I
   = = = =

                            (18) 

( )

( )

( )

( )
2 2 2

3 2 1 2

8 1 3 2

d
xz b

F
r x y

I

 


 

 + −
= − −  + +                             (19)

( )

( )

1 2

4 1

d
yz

F xy

I






+
= −

+
                              (20) 

where, σz is the normal bending stress at contact area, τxz is the shear stress acting on 

the z plane and towards the x direction, τyz is the shear stress acting on the z plane and 

towards the y direction, υ the is Poisson’s ratio, and I is the moment of inertia, which 

for circular cross-section is equal to πrb
4/4.  

 

a) 

 

b) 

 

c) 

 

  

Fig. 15: Schematic of equivalent beam for attached spheroidal particle: a) loading force 

and moment exerting from viscous flow; b) shear in plane parallel/perpendicular by 

Timoshenko and Goodier’s solution; c) shear in plane parallel/perpendicular by 

Timoshenko and Goodier’s solution 
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As expressed by Eq. 18, the normal bending stress expands the matter at x<0 reaching 

a minimum in the advance point x=-rb, y=0 (Fig. 15a) and contracts at x>0 reaching a 

maximum at the receding point x=rb, y=0. Fig. 15b illustrates Eq. (19) and corresponds 

to shear stress that opposes the external load Fd and is equal zero only in advance and 

receded points. Eq. (20) is illustrated by Fig. 15c, showing the transversal shear stress. 

The stress tensor, as per solution (18-20) is: 

0 0

0 0
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yz

xz yz z





  

 
 
 
 
                 (21) 

The principal stresses are eigen values of the stress tensor (21): 
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where, σ1, σ2, σ3 are the principal stresses in decreasing order of magnitude, and 

 1 2 30   = 
.                           (23) 

Maximum tensile and shear stresses in Eqs. (22, 23) correspond to points (σ3,0) and  

 (σ1- σ3)/2 in plane (σ,τ). Consequently, the maximum tensile and shear stresses are 

1 3
3max , max

2
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= =
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(24) 

respectively. 
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It is assumed that deformation of the outer particle body does not contribute to the stem 

(beam) deformation (Fig. 16). The drag Fd and bending moment Mb are applied in the 

centre of mass of the particle; they are calculated by CFD. Stress distribution in the 

beam is determined from the beam theory (by Timoshenko and Goodier 1951) for 

known Fd and Mb 

 
Fig. 16: Schematic for assumptions of fines deformation allowing applying 3D elastic 

beam theory: negligible stresses outside the stem (beam), and its small deformation. 

 

The resulting Mohr’s circles from three principal stresses presented in Eq. (22) is shown 

in Fig17. The biggest circles is the important one because the highest values of stress 

occur on this circle. The outer left value on this circle is maximum tensile stress, σ3 and 

the point on the circle with the highest ordinate corresponds to maximum shear stress, 

(σ1- σ3)/2. 

 
Fig. 17: Using Mohr’s circles to determine maximum tensile and shear stresses and 

apply strength failure criteria. 

 

In this study, a circular rock-particle contact is assumed. In future works, square or 

rectangular shape of rock-particle contact can be assumed. Then, it is possible to 

analyze the difference.  
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2.4. Summary and conclusions from the literature review 

Detachment of natural reservoir fines from rock surface by viscous flow in those rocks 

has high impact on well productivity in oil and gas industry, water resources 

management, and the in-situ storages of CO2 and hydrogen. Fines detachment and 

migration causes significant permeability decline and well impairment. This 

corresponds to vertical openhole, perforated, fractured, horizontal wells, and for 

combined cases of those completions. The detachable particles encompass detrital 

fines, attached to rock surface by electrostatic forces, and authigenic fines grown up on 

grain surfaces during geological times.  

The decision making on well management significantly rely on laboratory-based 

predictive mathematical modelling. Those mathematical models must be available at 

the reservoir scale and account for fines detachment, mobilization, transport/migration, 

and straining/size exclusion in porous media. On the particle scale, detachment is 

defined by mechanical equilibrium, expressed by torque and force balance.  

Both microscale mechanical equilibrium detachment model and macroscale colloidal 

transport with fines detachment are available for detrital particles. However, traditional 

kinetics detachment model contains empirical detachment coefficient which cannot be 

predicted from microscale. The current detachment model of maximum retention 

concentration also contains MRF which is not derived from microscale and is 

determined empirically from the laboratory tests. This allows concluding the necessity 

for upscaling theory for detrital particle detachment. This is one of aims of this thesis.  
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Regarding detachment of authigenic particles, neither particle scale nor core scale 

mathematical models for detachment by breakage are available. Therefore, particle 

scale model for bond breakage for particle rock link, its upscaling to core scale, and 

formulation of the transport model for authigenic particles must be developed. 

Therefore, development of the particle-scale mathematical model for breakage of 

authigenic particles and upscaling of the micromodels for authigenic and detrital 

particles is a significant scientific problem of fluid mechanics in porous media with 

important practical applications in well management in oil/gas industry, CO2 and 

hydrogen storage, and water resources. This is another of aims of this thesis. 
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Colloidal detachment in porous media: Stochastic model and upscaling 
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A B S T R A C T   

We discuss colloidal-suspension-nano transport in porous media with particle detachment and further capture by 
the matrix. Previous works formulate particle-scale detachment conditions and porous-media-scale transport 
equations with empirical coefficients, which are determined from flow tests and cannot be predicted from the 
particle scale. The present work derives the upscaling technique by stochastic distribution of torque and force 
balances on the attached particle, yielding a macro-scale equation for detachment. The upscaled detachment 
equation has the form of the maximum retained concentration of attached particles as a function of velocity, pH, 
salinity, and temperature of the carrier fluid. The upscaling procedure allows for direct calculations of the 
maximum retention function (MRF) from micro-scale parameters. The sensitivity analysis shows that MRF is 
most sensitive to the particle aspect ratio and pore size, while it is less sensitive to the standard deviations of the 
lever-arm ratio and particle size distributions. The exact solution for 1D flow problem is used to determine the 
MRF from laboratory tests and matches it with the stochastic microscale model for detachment. The high match 
obtained for four colloidal coreflood experiments validates the stochastic model and upscaling procedure.   

1. Introduction 

Reliable prediction of particle attachment and mobilisation is a key 
step in chemical and environmental engineering applications of 
colloidal-suspension-nano transport modelling (deep bed filtration) in 
porous media [1–3]. The essence of those processes is detachment of 
particles against electrostatic DLVO attraction, mobilization with 
further migration, and recapture by the porous media. The capture of 
mobilized particles yields decrease in the suspension concentration and 
permeability. The main particle capture mechanisms are size exclusion, 
straining, bridging, electrostatic attraction, adsorption, and Brownian 
diffusion into stagnant-flow zones. Fig. 1 shows the detachment of 
attached fines by shear stress induced by the viscous flow, migration 
with the carrier fluid, and size exclusion in thin pores, while the particle 
movement in large pores continues. 

Changes in the suspension concentration due to particle mobilisation 
and capture are important in industrial filtering of liquids and gases 
including microfiltration, size exclusion chromatography, underground 
storage of CO2 and hydrogen, disposal of industrial wastes in aquifers 
[4–6]. Significant permeability decline occurs due to straining or size 
exclusion, while electrostatic attachment, adsorption, sedimentation, or 
diffusion into dead-end pores do not affect the permeability. The 

permeability damage can significantly affect the well rates during sub-
terranean storage of CO2, hydrogen, sweet or hot water, exploitation of 
geothermal reservoirs including enhanced processes with cold water 
injection, and coal bed methane production [7–9]. The SEM images of 
pre-flush open pores and the same pore plugged by the detached and 
strained particles are widely presented in the literature [9]. 

In the case of particle adsorption, near to the thermodynamic equi-
librium, the desorption rate is proportional to the difference of chemical 
potentials [10]. This approach is applied for nano-colloids [11]. For 
detachment of particles by drag caused by viscous flow, this approach 
cannot be applied because flow velocity cannot be incorporated in Gibbs 
potential; velocity is not a thermodynamic parameter. The same corre-
sponds to precipitation chemical reactions. 

The study of particle transport in porous media is also important 
when considering the impact of nanoparticles on environmental systems 
[12]. Widespread application of nanoparticles has led to their inevitable 
introduction into natural systems [13]. Effective mitigation strategies 
rely on accurate modelling of particle transport and retention. In addi-
tion to their own impact, studies have shown that nanoparticle can in-
fluence the transport of toxic pollutants [13,14]. The transport of 
nanoparticles has been shown to be highly influenced by the presence of 
suspended colloidal particles [15,16], resulting in complex de-
pendencies that need to be resolved to evaluate environmental impact. 
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Nomenclature 

a Semi-major axis of spheroid, L 
Ah Hamaker constant, ML2T− 2 

b Semi-minor axis of spheroid, L 
c Suspended particle concentration 
cacc Accumulated suspended particle concentration 
Cm Molar concentration, L− 3 

Cv Coefficient of variation 
e Charge of an electron, TI 
f(c) Suspension function 
fad Adhesion factor 
Fc Capillary force, MLT− 2 

fcr Detachment velocity PDF 
Fd Drag force, MLT− 2 

fd Drag force shape factor 
Fe Electrostatic force, MLT− 2 

Fg Buoyancy force, MLT− 2 

Fl Lifting force, MLT− 2 

fM Drag moment shape factor 
Fn Normal force, MLT− 2 

g Acceleration due to gravity, MT− 2 

gc Conductivity, L4 

h Particle-substrate separation distance, L 
H Distance between particle centre and substrate, L 
hc Planck constant, ML2T− 1 

hm Electrostatic force inflection separation distance, L 
J Impedance 
k Permeability, L2 

kB Boltzman constant, ML− 2T− 2Θ− 1 

l Lever arm ratio 
L System length, L 
l Pore length 
ln Normal lever arm, L 
M Moment, ML2T− 2 

m Attachment formation damage exponent 
n Straining formation damage exponent 
N Number density of R-chains withing cross-section to flow, 

L− 2 

p Pressure, ML− 1T− 2 

Px xth percentile 
r Pore radius, L 
R Average distance between R-chains, L 
R2 Coefficient of determination 
rc Critical radius (percolation threshold), L 
re Radial distance of each element in the SEI method, L 
reh Effective pore radius of homogeneous network, L 
rmin Minimum radius of conducting bonds, L 
rs Particle radius (volume equivalent), L 
rse Equivalent spheroid radius (curvature), L 
T Temperature, Θ 
t Time, T 
Ū Mean of detachment velocity distribution, LT− 1 

U Darcy velocity, LT− 1 

u Average flow velocity within a pore, LT− 1 

Ucr Critical velocity, LT− 1 

us Fluid velocity at particle centre, LT− 1 

V Interaction energy potential between particle and 
substrate, ML2T− 2 

VBR Born interaction energy, ML2T− 2 

ve Absorption frequency, T− 1 

VEDL Electrostatic double layer interaction energy, ML2T− 2 

VVDW Van der Waals interaction energy, ML2T− 2 

x Spatial coordinate, L 
xn Rolling-sliding coefficient 
z Average coordination number 
zV Ion valency 

Greek symbols 
α Drift delay coefficient 
αs Aspect ratio 
βa Attached particle formation damage factor 
βs Strained particle formation damage factor 
γ Fluid salinity, molL− 3 

Γ Sensitivity coefficient 
γg Reduced zeta potential of grains 
γGL Interfacial tension between gas and liquid, MT− 2 

γp Reduced zeta potential of particles 
Δσk Detached concentration during injection stage k 
ε Static dielectric constant 
εo Permittivity of free space, I2L− 3M− 1T4 

εr Relative permittivity of water 
ζg Zeta potential of grain, ML2T− 3I− 1 

ζp Zeta potential of particle, ML2T− 3I− 1 

η Refractive index 
η(r) Fraction of conducting pores 
ηc Percolation threshold 
κ Inverse Debye length, L− 1 

λ(σs) Filtration function, L− 1 

μ Fluid viscosity, ML− 1T− 1 

ν Correlation radius index 
νC Coulomb friction coefficient 
ξ Detachment probability 
ρ Density, ML− 2 

σ0 Detachable particle concentration 
σa Attached concentration 
σc Atomic collision coefficient, L 
σcr Critical (maximum) retention function 
σs Strained particle concentration 
σU Standard deviation of detachment velocity distribution, 

LT− 1 

τ Tortuosity 
ϕ Porosity 
Ω Microscale parameter domain 
θ Contact angle of particle 
φ Water filling angle 
χ Lift coefficient 

Subscripts 
0 Initial 
st Stabilised 
k During stage k 
mod Calculated from model 

Abbreviations 
LHS Left-hand side 
RHS Right-hand side 
MRF Maximum retention function 
PDF Probability density function  
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The mathematical model for the co-transport consists of population 
balance equations with Langmuir (blockage) filtration functions [17]. 
The corresponding analytical model tunes just two filtration coefficients 
for straining, but highly matches eight-parametric experimental data 
array, validating the model. The detailed review of recent achievements 
of nano-transport in porous media is available from recent book [18]. 

The state-of-the-art mathematical models for colloidal transport in 
porous media account for commingled reversible and irreversible 
attachment [19], and spatially variable colloid attachment onto the 
solid matrix [20]. Predictive mathematical models for nano-particle 

transport in porous media have been developed for viral aggregation 
[21], presence of foam [22], and aggregation of nano-particles [23]. 

At the particle-grain scale, the attachment-detachment process is 
based on mechanical equilibrium of attached particles, which involves 
drag, lift, and electrostatic forces (Fig. 2a). Fig. 3 presents a spheroidal 
particle separated from the plain substrate by distance h. For irregular 
shape particles, drag and lift are numerically modelled by CFD, while 
electrostatic particle–substrate attraction is calculated by Surface 
Element Integration Method (SEI) [24,25]. Introduction of shape factors 
for drag and lift and obtaining correlations with the aspect ratio from 
CFD allows for a significant acceleration of attachment-detachment 
calculations [26]. 

Fig. 2b presents macroscale reference volume with multiple pores. 
Some particles are attached to the rock surface. Suspended particles are 
transported by the carrier water. Strained particles plug the pore inlets. 

System of governing equations for colloidal-suspension-nano trans-
port in porous media consists of mass balance equation for attached, 
suspended, and strained particles, an equation for the attachment rate, 
Darcy’s law that accounts for permeability variation due to attachment 
and detachment of particles, and mass balance for incompressible car-
rier fluid [27,28] 

∂
∂t
(ϕc + σs + σa)+ ∇

→
(

cαU→
)
= 0 (1)  

∂σs

∂t
= λ(σs)f (c)α

⃒
⃒
⃒U
→
⃒
⃒
⃒ (2)  

U→= −
k

μ(c)(1 + βsσs)
n
(1 + βaσa)

m∇p
̅→ (3)  

∇
→
(

U→
)
= 0 (4) 

Here, ϕ is the porosity, c, σs, and σa are the volumetric concentrations 
of suspended, strained and attached particles, α is the drift delay factor, 
U is the flow velocity of the carrier fluid, λ is the filtration function, f(c) 
is the suspension function, βs and βa are the formation damage co-
efficients for strained and attached fines respectively, n and m are the 
straining and attachment formation damage exponents, μ is the viscosity 
and p is the pore pressure. The drift delay coefficient α reflects the lower 
particle velocity with respect to the carrier fluid as a result of sliding and 
rolling along the pore surfaces. The suspension function f(c) reflects the 
distribution of colloidal particles over size, zeta potential, etc [29]. The 
formation damage coefficient βs and the exponent n reflect the perme-
ability decline resulting from fines capture. The formation damage co-
efficient βa and the exponent m reflect the permeability rise resulting 
from fines detachment. Initial permeability k0 corresponds to the pre- 
flush state where all detachable fines are still attached 

k0 = k
(
1 + βσ0)− m (5) 

There are seven unknowns in system 1–4: three concentrations of 
suspended, strained and attached particles c, σs, and σa, three compo-
nents of flow velocity U, and pressure p. However, this system comprises 
six equations only: three scalar Eqs. (1), (2), and (4), and one 3D vector 
Equation (3). To close the system, one more equation must be 
formulated. 

The traditional closure for system 1–4 is the equation for detachment 
rate that assumes simultaneous particle detachment and capture; the 
source term (detachment rate) contains the detachment coefficient 
[24,25,30]. This model has proved to provide high match with 
numerous sets of laboratory data [31,32]. Yet, the model predicts 
asymptotic stabilisation of the retained concentration, which is not 
consistent with the abrupt change in permeability observed during 
laboratory tests where the flow rate is increased instantly [28]. Besides, 
the detachment coefficient is a purely empirical parameter which is 
determined by matching the laboratory data and cannot be estimated 

Fig. 1. Schematic for fines mobilisation, migration and straining in porous 
space. Here σa, c, and σs are the concentrations of attached, suspended, and 
strained particles, respectively; U is the velocity. 

Fig. 2. Schematic for upscaling of particle detachment in colloidal transport in 
porous media: a) microscale model is torque balance of forces exerting the 
attached particles; b) macro (core, reservoir) scale model: maximum attached 
concentration of particle versus velocity σcr(U). 

Fig. 3. Particle-substrate configuration between an oblate spheroid and an 
infinite flat plate for calculation of the electrostatic particle–substrate interac-
tion by Surface Element Integration (SEI) method. 
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theoretically. As a result, this model does not account for the physics of 
fines detachment. 

Another approach to close the governing system 1–4 is the maximum 
(critical) attached particle concentration as a function of velocity U, 
salinity γ, pH, and temperature T: 

σa = σcr(U, γ, pH, T) (6)  

where σa is the volumetric concentration of attached particles. Eq. (6) 
assumes gradual detachment during flow velocity increase, i.e., that any 
increase of velocity and, consequently, the drag, mobilises some 
attached particles. The expression for σcr is called the MRF (maximum 
retention function). 

Substituting expression for MRF (6) into mass balance Eq. (1), we 
obtain 

∂
∂t

(
ϕc + σs + σcr

(⃒
⃒
⃒U
→
⃒
⃒
⃒

) )
+∇
→
(

cαU→
)
= 0 (7) 

So, Eq. (6) for the MRF closes the system of six scalar equations ((2)– 
(4), (7)) with respect to six scalar unknowns c, σs, Ux, Uy, Uz, p. 

The 1D flow problem allows for an exact analytical solution [33]. 
The solution allows determining the MRF from breakthrough concen-
trations (BTCs) during coreflooding. The colloidal transport model using 
MRF has exhibited high match with lab data in experiments on low- 
salinity waterflooding [34–36], mobilisation of attached clays [9], 
dewatering of coal seam beds [7] and gas production from coals [8], 
nanoparticles-fines reactive transport [37,38], and water injection with 
proppant packing [39]. 

As of yet, there is no predictive model for colloidal detachment and 
MRF calculation based on micro-scale parameters, meaning that it must 
be determined from laboratory tests alone. Two such formulations have 
been presented, however they assume either poly-layer particles 
attachment with particles and pores of constant radii [27], or spherical 
particles with varying size attached to the substrate [40], making their 
applicability very limited. Besides these very specific cases, the predic-
tive model for MRF is not available. The upscaling for detachment 
[41–43] hasn’t been rigorously performed. The existence of MRF is a 
consequence of particle-scale mechanical equilibrium on the porous- 
medium surface, but the theoretical link between the particle- and 
core scales hasn’t been established, i.e., an upscaling procedure hasn’t 
been developed. This explains the absence of predictive colloidal 
transport model with particle detachment in porous media. 

The directions in the arrows in Fig. 2 show the desirable upscaling 
and downscaling, which are missed in the current theory of colloidal- 
suspension transport in porous media. 

The present paper fills the gap. The micro-scale detachment model 
becomes stochastic after introduction of probability distribution func-
tions for all parameters / physical constants of the mechanical- 
equilibrium equations for the attached particles. For the first time, we 
upscale the particle-scale equations for mechanical equilibrium yielding 
the stochastic model for colloidal detachment. The upscaling of the 
mechanical equilibrium with probabilistically distributed coefficients 
allows deriving the upscaled particle-detachment equation in the form 
of the maximum retention concentration as a function of velocity, 
salinity, pH, and temperature (MRF). This permits direct calculation of 
the MRF from micro-scale mechanical-equilibrium parameters. We 
developed a mathematical procedure expressing detachment by rolling, 
sliding, and lifting by a single criterion. The method for predicting MRF 
from micro-scale parameters closes the governing system of colloidal 
transport in porous media. The MRF is determined from breakthrough 
curves during coreflooding. This leads to downscaling, i.e., determining 
microscale parameters from the MRF. High match between the lab and 
modelling data, as well as realistic values of the tuned micro-scale pa-
rameters validate the stochastic model and upscaling procedure. 

The structure of the paper is as follows. Section 2 presents mechan-
ical equilibrium of the attached fines and the detachment conditions. 

Section 3 establishes the upscaling procedure and derives the stochastic 
model for particle detachment in the MRF equation. Section 4 in-
corporates the MRF into system of governing equations and presents 
analytical model for 1D colloidal transport that describes porous-media 
flow tests. Section 5 treats the laboratory coreflooding data. Section 6 
discusses the limitations of the stochastic model and its promising ex-
tensions. Section 7 concludes the paper. 

2. Micro-scale mechanical equilibrium of attached particles 

To derive the stochastic model for colloidal particle detachment, we 
present the expressions for forces and torques exerting an attached 
particle (section 2.1), mechanical equilibrium conditions for an attached 
particle (section 2.2), and derive equation for flow velocity yielding 
particle detachment (section 2.3). 

2.1. Forces exerting attached particles submitted to the viscous flow 

Let us consider the forces acting on an attached particle, which is 
located on the plane surface (Fig. 2,3): drag force Fd acting on the par-
ticle from by-passing viscous water; electrostatic force Fe, lifting force Fl, 
capillary force Fc, and buoyancy Fg. The assumption that particles are 
significantly smaller than pores allows using the formulae for the 
interaction between particles and a plane surface; Fig. 3 shows the 
separation distance h between the particle and the plain substrate used 
in DLVO theory. Here we concentrate on spheroidal particles; a and b are 
the maximum and minimum semi-axes of the spheroid, respectively. 

The electrostatic force is a potential force, where the total energy 
potential V depends on the particle–surface separation distance h: 

Fe(h) = −
∂V(h)

∂h
, V = VBR +VEDL +VVDW (8) 

Here the total energy is a sum of Born, electric double layer, and Van 
der Waals energy potentials. Formulae for the three components of the 
electrostatic energy along with the electrostatic force exerting on a 
spherical particle are given in Appendix A. 

An energy profile V(h) which has only a primary minimum has an 
inflection point h = hm, where the electrostatic force reaches its 
maximum: 

∂Fe(hm)

∂h
= −

∂2V(hm)

∂h2 = 0,
∂2Fe(hm)

∂h2 = −
∂3V(hm)

∂h3 < 0 (9) 

The maximum electrostatic force Fe(hm) is considered in torque and 
force balances for conditions of particle detachment. Following the 
works [44,45], maximum electrostatic force for spheroid is calculated 
using the SEI method, briefly described in Appendix A. 

The detaching moment of drag Mb is expressed as 

Mb = FdbfM(αs)+Flln = 6πμrsusfd(αs)bfM(αs)+Flln (10)  

where μ is the fluid viscosity, rs is the particle radius, us is the flow ve-
locity at the centre of the particle, αs is the aspect ratio for spheroidal 
particles, and fd and fM are shape factors for spheroids. Here the aspect 
ratio is the ratio between the small and large semi axes of the spheroid, 
and rs is the radius of the sphere with the volume equal to the volume of 
the spheroid [46]: 

αs =
b
a
,

4
3

πa2b =
4
3

πr3
s , b = rsα2/3

s (11) 

Formulae for lift, capillary force, and gravity are presented in Eqs. A 
(5)–A(7). 

2.2. The criteria for particle detachment 

Following previous works [18,47,48], this section briefly presents 
the detachment theory for attached fine particles. Mechanical 
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equilibrium of a particle on the porous-media surface in the case of 
favourable attachment (one primary energy minimum) is determined by 
the following conditions. 

Consider the attached particle rotation at the moment of its 
detachment and the rotational momentum Mb exerting on the particle 
from the surrounding creeping flow. Introduction of shape-factor fd into 
Stokes formula for drag allows accounting for aspect ratio of the sphe-
roidal particle attached to plain surface. The typical value for torque Mb 
is the product of drag and lever arm b; introduction of shape-factor fM 
makes the torque expression exact. Both factors are calculated by CFD. 
So, the momentum-based mechanical equilibrium criterium is:  

(i) equality of detaching and attaching torques [49] 

Mb = 6πμrsusfd(αs)bfM(αs)+Fl(rs)ln = Fe(hm)ln +Fc(rs)ln +Fg(rs)ln (12)  

which can be expressed via the normal force Fn 

6πμrsusfd(αs)bfM(αs) = Fnln, (13)  

Fn = Fe(hm)+Fc(rs)+Fg(rs) − Fl(rs) (14) 

Consider dry (Coulomb) friction between the particle and substrate 
at the moment of detachment with further particle sliding along the 
surface. The friction is proportional to normal force Fn with propor-
tionality Coulomb-friction coefficient. The corresponding mechanical 
equilibrium condition is:  

(ii) equality of detaching and attaching force projections on the 
horizontal 

Fd = 6πμf rsusfd(αs) = νCFn (15) 

Another mechanical equilibrium condition encompasses lift, elec-
trostatic, capillary and gravity forces and comprises the.  

(iii) equality of detaching and attaching force projections on the 
vertical 

Fl(us) = Fe(hm)+Fg(rs)+Fc(rs); Fn = 0 (16)  

where b and ln are the lever arms for drag and normal forces, respec-
tively, and νC is the Coulomb friction coefficient. Here in the case of an 
attached fine particle, the right sides of Eqs. (13), (15), and (16) are 
lower than their left hand sides (LHS). Breach of any of the equilibrium 
conditions (13), (15), or (16) yields fines detachment by rolling, sliding, 
and lifting, respectively. For all cases presented in this paper, there is 
only one energy minimum, which we confirmed by the calculations of 
DLVO energy profiles. In the case of two energy minima, there are two 
separating distances h = hm that correspond to both energy minima, and 
Eqs. (13), (15), and (16) are applicable to the particles that are located in 
primary and secondary energy minima. At low velocities, Fl ≪ Fe, and 
the lifting criterium (16) can be dropped. For the majority of clay fines in 
natural or engineered porous media, gravity is negligible. Capillary force 

is absent in fully saturated or dry porous media. 
A particle remains attached to the matrix surface and does not roll if 

the detaching torque (LHS of Eq. (12)) does not exceed the attaching 
torque (right hand side (RHS)). The criterium that a particle remains 
attached is obtained by dividing the LHS of Eq. (12) by the RHS: 

ξ =
6πμf rsusfd(αs)lfM(αs) + Fl(rs)

Fe(hm) + Fc(rs) + Fg(rs)
< 1, l =

b
ln

(17) 

It is implicitly assumed that the particles detached by criteria (13), 
(15), and (16) continue rolling over the porous media surface, sliding 
over the surface, and move off the surface into the liquid stream, 
respectively. Fig. 4a and b show how the particle rotates around the 
touching “supporting” point at the detachment moment. The rotation 
occurs around the edge of contact particle–substrate area in Fig. 4a, and 
around asperity in Fig. 4b. Fig. 4c shows particle sliding over the rough 
surface of the porous medium. 

2.3. Detachment velocity for rolling particles 

Either of torque balance (13) or horizontal and vertical force balance 
(15) provides the mechanical equilibrium of a fine particle on plane 
substrate. First, let us consider only rolling detachment condition (13). 
Assuming uniform particles and pores, Eq. (13) predicts a single critical 
velocity, below which all particles are attached, and above which all 
particles detach. However, all laboratory tests exhibit gradual fines 
detachment during velocity increase [7,8,50,51]. 

Gradual fines detachment is explained by the non-uniform particle 
and pore sizes and geometries in natural and engineered porous media. 
Thus, all coefficients in Eq. (13) vary over the matrix surface – particles 
of different sizes and shapes are attached to a rough surface. To reflect 
this non-uniformity, below we stochastically distribute all relevant pa-
rameters in Eq. (13). Then we calculate the probability of particles being 
in mechanical equilibrium. 

Assume that the porous medium is a bundle of parallel capillaries. 
Poiseuille’s flow equation and Darcy’s law are: 

u = −
r2

8μ∇p, U = −
k
μ∇p (18)  

allow expressing the average velocity in a pore via Darcy’s velocity 

u =
r2U
8k

(19) 

We can calculate the velocity acting on the particle centre, us, by 
evaluating the Poiseuille velocity profile at the distance b from the pore 
wall: 

us = 2

[

1 −

(
r − b

r

)2
]

u ≈ 4
b
r

u =
rbU
2k

(20) 

The expressions for drag Fd and rolling moment M vs U, accounting 
for Eq. (20), are: 

Fig. 4. Fines mobilisation by rolling and sliding: a) particle rolling around the edge of attracted particle–substrate contact area; b) particle rolling around asperity on 
the matrix surface; c) particle sliding over the surface. 
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Fd = 6πμrsusfd(αs) = 6πμrsfd(αs)
rbU
2k

M = 6πμrsusfd(αs)bfM(αs) = 6πμrsfd(αs)bfM(αs)
rbU
2k

(21) 

Here, for solid particles, we assume small deformation, so the dis-
tance of the centre of the particle to the wall is equal to small semi-axis of 
the spheroid, b (Fig. 3). 

The rolling condition (12) of attachment ignoring lift, capillarity and 
gravity becomes: 

M = 6πμrsfd(αs)bfM(αs)
rbU
2k

< Fe(rs,αs)ln < 1 (22) 

Expressing the small semi-axis of the spheroid, b via its effective 
radius rs and aspect ratio αs from Eq. (11), the attachment condition (17) 
takes the following form: 

ξ =
3πμr3

s rα4 /

3
s fd(αs)fM(αs)

kFe(rs,αs)ln
U < 1 (23) 

From Eq. (23) follows the expression for critical detachment velocity, 
which provides the detachment of attached particle with given 
properties: 

Ucr =
kFe(rs,αs)ln

3πμr3
s rα4/3

s fd(αs)fM(αs)
(24) 

In the case of a distribution of particle detachment conditions, the 
fraction of particles that remain attached after flow with velocity U is the 
probability of the event defined by Eq. (23). In other words, rather than 
there being a deterministic Ucr given by Eq. (24), it will be a probabilistic 
quantity with PDF f(Ucr). 

If the permeability of the porous media, k, is not known, its value can 
be calculated by either effective medium theory (Eq. (B1)) or percola-
tion (Eq. (B8)), presented in Appendix B. Effective medium theory is 
more accurate for narrow pore size distributions, f(r), while percolation 
is more adequate for wide PDFs with high coefficient of variation. Both 
theories assume a regular pore network for the porous space with co-
ordination number z. Permeability for Eq. (24) is expressed via z and 
PDF for pores by Eqs. (B1) or (B8). Conversely, if permeability k is 
known, Eqs. (B1) or (B8) determine the coordination number z, allowing 
us to calculate the matrix surface and pore connectivity. 

3. Upscaling of the stochastic model for colloidal particle 
detachment 

In this section, we upscale this equation assuming probabilistic dis-
tributions for mechanical equilibrium parameters (section 3.1), incor-
porate rolling, sliding, and lifted particles in a united MRF (section 3.2), 
and analyse the sensitivity of MRF with respect to micro-scale parame-
ters and their standard deviations (section 3.3). 

3.1. Upscaling of detachment particle-scale equations to MRF at core 
scale 

In this section, we present the upscaling procedure, from mechanical 
equilibrium of an attached fine at the particle scale, to maximum 
attached concentration, expressed by right arrow in Fig. 2. Eqs. (12)– 
(16) represent the mathematical model for fines detachment at the 
particle scale. The result of its upscaling is the maximum retention 
function. 

Appendix C Determines the MRF given by Eq. (24) from Eq. (C2) by 
rolling and probabilistic distributions of mechanical-equilibrium pa-
rameters contained in this equation. Axes in Fig. 5a correspond to 
microscale parameters from Eq. (24); the particles from the grey domain 
remain attached for velocities higher than U3. Probabilistic distribution 
of parameters (x1,x2…xn) in RHS of Eq. (24) correspond to PDF defined 
over their space, shown in Fig. 5a. The continuous curves show sets of 
parameters with constant critical velocity; here U1 < U2 < U3. Grey area 
corresponds to fraction of attached particles, which can be detached at 
flow velocity higher than U3. 

The PDF for mechanical-equilibrium parameters yields distributed 
detachment (critical) velocity. As it follows from Eqs. (C2) and (C5) by 
tending the velocity U to infinity, the detachable particle concentration 
corresponds to zero flow velocity 

σ0 = σcr(0) (25)  

i.e., increase in velocity from zero to infinity detaches all detachable 
fines. 

The normalised MRF is fully determined by the mutual PDF of the 
mechanical-equilibrium parameters αs, r, l, rs. The value of the nor-
malised MRF for U = U3 is equal to the probability of the event that the 
parameters belong to grey area in Fig. 5a. Eq. (24) determines the PDF 
for detachment velocity U. So, from Eqs. (24) and (25) it follows that. 

σcr(U) = σ0
∫ ∞

U
fcr(u)du (26) 

As it follows from Eq. (26), an increase in velocity from Uk to Uk+1 
causes detachment of particles with concentration that is equal to the 
difference of the MRF values for those velocities (Fig. 5b) 

Δσk = σcr(Uk) − σcr(Uk+1) (27) 

Eq. (27) expresses the probability that critical detachment velocity is 
less than Uk+1 and higher than U. 

Eqs. (13),(15),(16) assume mechanical equilibrium for all attached 
particles. For 3D flow under isotropic detachment conditions, where U 
in mechanical equilibrium conditions (13), (15), and (16) is the modulus 
of velocity, the MRF is a function of the modulus of the flow velocity 

σa = σcr(|U| ) (28) 

The MRF is a function of all ion concentrations in water and tem-
perature T via dependency of the electrostatic force of those parameters. 
The most influential parameters of a solute are ionic strength (total 
salinity) and pH, which is expressed by Eq. (6). 

3.2. MRF for simultaneous DLVO detachment for rolling, sliding, and 
lifting particles 

Let us incorporate three detachment criteria (13), (15), and (16) into 
the MRF using the principle of minimum detachment velocity given by 
Eq. (24), namely that detachment will occur at the minimum detach-
ment velocity calculated from the three criteria. For rolling detachment, 
given by Eq. (13), the MRF and PDF for the detachment velocity are 
determined in the previous section by Eqs. (26) and (24). First, consider 
detachment with both rolling and sliding. In the case of flow with 
increasing velocity, the detachment occurs at the minimum velocity of 
those obtained by criteria (13) and (15). Equations (13) and (15) show 

Fig. 5. Introduction of maximum retention concentration of attached fines as a 
function of velocity: a) detachment domain in the space of micro-scale pa-
rameters for velocity U3; b) maximum retention function of Darcy’s velocity. 
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that these two criteria are mathematically equivalent if the following 
equality holds 

ln

rsα2/3
s fM(αs)

= νC (29) 

Consider the general case where those two parameters are different. 
Let us introduce a new single parameter xn that incorporates both pa-
rameters in Eq. (29). Assume that a particle is detached by the criterium 
that requires smaller velocity for breaching either of conditions (13) or 
(15). The detachment velocities for both rolling and sliding are pro-
portional to both parameters (29). So, determining the minimum 
detachment velocity is equivalent to determining the minimum of those 
two parameters: 

xn = min

{

νC,
ln

rsα2/3
s fM(αs)

}

(30) 

Appendix C Considers the distribution of all micro-scale mechanical- 
equilibrium parameters. There, x→ is the vector with the components 
that are all those parameters. The mathematical schematic (26) accounts 
for both detachment criteria where the n-th component of vector x→ is xn 

In particular, the expression (24) for the detachment velocity 
becomes 

Ucr =
xnFe(h)ϕ

6πμrsfd(αs)
(31) 

According to Eq. (D2) in Appendix D, if two components in the right- 
hand side of Eq. (26) are independent, the PDF for component xn is 

f (xn) = f l(xn)

∫ ∞

xn

f ν(y)dy+ f ν(xn)

∫ ∞

xn

f l(x)dx (32) 

where f ν(x) and f l(y) are PDFs for components of the RHS of Eq. 
(30). Eq. (32) for the PDF of the xn, allows accounting for both rolling 
and sliding in the detachment model. 

If the lifting criterion (16) is fulfilled, i.e., 

Fl(us)>Fe(hm)+Fg(rs)+Fc(rs) (33) 

The left-hand side of Eq. (13) exceeds the right-hand side, so the 
particle rolls at lower velocity. The same corresponds to Eq. (15), so the 
particle slides at lower velocity. In the course of increasing velocity, the 
particles that can be lifted, have detached by rolling or sliding. So, the 
micro-scale detachment model (31) automatically includes the lifting 

criterion. 

3.3. Sensitivity analysis for micro-scale parameters 

Consider the PDF for detachment velocity and how it is affected by 
Darcy’s velocity (Fig. 6). The attached concentration corresponds to the 
area below the curve and to the right of vertical line ξ = 1. Indeed, Eq. 
(23) exhibits the event of velocity lower than critical, and its probability 
is equal to normalised concentration of detached fines. The larger is the 
rate, the higher is the probability of the detachment, the less fines 
remain attached, so the PDF curve moves to the right with velocity 
increase. 

For the purposes of calculations, let us assume that the four sto-
chastically distributed parameters (αs, r, b/ln, rs) in Eq. (31) are 
distributed normally. To calculate the distribution of detachment ve-
locities, a Monte Carlo procedure is used, with samples from each pa-
rameter’s probability distribution used to calculate the corresponding 
Ucr value. The resulting detachment PDFs and corresponding MRFs are 
presented in Fig. 7. 

Now let us discuss how the parameters of the mechanical equilibrium 
equation for the attached particles affect the PDF for detachment ve-
locity and MRF. Consider the effect of the lever arm ratio on detachment. 
The lever arm measures the ratio between the extent that the drag force 
and electrostatic force translate into torque on the particle. A higher 
lever arm shifts this ratio towards the drag force, meaning that lower 
velocities are required for detachment. Thus, the PDF and MRF move to 
the left (Fig. 7a and b). The lower is the particle aspect ratio the smaller 
is the drag, and the higher is the maximum of electrostatic force, so the 
PDF and MRF move to the right (Fig. 7c and d). Decrease in zeta-po-
tentials of both the particle and grain decreases the maximum electro-
static force, shifting both the PDF and MRF to the left. 

The detachment velocity distributions, presented in Fig. 7a, c, and e, 
have the shape of a log-normal distribution. This has been verified by 
fitting the samples with such distribution. One hundred quantiles (or 
percentiles) of the critical velocities have been compared to the corre-
sponding quantiles of the tuned lognormal distribution in order to 
evaluate the goodness of fit. Increasing the number of quantiles used for 
the comparison had a negligible effect on the goodness of fit. 

Table 1 presents the accuracy of approximation of PDF of detach-
ment velocity by log-normal distribution. The first column presents 9 
sets of parameters that correspond to PDFs for detachment velocity 
shown in Fig. 7a, c, and e. The second and third columns show two 
parameters of the log-normal distributions. The fourth and fifth columns 
present mean detachment velocity and its standard deviation. High 
values of coefficient of determination R2, shown in the sixth column, 
allows claiming high accuracy of approximation of PDF for detachment 
velocity by log-normal distribution. 

As it follows from Eq. (26), this defines the following properties of 
the MRF:  

(i) derivative of the MRF at U = 0 is equal to zero, i.e., the stochastic 
model does not account for loose fines (those which will detach 
under any velocity);  

(ii) derivative of the MRF is negative, i.e., any flow velocity increase 
yields detachment of some fines;  

(iii) derivative of the MRF decreases from zero reaching minimum at 
some velocity Ukm, and then increases to zero, meaning that 
during incremental and constant increases in the velocity, the 
detached concentration during each step will increase, and then 
for U > Ukm, begin to decrease. 

Under the approximation of a lognormal detachment velocity dis-
tribution, each case can be characterised by the mean and standard 
deviation of PDF f(Ucr). Appendix E defines the sensitivity coefficient as 
a normalised variation of predicted value Δy/y to the normalised vari-
ation of the parameter Δxk/xk that causes the variation of y. Table 2 

Fig. 6. PDF for detachment velocity and its dependency on Darcy’s 
flow velocity. 
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presents the sensitivity coefficients of the mean velocity (second col-
umn) and its range (P95-P5) (third column) with respect to mean particle 
radius rs, pore radius r, aspect ratio αs, and lever arm ratio b/ln (first 
column, rows 2, 4, 6, and 8, respectively), and their standard deviations 

(rows 3, 5, 7, and 9). Fig. 8a shows the tornado plot for sensitivity of 
mean velocity Ucr; the sensitivity of standard deviation of detachment 
velocity is presented in Fig. 8b. 

The higher is the sensitivity coefficient Γi the higher is the influence 

Fig. 7. Effects of lever arm ratio, aspect ratio, and zeta-potentials for particles and grain surface on probability density function (PDF) for detachment velocity and 
maximum retention function (MRF): a) sensitivity of PDF and b) MRF of lever arm ratio; c) sensitivity of PDF and d) MRF of aspect ratio; e,f) PDF and MRF for 
different zeta potentials ζp and ζg of particles and grains, respectively. 

Table 1 
Approximation of PDF for detachment velocity by log-normal distribution.   

μ(f(U)) σ(f(U)) Mean(U), m/s SD(U), m/s R2 

a) ld/ln = 100  − 8.495  0.972 3.279 × 10− 4 4.109 × 10− 4  0.906 
ld/ln = 500  − 10.115  0.962 6.425 × 10− 5 7.926 × 10− 5  0.916 
ld/ln = 1000  − 10.808  0.974 3.251 × 10− 5 4.089 × 10− 5  0.905 
c) αs = 0.01  − 5.535  0.593 4.706 × 10− 3 3.054 × 10− 3  0.962 
αs = 0.1  − 6.927  0.618 1.187 × 10− 3 8.089 × 10− 4  0.946 
αs = 1  − 10.832  0.620 2.394 × 10− 5 1.640 × 10− 5  0.945 
e) ζp = -43.6mV 

ζg = -41.6mV  
− 12.678  1.000 5.147 × 10− 6 6.754 × 10− 6  0.902 

ζp = -21.8mV 
ζg = -20.8mV  

− 9.838  1.007 8.868 × 10− 5 1.176 × 10− 4  0.918 

ζp = -10.9mV 
ζg = -10.4mV  

− 9.596  1.021 4.145 × 10− 4 1.551 × 10− 4  0.911  
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of parameter xi. More sensitive parameters provide higher contribution 
to the prediction accuracy and reliability. 

Eq. (24) shows that the larger are the pore r and the lever-arm ratio 
b/ln, the lower is the detachment velocity. Calculations using expres-
sions (A3, A4) for shape factors show that the lower is the aspect ratio αs 
the lower is the product αs

4/3fdfM and thus the higher is the detachment 
velocity. DLVO formulae show that electrostatic attraction grows with 
particle size increase slower than rs

3, thus Eq. (24) yields decrease of 
detachment velocity with particle radius increase. Therefore, the 
sensitivity coefficients for four mean parameters are negative (Fig. 8a). 
So, in the test with increasing of flow velocity, the particles are detached 
in order of decreasing of their radii, pore size, lever arm ratio and par-
ticle aspect ratio. 

The higher are the standard deviations of the four parameters the 
higher is the mean detachment velocity, so the sensitivity coefficients 
are positive (Fig. 8a). For the mean detachment velocity, the most 
influential mechanical-equilibrium parameters as listed in the order of 
decreasing of their sensitivity coefficient are: aspect ratio, pore radius, 
level-arm ratio, particle radius, then standard deviations of aspect ratio, 
pore radius, lever-arm ratio, and particle radius (Table 2). 

The higher are the means of the four parameters the lower is the 
standard deviation for detachment velocity, so the sensitivity co-
efficients are negative (Fig. 8b). 

Eq. (24) shows that detachment velocity is monotonically decreasing 
function with respect to all micro-scale parameters. Therefore, the 
higher are variabilities of the parameters the higher is the detachment 
velocity variability, so the sensitivity coefficients for standard deviations 
are positive (Fig. 8b). For the standard deviation of detachment velocity, 
the most influential mechanical-equilibrium parameters as listed in the 
order of decreasing of their sensitivity coefficient are: aspect ratio, pore 

radius, standard deviation of aspect ratio, lever arm ratio, particle 
radius, and standard deviations of pore radius, lever-arm ratio, and 
particle radius. 

3.4. Downscaling 

The stochastic microscale model includes the mean values of me-
chanical equilibrium parameters and their standard deviations. So, for n 
mechanical equilibrium parameters, expressed in the LHS of Eq. (23), 
the number of parameters in the stochastic microscale model is 2n. 
Those 2n constants determine an upscaled MRF. The downscaling is 
determination of some of those parameters from MRF. 

Here we consider only one detachment mechanism, which is that by 
drag against electrostatic attraction under favourable conditions. In this 
case, Eq. (23) provides an estimate of the mean detachment velocity. 
The variation coefficient of detachment velocity, which determines 
spread of MRF and gradual particle detachment during velocity increase 
(continuous curve in Fig. 5b) is determined by the coefficients of vari-
ation of the mechanical equilibrium parameters. For zero standard de-
viations of mechanical equilibrium parameters, the MRF is stepwise 
(traced curve in Fig. 5b). The previous section shows that for normal 
PDFs for microscale parameters, the normalised MRF is log-normal with 
high accuracy, i.e., is also two-parametric. Therefore, only two micro-
scale parameters can be determined by the downscaling. 

The choice of downscaling parameters is determined by the difficulty 
of their measurement, their availability in the specific lab work, and 
their sensitivity coefficients Γi. The less available and mostly difficult to 
measure are coefficients of variation of the mechanical-equilibrium 
parameters. In this work, the tuning micro-scale parameters – mean 
lever arm ratio and its coefficient of variation – have been chosen 
because of the difficulty of their experimental measurement and their 
unavailability in the original papers. The downscaling allows deter-
mining them from macro-scale laboratory measurements (Table 5). 

4. Mathematical modelling at porous-media scale 

To formulate the macroscale model for colloidal-suspension-nano 
transport in porous media, we present the model assumptions (section 
4.1), 3D and 1D governing equations (section 4.2), and exact solution for 
1D flow problem that corresponds to coreflood tests (section 4.3). 

4.1. Assumptions of the model 

The model (1–6) assumes incompressible carrier fluid and particle 

Fig. 8. Sensitivity of MRF (maximum retained concentration) with respect mechanical-equilibrium parameters and their standard deviations: a) sensitivity of mean 
detachment velocity; b) sensitivity of standard deviation of the detachment velocity. 

Table 2 
Sensitivity for mean of detachment velocity and its standard deviation of the 
mechanical-equilibrium parameters and their standard deviations.  

Parameters xi, i = 1,2,3,4 Γi for mean velocity U Γi for range of velocity U 

μ(rs)  − 1.1581  − 1.2104 
σ(rs)  0.1481  0.2283 
μ(r)  − 1.3057  − 1.7419 
σ(r)  0.2912  0.7014 
μ(αs)  − 2.6512  − 3.3187 
σ(αs)  0.6203  1.7376 
μ(ld/ln)  − 1.1844  − 1.3720 
σ(ld/ln)  0.1774  0.2738  
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matter. Mass concentrations of suspended, attached, and strained par-
ticles are significantly smaller that the concentration of aqueous 
component in the colloidal suspension, so the particle-concentration 
variations do not affect the volume of the suspension. The carrier fluid 
is incompressible. Another assumption which does not require concen-
trations to be small and results in the same system of equations is the 
Amagat law of volume additivity with mixing: volume of the colloidal 
suspension is equal to the total of the carrier fluid volume and volume of 
the particles; in this case the concentrations are volumetric [4]. 

4.2. Governing system for 1D colloidal-suspension transport with particle 
detachment against DLVO 

In following sections, we consider 1D (x,t)-flow in a reservoir core 

with constant flow rate, so U = constant. We also consider constant 
filtration coefficient λ and viscosity μ, n = 1 in Darcy’s law (3), and 
uniform colloids f(c) = c. In addition, we assume that the increase in 
permeability resulting from particle detachment is negligible. Under 
these assumptions, the system (1–3) becomes: 

∂
∂t
(ϕc + σs + σcr(U) )+ αU

∂c
∂x

= 0 (34)  

∂σs

∂t
= λcαU (35)  

U = −
k

μ(1 + βσs)

∂p
∂x

(36) 

Eq. (36) separates from Eqs. (34) and (35), which form a 2x2 system 
with respect to two unknowns, c and σs. Pressure p is determined from 
Eq. (36) for known σs(x,t). 

4.3. Analytical model for 1D coreflood with fines mobilisation 

Consider sequential injections of particle-free water with rates U0 =

0, U1,U2,….,UN with release of concentrations Δσk of attached particles 
that corresponds to suspension concentrations Δσk/ϕ. The 1D analytical 
solution for constant rate have been presented previously [52,53]. Here 
we derive the solution for piecewise-constant increasing velocity Uk 
with accumulation of strained concentration σk(x,t). 

The tests are performed long enough so that t > ϕL/αUk, which al-
lows all variables to stabilise. So, switching from rate Uk to rate Uk+1 
corresponds to creation of initial suspended conditions cki: 

t =
ϕL
αUk

: cki =
σcr(Uk) − σcr(Uk+1)

ϕ
=

Δσk

ϕ
, σk = σ

(

x,
ϕL
αUk

)

, k = 1, 2...N

(37)  

where L is the core (porous column) length. 
Initial conditions for strained concentration after switching from rate 

Uk to rate Uk+1 corresponds to the stabilised strained concentration 
distribution at the moment where the injection rate is increased, when 
this distribution has already been stabilised. 

The boundary condition corresponds to injection of particle-free 
water: 

x = 0 : c = 0 (38) 

Substitution of Eq. (35) into Eq. (34) and applying the method of 
characteristics results in solution of problem (34,35) with respect to the 
suspended concentration: 

ck+1(x, t) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

Δσk

ϕ
exp
(

−
λαUk+1

ϕ
t
)

, x >
αUk+1

ϕ
t

0, x <
αUk+1

ϕ
t

(39) 

Substituting suspended concentration (39) into the rate equation 
(35) and integrating in t yields the solution for the strained 
concentration: 

σs,k+1(x, t) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

σs,k

(

x,
ϕL
αUk

)

+ Δσk

(

1 − exp
(

−
λαUk+1

ϕ
t
))

, x >
αUk+1

ϕ
t

σs,k

(

x,
ϕL
αUk

)

+ Δσk(1 − exp( − λx) ), x <
αUk+1

ϕ
t

(40) 

As illustrated in Fig. 9a, the concentration front of the injected 
particle-free water moves with velocity αUk. Here tL is a moment of 
arrival of this front to the point x = L. Behind the front, the suspension 
concentration is equal to zero and the strained concentration is steady- 
state (Fig. 9b and c). Ahead of the front, suspension concentration and 
the concentration of particle strained during velocity Uk are uniform. 

Fig. 9. Schematic of the analytical model for 1D colloidal transport with carrier 
water velocity Uk: a) propagation of concentration front in plane (x,t); b) sus-
pension concentration profiles at the beginning of injection and at the moment 
before the arrival of concentration front; c) strained concentration profiles at 
two moments before and after the arrival of concentration front. 
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Strained concentration gradually increases at each point until the arrival 
of concentration front; afterwards, it remains constant. 

Cumulative BTC is derived from the concentration equation at the 
outlet (39) by integration in t: 

cacc
k+1(t) =

∫ t

0
ck+1(L, T)dT =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

Δσk

Lϕλ

(

1 − exp
(

−
λαUk+1

ϕ
t
))

, t <
ϕL

αUk+1

Δσk

Lϕλ
(1 − exp( − λL) ), t >

ϕL
αUk+1

(41) 

Dimensionless pressure drop is called impedance 

Jk+1(t) =
Δpk+1(t)
Δp1(0)

U1

Uk+1
(42) 

The expression for J(t) is obtained from Darcy’s Eq. (36) after sub-
stitution of the solution (40) and integration in × from zero to the 
reservoir length L: 
where Jk,st is the stabilised impedance from stage k. 

5. Treatment of laboratory data 

Using the above-derived analytical model, here we present the 
matching technique that uses non-linear least square method (section 
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Fig. 10. Matching lab high-salinity coreflood data by Hashemi et al., 2022 using the analytical transport model and by stochastic model: a) Matched accumulated 
breakthrough concentrations for four flow rates; b) Tuned detached concentrations for four flow rates; c) Matching of PDF for detachment velocity by stochastic 
model; d) MRF; e) zoom of MRF at small velocities. 

A. Hashemi et al.                                                                                                                                                                                                                               



Chemical Engineering Journal 474 (2023) 145436

12

5.1) and show the results of matching of four lab tests (section 5.2). 

5.1. Methodology for lab data treatment by analytical modelling 

Consider that breakthrough particle concentrations c1(t), c2(t),…, 
cN(t) have been measured during coreflood until stabilization, tk+1-tk >

1/α. During each rate increase, we can tune the filtration coefficient λ, 
drift delay factor α, and the concentration of detached particles Δσk that 
corresponds to rate change from Uk to Uk+1. Matching is performed by 
non-linear least square method by minimizing the overall deviation 
between raw laboratory data and the modelling results: 

min
λ,α,Δσk

∑N

k=0

∫ tk+1

tk
[ck(t) − cmod(t) ]2dt (44) 

We assume that the filtration coefficient λ and the drift-delay factor α 
are independent of rate U. So, the number of tuned parameters from the 
N-rates test is equal to N + 2. 

Fig. 10a shows the cumulative BTC after each injection rate change 
(blue points) and modelling data (red curves). The obtained data on 
detached concentrations Δσk are given in Fig. 10b. The concentration of 
detachable particles σ0 is the total of all particles detached during five 
injections with increasing rate: 

σ0 =
∑N

k=1
Δσk (45) 

Following the treatment of the BTC, the detached velocity distribu-
tion curve f(U) is approximated by minimizing the squared difference 

between the concentrations of detached particles Δσk and the corre-
sponding detached concentration calculated from the log normal f(U). 
Here the tuning parameters are the mean velocity (Ū), and its standard 
deviation (σU). 

min
Ū,σU

∑N

k=1

(
Δσk

σ0 −

∫ Uk+1

Uk

f (u)du
)2

(46) 

In addition to fitting directly with a lognormal f(U), we also directly 
use the equation for the detachment velocity to fit the laboratory data. 
Three parameters are stochastically distributed (b\ln, αs, rs) and are 
assumed to be normally distributed. The properties of the distributions 
for αs, and rs are taken from available literature, while the distribution 
for the lever arm ratio is tuned from the data given the difficulty in 
measuring it a priori. A Monte Carlo procedure is used to calculate 
samples of the detachment velocity. The mean and standard deviation of 
these samples is then calculated to calculate the mean and standard 
deviation of the lognormal approximation for f(U). Deviation from the 
laboratory data is then calculated using Eq. (46), with an optimization 
procedure used to tune the mean and standard deviation of the lever arm 
ratio to maximise the fit to the laboratory data. 

In general, other parameters in the detachment velocity equation can 
be used for tuning depending on the availability and reliability of data. 

Table 3 
The result of matching of accumulated concentration for all cases.  

Cases U (m/s) α β Λ (1/m) Δσ R2 (Cacc) R2 (J) 

Hashemi et al., 2022 2.95 × 10− 5 1.17 × 10− 2 – 81.12 2.57 × 10− 6  0.78  – 
2.95 × 10− 4 1.19 × 10− 2 – 54.04 6.84 × 10− 6  0.98  – 
1.03 × 10− 3 1.26 × 10− 2 – 17.54 4.19 × 10− 6  0.19  – 
1.47 × 10− 3 1.31 × 10− 2 – 8.94 2.51 × 10− 6  0.99  – 

Torkzaban et al, 2015 9.26 × 10− 5 4.1 × 10− 2 0 19.52 2.87 × 10− 4  0.97  – 
3.4 × 10− 4 4.11 × 10− 2 0 19.50 1.74 × 10− 4  0.78  – 
6.7 × 10− 4 4.11 × 10− 2 0 19.46 1.01 × 10− 4  0.96  – 

Huang et al., 2021 6.80 × 10− 4 3.62 × 10− 2 42.90 178 4.3 × 10− 3  0.89  0.80 
1.02 × 10− 3 3.85 × 10− 2 17.49 154.89 7.2 × 10− 3  0.91  0.85 
1.36 × 10− 3 4.11 × 10− 2 17.60 134.77 3.8 × 10− 3  0.95  0.84 

Huang et al., 2017 3.97 × 10− 5 4.7 × 10− 3 0.71 × 105 647.87 3.03 × 10− 6  0.92  0.92 
5.27 × 10− 5 4.7 × 10− 3 1.94 × 105 639.15 2.97 × 10− 6  0.95  0.55 
7.34 × 10− 5 4.7 × 10− 3 1.94 × 105 625.50 2.02 × 10− 6  0.93  0.87  

Table 4 
Input data for matching Δσ and MRF by Monte-Carlo modelling for all cases.  

Cases Zeta Potential (mV) Particle radius (µm) Aspect ratio Porosity 

Particles Rock 

Hashemi et al., 2022 Mean − 20.78 − 21.8 2 0.65 0.24 
Cv 0.03 0.03 0.2 0.20 – 

Torkzaban et al, 2015 Mean − 44.22 − 100 2 0.65 0.32 
Cv 0.03 0.03 0.2 0.2 – 

Huang et al., 2021 Mean − 15.85 − 7.92 9.5 0.55 0.38 
Cv 0.03 0.03 0.1 0.10 – 

Huang et al., 2017 Mean − 12.17 − 9.15 5 0.55 8.32 × 10− 4 

Cv 0.03 0.03 0.07 0.07 –  

Jk+1(t) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

Jk,st + βΔσk

(
αUk+1

ϕL
t +

1
λL

exp
(

− λ
αUk+1

ϕ
t
)

−
1

λL
+

(

1 −
αUk+1

ϕL
t
)(

1 − exp
(

−
λαUk+1

ϕ
t
)))

, t <
Lϕ

αUk+1

Jk,st + βΔσk

((

1 +
1

λL
exp( − λL) −

1
λL

))

, t >
Lϕ

αUk+1

(43)   
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Fig. 11. Treatment of high-salinity flood of coal core by Huang et al., 2021 [39]: a) Breakthrough concentrations; b) Impedance; c) Detached concentrations at three 
rates; d) PDFs for detachment velocity as obtained by the stochastic model (histogram) and from three detached concentrations; e) MRF. 

Table 5 
Tuning parameters and the results of matching Δσ and MRF for all cases.  

Cases σ0 <ld/ln> Cv (ld/ln) R2(Δσ) R2(σcr) 

Hashemi et al., 2022 1.80 × 10− 5 100  0.50  0.86  0.99 
Torkzaban et al, 2015 9.65 × 10− 4 111.97  0.53  0.97  0.98 
Huang et al., 2021 1.98 × 10− 2 216.39  0.28  0.84  0.99 
Huang et al., 2017 8.54 × 10− 6 749.17  0.08  0.99  0.99  
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5.2. Treatment of coreflood data 

Now we will present the treatment of laboratory coreflood data. 
Hashemi, Borazjani, Dang-Le, Yin Loi, Nguyen Cao, Badalyan and Bed-
rikovetsky [54] was using Castlegate sandstone core plug of 0.038 m 
diameter and 0.05 m length with 2.6% of kaolinite clay. High salinity 
water was injected. The obtained permeability was 888 mD, porosity 
was 24.3%. The results of the measured data and matching are presented 
in Fig. 10. 

The tuning data from BTCs using analytical model (41) are given in 
Table 3. Fig. 10a presents matching the BTCs for four different injection 
rates. The results of fitting of the detached concentration during each rate 
change are shown in Fig. 10b along with the values obtained by the log- 
normal approximation. Fig. 10c shows the histogram of the detachment 
velocity samples calculated using the Monte Carlo procedure (blue) and 
the corresponding lognormal f(U) (black). The corresponding MRF is 
shown in Fig. 10d. Fig. 10e presents zoom of MRF at small velocities, 
which shows that MRF has zero derivative at U = 0. Table 4 presents the 
input data as taken from the original paper [54]; here PDFs for aspect ratio 
were taken from Cheng, Zhang, Liu and Leung [55]. Two micro-scale 
parameters – lever arm ratio and its standard deviation – have been 
tuned from normalised log-normal MRF by an optimization procedure. 
The downscaling results are given in Table 5. The obtained values of drift 
delay factor and filtration coefficient lie within commonly reported in-
tervals [2,3,5,7,24,25,31,33,37,40,41,56,57]. The mean lever arm ratio 
denoted as <>, also belongs to common intervals [58], while its standard 
deviation in porous media hasn’t been reported. 

The result of data treatment for low salinity water injection into 
sandstone core by Torkzaban, Bradford, Vanderzalm, Patterson, Harris 
and Prommer [59] are presented in Fig. S1 and Tables 3–5. 

Huang, Dong, You and Shang [39] performed a coreflooding exper-
iment in coal core. Besides the measurements of BTCs, like it was per-
formed in the work [54], this study presents pressure drop across the 
core for each rate. The coal sample was grounded from a medium-rank 
bituminous coal. The rock with porosity 0.38 contains 3% fines. The 
core length is 0.1 m and diameter 0.025 m. Fig. 11 presents the results of 
matching following the methodology given in section 4.1. Fig. 11a 
shows the matching of cumulative BTCs. Fig. 11b, shows the matching 
result of the impedance, which allows determining the formation dam-
age coefficient β. The resulting tuning parameters are presented in 
Table 3 along with the coefficient of determination for concentration 
and pressure drop matching. Table 4 presents the mean values and co-
efficients of variation for the input parameters available from the orig-
inal paper; here PDFs for particle aspect ratio in coals were taken from 
Mathews, Eser, Hatcher and Scaroni [60]. Fig. 11d shows the PDF for 
detaching velocity. Here the two tunning parameters are the mean and 
coefficient of variation of the lever arm ratio. The tuning data are shown 
in Table 5 along with high coefficients of agreement. Fig. 11c and 11e 
show the matching results for three detached concentrations and MRFs. 

The data matching of another coal core flooding by Huang, Kang, 
You, You and Xu [61] are presented in Fig. S2 and Tables 3–5. 

High match between the laboratory data and those obtained by the 
stochastic model along with common values of the model coefficients, 
obtained in four tests, validate the stochastic model (Tables 3-5). 

6. Discussions and summary 

Stochastic nature of the model. Micro-heterogeneity of natural 
porous media and variability of the properties of attached particles can 
be expressed by PDFs of the corresponding micro-scale parameters. The 
stochastic model follows from the statement that gradual fines detach-
ment from the porous media surface and consequent continuous MRF 
are a consequence of the micro-scale non-uniformity, i.e., the probabi-
listic distribution of the parameters that the equation of mechanical 
equilibrium for attached particle contains. Otherwise, for constant pa-
rameters, the MRF is stepwise, i.e., there does exist such a single velocity 

where the overall detachment occurs. 
Therefore, we consider PDFs for all model parameters and calculate 

the probability that the detaching torque does not exceed the attaching 
torque. This probability versus flow velocity is the normalised MRF. 
MRF is the product of this probability, that is determined by variability 
of the microscale parameters, and the overall concentration of detach-
able fines, which depends on multiple properties of the porous medium: 
initial clay concentration in the matrix, surface roughness, pore con-
nectivity, etc. The independent variables of MRF are Darcy’s velocity, 
controlling detachment via drag, and ionic strength, pH, and tempera-
ture, that affect the detachment via electrostatic forces. 

The stochastic model allows us to calculate σcr/σ0, which describes 
the total capacity of the rock to hold fine particles at given conditions. 
The parameter σ0 describes the actual occupancy of those possible 
attachment sites and cannot be determined using the proposed model. 
Therefore, it remains one of the primary outputs of experimental data 
tuning. 

Upscaling and downscaling The MRF is a core-scale model for par-
ticle detachment that closes the governing system of colloidal transport 
Eqs. (1)–(3). The micro scale model for detachment, outlined in sections 
2.1 and 2.2, is upscaled to the MRF using the stochastic parameter dis-
tributions by Eqs. (24) and (26). The microscale parameters include 
particle radius, pore size, aspect ratio, zeta potentials for particle and 
grain, lever arm ratio, and their standard deviations. 

Formulation of the macro scale detachment model in terms of the 
actual mechanism for detachment allows for the underlying model pa-
rameters and their distributions to be measured. Particle size and aspect 
ratio and their PDFs can be measured from SEM images of fines, pro-
duced during corefloods, or from slices of the porous media [55,60]. 
PDFs for pore sizes can be determined by mercury porosimetry. Grain 
form and size distributions can be measured from grinding the porous 
media, which also allows calculating PDFs for pore size [62]. DLVO 
parameters can be measured from electrophoresis experiments and 
refractive index testing. If the lever arm caused by deformation, shown 
in Fig. 2a and 4a, can be determined by Hertz’ theory [58] while that 
due to asperities (Fig. 4b) is unavailable. If the distributions for all 
microscale parameters are known, the normalised MRF - CDF σcr(U)/σ0 - 
can be predicted. 

The technique of tuning the BTCs using analytical modelling, pre-
sented in Section 3 allows determining σcr. The ratio σcr(U)/σ0 is 
determined by the stochastic properties on the microscale. The down-
scaling procedure determines the microscale parameters, which facili-
tates the calculation of those microscale parameters that are not 
available through measurement. In this work we use a two-stage tuning 
– determining the MRF from breakthrough concentrations and down-
scaling by matching the MRF by Eqs. (24),26). 

We show that for normal PDFs for microscale parameters, the nor-
malised MRF is also two-parametric, so only two microscale parameters 
can be determined. In this work, the tuning micro-scale parameters – 
mean lever arm ratio and its coefficient of variation – have been chosen 
because of the difficulty of their experimental measurement and their 
unavailability in the original papers. The downscaling allows deter-
mining them from macro-scale laboratory measurements. 

Extensions of the stochastic model The present paper predicts 
colloidal transport by matching the lab flow tests with varying Darcy’s 
velocity. In the same way, the tests with varying salinity, pH, and tem-
perature, can be investigated. The MRF is a function of physical macro- 
scale variables that affect the mechanical equilibrium. Those variables 
include ionic strength, pH, and temperature, which the electrostatic 
DLVO force depends on. One dimensional problems for fines migration 
with salinity, pH, or temperature variation allow for exact solutions 
[52,53]. Therefore, the technique for matching the widely available data 
on injection of particle-free low-salinity, high pH and temperature 
water, developed in sections 3-4, can be applied for those tests without 
modification. 

Using more sophisticated microscale models for surface roughness 
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and heterogeneous distributions of surface charges and DLVO parame-
ters, presented in [18], the proposed approach of “stochastization” of 
physics constants can incorporate those phenomena in the upscaled 
equations for colloidal transport. 

The detachment velocity distribution can be modelled in the case of 
multiple detachment mechanisms. Some examples include detachment 
against electrostatic force and by mechanical breakage, detachment of 
particles in the primary and secondary minima of the DLVO energy 
profile, in pore throats and bodies, etc. In the case of two-mechanism 
attachment, the number of degrees of freedom of the bimodal CDF for 
detaching velocity is equal to 4, so 4 microscale parameters can be 
calculated by downscaling. 

Usually, an incomplete lab data are available: some micro-scale pa-
rameters are uncertain; a few rates have been applied in the coreflood, 
so BTC information is not enough to tune macroscale model parameters. 
In this case, a mixed set of micro- and macroscale parameters can be 
tuned. For example, mean lever-arm ratio can be known from either 
Hertz theory or asperity distribution. In this case, the standard deviation 
of lever-arm ratio can be used as a tuning parameter along with macro- 
scale parameters α, λ, and Δσk. So, the mean values and standard de-
viations of a microscale parameter can compensate the lack of macro-
scale measurements. 

Measurement of pressure drop histories allows determining 4 more 
parameters: formation damage coefficients for attachment and strain-
ing, and the corresponding powers in Darcy’ Eq. (3). The three-point- 
pressure method where pressure drop is measured along the core and 
its first section by drilling the port in the middle of the core provides 
further increase in laboratory data for tuning the model coefficients 
[63]. 

The developed approach allows extension to the cases where lift, 
capillary and gravitational forces are comparable with drag and electro-
static forces. The detachment condition (12) contains the expression for 
lift, which is proportional to velocity in power 3/2 [64,65]. In this case, 
the expression for detachment velocity follows from the solution of cubic 
equation. In the case of high flow rates and rough surface, turbulent flow 
adds quadratic term U2 in Stokes expression for drag [66], but lift is 
negligible. In this case, the detachment velocity expression is obtained 
from solution of quadratic equation. For a non-Newtonian fluid, 
depending on its rheology, drag is expressed via U by a complex func-
tional dependency, to the detachment velocity is obtained by numerical 
solution of transcendental equation. 

Here we discuss detachment of spheroidal particles by deriving a 
simplified expression for DLVO attraction. Any irregular form colloidal or 
nanoparticles can be included in the upscaling procedure by the intro-
duction of shape factors for drag and DLVO forces. 

The effective upper scale transport equations for more complex 
mentioned above colloidal systems, can be derived using different 
upscaling techniques: random-walk models [67], continuous upscaling 
[68,69], Boltzmann’s equation [70], averaging of micro-scale CFD-DEM 
modelling data [56,71] or numerical 3D network modelling [41]. In 
large-scale approximation, where dissipative and non-equilibrium fluxes 
are neglected if compared with the advective fluxes [4], the exact so-
lutions are derived by non-linear modifications of method of charac-
teristics using Riemann invariants [53,72]. The dissipative and non- 
equilibrium effects can be accounted for in analytical solutions by 
matching the asymptotic expansions [52,73]. 

The developed upscaling methodology can be applied for plugging 
chemical reactors by solid particles, like dust emitted during loading and 
packing the catalytic grains or precipitated solid reaction products. 
Other applications include CO2 storage in carbonates under chemical 
reactions between carbonic acid and matrix, and in sandstones where 
low-pH reactions exterminate particle–substrate bonds. 

7. Conclusions 

Derivation of stochastic model for colloidal detachment in porous 
media and its validation by laboratory corefloods allows formulating the 
following conclusions: 

The gradual release of fine particles during corefloods with 
increasing injection rates is explained by the distribution of physical 
parameters which determine the mechanical equilibrium of attached 
particles. Based on this principle, an upscaling procedure is developed 
which involves deriving the PDF of the detachment velocity from the 
PDFs of the relevant physical parameters. The CDF of the detachment 
velocity distribution is then combined with the detachable concentra-
tion to derive the maximum retention function. Following the devel-
opment of this model, the detached concentration can be calculated 
directly from the distributions of the parameters which affect particle 
attachment. The stochastic model describes detachment by rolling, 
sliding, and lifting. The derived MRF can be presented in terms of ve-
locity, salinity, pH, and temperature. 

A new DLVO-based formula derived for spheroidal particle-plane 
substrate attraction exhibits less than 1% error across a wide range of 
geometric and electrostatic parameters. If compared with the traditional 
Surface Element Integration Method, the formula allows significant 
simplification of the numerical MRF calculations. 

Assuming normal PDFs for all micro scale parameters, the PDF of 
detachment velocity can be approximated by log-normal distribution 
with high accuracy. Therefore, the MRF has the form of cumulative 
function for log-normal distribution. So, the MRF is three-parametric, 
which includes the mean and standard deviation the detachment ve-
locity, and the overall detachable concentration. Only two microscale 
parameters can be determined by the downscaling procedure, i.e., from 
the normalised MRF. 

Sensitivity analysis shows that the most influential parameters for 
mean and standard deviation of detachment velocity are aspect ratio and 
pore radius. The less influential are variation of lever-arm ratio and 
particle radius. 

Increase in particle radius, pore size, aspect ratio, and lever are ratio 
results in decreasing of mean detachment velocity. Variations of those 4 
parameters result in increase of mean detachment velocity. Increase in 
all 4 parameters decreases standard deviation of detachment velocity, 
while increase in their standard deviations results in increase of standard 
deviation of detachment velocity. 

For four coreflood tests on detrital fines detachment, high accuracy 
of the agreement between the lab data and the stochastic model have 
been observed. The mean value of the lever-arm ratio as well as 
macroscale parameters vary in commonly reported intervals. This vali-
dates the stochastic model for fines detachment. 
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Appendix A. Forces acting on a particle attached to substrate. 

Electrostatic forces The interaction energy between an oblate spheroid (sph) and substrate was calculated by the Surface Element Integration (SEI) 
Method [26,74]. The interaction energy and total electrostatic force are given by: 

Vsph = 2π
∫ a

0

[

V

(

H − b
̅̅̅̅̅̅̅̅̅̅̅̅̅

1 −
r2

e

a2

√ )

− V

(

H + b
̅̅̅̅̅̅̅̅̅̅̅̅̅

1 −
r2

e

a2

√ )]

redre, Fe = −
∂Vsph

∂h
(A1)  

where H is the distance between particle centre and substrate, re is the radial distance of each element, and h is the closest distance between particle 
and substrate. V(h) is the interaction energy per unit area of two infinite parallel plates separated by distance h. A schematic representation of the 
particle-substrate configuration is presented in Fig. 3. 

Formulae for V(h) for plane-plane interactions are as follows [44,47]: 

VBR =
Ahσ6

c

360πh8, VVDW = −
Ah

12πh2, VEDL = 32εoεrκγpγg

(
kBT
zV e

)2

exp( − κh) (A2) 

The energy potential with primary minimum alone has an inflection point h = hm, where the electrostatic force reaches its maximum, as expressed 
by Eqs. (3). 

Drag Force The CFD-based expressions for drag factor fd and moment factor fM for spheroidal particles are [26]: 

fd =
(
0.8707α2

s + 0.7908αs + 0.05844
)
(αs + 0.008453)− 1 (A3)  

fM =
(
1.296α2

s + 0.1509αs + 0.03718
)(

α2
s + 0.0843αs + 0.0002284

)− 1 (A4) 

Buoyancy force for spherical particles is given by: 

Fg = (4/3)πr3
s Δρ⋅g (A5)  

where Δρ is the density difference between the particles and water. 
Lift force for spherical particles is given by [64]: 

Fl = χr3
s

̅̅̅̅̅̅̅̅̅
ρμus

r3

√

(A6)  

where r is the pore radius, ρ is density of the fluid, χ is the lift coefficient and it is equal to 89.5 [75]. 
Capillary force for spherical particles is given by [76]: 

Fc = − 2πrsγGLsinφsin(θ + φ) (A7)  

where γGL is the interfacial tension between gas and liquid, φ is the water filling angle to indicate the water level surrounding particles, and θ is the 
contact angle of particles. 

Appendix B. Percolation and effective medium theories for permeability. 

Equation (19) relates the pore scale velocity with the Darcy velocity, incorporating the pore radius, r, and following averaging, the pore radii 
distribution, f(r). The permeability in this equation is assumed to be known and hence must be determined from experiments. In reality, the 
permeability will be a function of the pore size distribution. Accounting for this dependency will allow for more accurately representing the influence 
of the pore size distribution on the distribution on critical velocities. 

For relatively homogeneous porous media, such as well sorted sands or bed reactors used in chemical engineering applications, we can use an 
effective medium theory approximation of the porous medium such as the one used by Kirkpatrick [77]. In this model, the permeability is given by: 

k =
ϕr2

eh

8τ (B1)  

where reh is the effective radius of the homogenous network used to approximate the porous medium and τ is the tortuosity. The effective radius is 
determined by solving: 
∫ ∞

0

r4
eh − r4

r4 −
(

z
2 − 1

)
r4

eh
f (r)dr = 0 (B2)  

where z is the coordination number of the lattice. 
For more heterogeneous porous media, a percolation model can be more accurate. In this case we represent the porous medium as a complete 

lattice where the conductivity of the smallest bonds (r < rmin) vanishes. The fraction of conducting pores is given by [78]: 

η(rmin) =

∫ ∞

rmin

f (r)dr (B3) 

If the value rmin reaches some critical value, rc, the network will no longer be conducting. The resulting fraction ηc = η(rc) is called the percolation 
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threshold. 
With a certain fraction, η, of conducting bonds, we approximate the network by a number of chains which extend infinitely in the direction of flow. 

The distance within the cross-section between each of these chains is given by: 

R(rmin) = l
[

1 − ηc

η(rmin) − ηc

]ν

(B4)  

where l is the bond length, and ν is the correlation radius index, which for 3D networks is equal to 0.9. The number density of these chains at each cross 
section is then. 

N(rmin) = R(rmin)
− 2 (B5) 

Each chain is characterised by the minimum conducting radius within that chain. Thus we can describe a set of chains by their probability density 
over the variable rmin: 

F(rmin) = −
dN(rmin)

drmin
=

2νf (rmin)

(l[1 − ηc]
ν
)

2

(∫ rc

rmin

f (r)dr
)(2ν− 1)

(B6) 

The conductivity of each chain is calculated from the harmonic average of the conductivity of the bonds along the chain. This is calculated from 
Poiseuille’s equation and results in: 

gc(rmin) =
π
8

∫∞
rmin

f (r)dr
∫∞

rmin
r− 4f (r)dr

(B7) 

Then we can calculate the total conductivity of the porous medium by averaging these conductivities over the probability distribution F(rmin), and 
dividing by the average cross-sectional area of each chain: 

k =
1
A

∫ rc

0
gc(r)F(r)dr, A =

∫∞
rmin

f (r)dr
π
∫∞

rmin
r2f (r)dr

(B8)  

Appendix C. Definition of stochastic model for fines detachment. 

Assume probabilistic distribution of the following parameters: particle size rs, its aspect ratio αs, lever arm of the normal force ln, pore radius r, and 
DLVO parameters ζp and ζg. Those parameters form vector × in Euclidian space Rn. For each velocity U, define a domain of attached fines. 

ΩU = { x→∈ Rn : U > Ucr( x→)} (C1)  

where Ucr is the detachment velocity. At first, we concentrate on rolling particles, so Ucr given by Eq. (24). The fraction of attached particles under flow 
with velocity U is equal to probability of the event defined by Eq. (23): 

P(U > Ucr( x→) ) =

∫∫∫

ΩU

fcr( x→)dxn (C2) 

Probability P is equal to zero at U = 0, meaning that that there is no loose fines (those which detached under any velocity) in the system. The 
probability P tends to one when U tends to infinity, where all attached particles are detached. The detachable area corresponding velocity U3 in Fig. 5a 
is highlighted in grey. Here fcr(x) is the probability density function (PDF) for vector x. If parameters x1, x2…xn are distributed independently, their 
mutual PDF is a product of the individual PDFs for all parameters. 

fcr( x→) =
∏k=n

k=1
f k
cr(xk) (C3) 

Equation (24) defines PDF for detachment velocity. 

fcr(U) =
d

dU
[

∫∫∫

ΩU

fcr( x→)dxn ] (C4) 

Concentration of particles attached under flow with velocity U, as it follows from Eq. (26) is. 

σcr(U) = σ0
∫∫∫

ΩU

fcr( x→)dxn (C5)  

and is called the maximum (critical) retention function (MRF). Here σ0 is the concentration of detachable fines that corresponds to U = 0. 
Three mechanical-equilibrium criteria (13), (15), and (16) can be incorporated in the model (C5) by defining a minimum detachment velocity for 

each state x: 

Ucr( x→) = min
{

Ur
cr( x→),Us

cr( x→),Ul
cr( x→)

}
(C6)  

where the three detachment velocities Ur
cr, Us

cr, and Ul
cr are determined from Eqs. (13), (15), and (16), respectively. 
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Appendix D. Probability distribution function for minimum of two stochastic variables. 

Consider two independently distributed positive values y and z with PDFs f(y) and g(z), respectively. Let us calculate the PDF for their minimum xn: 

xn = min{y, z} (D1) 

If y < z, this event comprises all z varying from y to infinity. If z < y, value all y that vary from z to infinity. 
Fig. 12 shows that if xn = y, then z exceeds y: y < z<∞; if xn = z then y exceeds z: z < y<∞. The independence of those two events follows from the 

independence of variables y and z. Therefore, the probability of the sum of two events is: 

fn(xn) = f (xn)

∫ ∞

xn

g(y)dy+ g(xn)

∫ ∞

xn

f (x)dx (D2)  

Appendix E. Sensitivity coefficients with respect to multiple parameters. 

Consider smooth function of n variables. 

y = y(x1, x2...xn) (E1)  

and normalised response of y to normalised perturbation of variable xi. The limit of their ratio with perturbation of variable xi tending to zero. 

Γi = lim
Δxi→0

Δy
y

:
Δxi

xi
= lim

Δxi→0

xi

y
Δy
Δxi

=
xi

y
∂y(x1, x2...xn)

∂xi
, i = 1, 2...n (E2)  

is called the sensitivity coefficient of y with respect to variable xi. 
If function (E1) is given by an explicit formula, the sensitivity coefficient Γi is determined by calculation of the partial derivative by Eq. (E2). If 

dependency (E1) is provided by a numerical model, sensitivity coefficients are calculated by Eq. (E2) using finite differences. 
Comparison of different sensitivity coefficients allows determining the most influential factors. During matching of experimental data by a model, 

the sensitivity coefficients of measured data y by the tuning parameters are calculated. The matching starts by tuning the parameter with highest 
sensitivity coefficient, then other parameters are considered in order of decreasing of their sensitivity coefficients. 

Appendix F. Supplementary data 

Supplementary data to this article can be found online at https://doi.org/10.1016/j.cej.2023.145436. 
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Abstract
Fines migration is one of the most drastic causes for formation damage - the detached clays migrate and
impairs well productivity. Two types of damaging clays are encountered in petroleum reservoirs: authigenic
clays that grew on the grain surfaces during geological times, and detrital clays that have been broken
off the grains by local stresses. Detailed laboratory and mathematical modelling have been carried out for
detrital-clay formation damage. The theory for formation damage by authigenic clays is not available. The
aim of this work is the development of a laboratory procedure to estimate formation damage by authigenic
clays and the derivation of a mathematical model for core scale. We performed two test of corefloods using
Castlegate core samples. In the first test, injection rate increased in a stepwise manner up to 100 mL/min
and in the second one up to a 200mL/min to make sure both detrital and authigenic particles are detached.
The pressure drop across the overall core and the concentration of the fine in the produced fluid have
been measured. We have derived equations for authigenic-fines detachment using the beam theory and
the von Mises failure criteria to obtain analytical solutions for linear system of equations. Matching the
laboratory data by the analytical model allows determining the percentage of authigenic and detrital clays
in the cores. The laboratory data exhibit a good match with the mathematical model for the two coreflood
tests. The non-monotonic change of the concentration of the detached fine, with the initial and final risings,
determines the type curve that evidence the mobilization of both, authigenic and detrital clays. The treatment
of the measured data in test#2 shows that 82% of the initial attached particles are authigenic. The model
parameters in order of decrease of their sensitivity are contact-bond radius, pore radius, particle size, lever-
arm ratio, tensile strength and aspect ratio. A novel experimental procedure to determine fines-migration
formation damage by authigenic and detrital clays was developed. A newly derived mathematical model
allows determining the model coefficients from the laboratory tests and predict future detachment rate of
authigenic and detrital particles.

Introduction
Fines migration is one of the most severe reasons for formation damage - the detached clays migrate and
damages well productivity. Two types of damaging clays exist in petroleum reservoirs: authigenic clays that
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2 SPE-208810-MS

grew on the grain surfaces during geological times, and detrital clays that have been broken off the grains
by local stresses (Sarkisyan 1971, 1972; Dutta et al. 1986; Farrell et al. 2021). Wilson et al. 1977 inspected
over 3000 sandstones of different geological ages and discovered that authigenic clays exist in most of the
samples. Fig. 1 shows the typical shapes of authigenic and detrital kaolinites in porous media. In Fig.1a the
booklet shape and the growth orientation of the authigenic kaolinite is evident, while detrital kaolinite in
Fig.1b is an aggregate of particles with no specific orientation (Wilson et al. 1977).

Figure 1—SEM photographs a) Authigenic kaolinite (Aróstegui et al. 2000), b) Detrital kaolinite (Wilson et al. 1977)

Detailed laboratory and mathematical modelling have been carried out for detrital-clay detachment and
their consequent formation damage (Bedrikovetsky et al. 2011, 2012; Russell et al. 2017; and, Prempeh et
al. 2020). Detrital particles are attached to a substrate by an electrostatic force and can be modelled using the
DLVO theory. However, most of the core samples have certain amount of authigenic clay content, i.e. clay
particles are bonded to rock (Wilson and Tillman, 1974; Wilson et al. 1977). To study the formation damage
due to the detachment of the authigenic clay, a new formulation should be presented. The formulation should
be based on failure or breakage criteria of contact bond between particle and a substrate. To the best of our
knowledge, the theory for detachment of single authigenic particle is not available. The purpose of this study
is the development of a laboratory-based mathematical model to estimate formation damage by authigenic
clays. To be able to describe the detachment of the authigenic clays, we investigated different approaches in
modelling of the bonded particles. De Josselin de Jong 1969 used photoelastic technique to show the change
of stress at a particle due to a contact by neighboring particle. He observed that the effect of particle-particle
contact is very local and mainly between the centre of two connecting particles. So, to model particle-particle
contact or particle-wall contact, he placed a beam between two grains. Based on this finding Cundall and
stark 1979 developed the theory of Discrete Element Model (DEM), where two springs are placed between
two rigid particles. One resists against normal force and the other one against shear force. And later on,
Potyondy and Cundall 2004 proposed the theory of Bonded Particle Model (BPM). In their theory, a parallel
bond approximates the mechanical behavior of a brittle elastic cement connecting the two bonded particles.
The parallel bond can be imagined as set of elastic springs uniformly distributed over cross section. There
would be two sets of spring, one perpendicular to contact plane and one parallel to contact plane. The first
set carries the normal stress and the later one carries shear stress. If the maximum tensile stress surpasses
the tensile strength of the material or the maximum shear stress surpasses the shear strength of the material,
the parallel bond breaks. Further on, Obermayr et al. 2013 and Andre et al. 2012 have developed the idea
of Cohesive Beam Model (CBM) to formulate bonding cement between particles. Instead of springs, they
considered the bond as a continuous beam with small deformation. In order to predict the state of stress
and defamation of the beam due to the applied forces, Andre et al. 2012 used Euler-Bernoulli beam theory
(Timoshenko, 1983). In this theory, the axial length of the beam is considered at least ten times more than
other dimensions. Obermayr et al. 2013 used Timoshenko beam model (Timoshenko and Goodier 1971). In
Euler-Bernoulli beams, the shear deformation of the beam cross sections is neglected, so that the transverse
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plane remains plane and perpendicular to the axial direction. However, in Timoshenko beam theory, the
shear deformation is considered and as a result is more accurate for describing the behavior of short beams
(Asghari et al. 2011). A beam with one fixed end and one free end is called cantilever beam (Slaughter
2012). For slender member, because there is no transverse stresses (i.e. shear and normal stresses transverse
to the beam axis) at the boundary, the transverse stresses inside the beam can be ignored.

The elastic cantilever beam theory has been applied for different materials and different sizes. Liu et
al. 2008 used the theory to study the behavior of silicon micro-cantilever beam which is a brittle material.
Stephens et al. 2001 and Jin et al. 2018 investigated the failure analysis of Nickel micro-post and reinforced
concrete columns which have ductile behavior. Furthermore, Young et al. 2008 and Robinson 1970 extended
the beam theory to investigate the detachment of cantilevered seacliffs and big pieces of sandstone rock in
Zion Canyon, respectively. In their study the ratio of thickness to length is comparatively high. Therefore,
they consider not only normal stress but also shear stress distribution in the structures. Normal stress and
shear stress distributions have been derived by Timosheko and Goodier (Timoshenko and Goodier 1971)
for an elastic cantilever beam with narrow rectangular cross-section. The shear stress has a parabolic shape
which is zero at the boundary and maximum at the centre of the beam.

In this paper, we assume the bond between the authigenic clay and rock acts as a cantilever beam.
Cohesive Beam Model is applied to formulate the detachment of the particle due to the applied drag force.
The stress state at the bond is governed by Timoshenko beam theory (Timoshenko and Goodier 1951). These
equations are applicable for elastic limit of both brittle (elastic) and ductile (elastic-plastic) material and
only different failure criteria are applied (Archer et al. 1978). Increasing the fluid drag force on a particle
can change the stress state at its bond and by applying a related failure criteria, the detachment of the particle
from a substrate is predicted. Kaolinite in porous media is assumed to be elastic-perfectly plastic. This
denotes that for an uniaxial loading, there is an elastic region where the stress is changing linearly with
strain up to a yield stress (σY) and after the yield stress, the stress remains at σY as the strain continues to
increase. For defining the failure for this type of material, yield criteria is applied. The von Mises yield
criterion is used to define failure.

For detachment of every particle, a specific drag force or a fluid velocity needs to be applied. Since, there
are large number of particles with different random properties in porous media, by considering a distribution
for each property, we can get a distribution for detachment velocity. By taking integral from this distribution
bounding to experimental velocities, we can obtain the amount of detachment between two fluid velocities.
The same procedure is done for detrital particles and authigenic particles. Total detachment concentration is
the sum of authigenic and detrital particles. The total detachment is matched with laboratory data. Having
obtained the matching parameters, maximum retention function curve can be plotted. This new maximum
retention function takes into account the detachment of both authigenic and detrital particles.

This manuscript is structured as follows. Section 2 presents the assumptions, the mathematical modelling
for detachment of detrital and authigenic particles, the formulations of maximum retention function, and the
formation damage formulation. Section 3 contains laboratory study including the description of our setup,
the procedure, and the data collection. Section 4 discusses the matching procedures and the results. Section
5 includes a brief summary and conclusions.

Physics of fines detachemnt in porous media
In this part we present the assumptions of our models (section 2.1), governing equation for detrital particle
detachment (section 2.2), and governing equations for detachment of authigenic particle (section 2.3), finally
the formation damage formulation and solutions, which are applicable for both detrital and authigenic
particles, are presented in the last section (section 2.4).
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Assumptions
We make the following simplifying and reasonable assumptions in order to solve the general models.
The main assumptions for fines migration are: diffusive flux on particle in porous media is negligible,
incompressibility for the system of particles suspended in the carrier fluid and of retained particles; Darcy's
law for single phase flow of carrying suspended particle fluid; the permeability changes as a function of
strained particle concentration, and linear kinetics for particle strained by the rock from the suspension,
and porous media is modelled as a bundle of parallel capillary tubes with different radii. For detachment
of authigenic particles, the main assumptions are: the material is homogenous and isotropic, the material
of the bond and the particle is the same, deformation of the material is small and it does not change the
value of fluid drag force, stress-strain curve in kaolinite is considered as elastic-perfectly plastic, in elastic-
perfectly plastic material yield stress is the same as the tensile strength, and failure at any point is the same
as breakage at that point.

Mechanisms of detrital particle mobilisation
Detrital particle detachment is studied using a torque balance for a particle with simple spherical shape. A
representation of an attached particle with the acting forces is presented in Fig. 2. Particle detachment in
porous media can occur by lifting, sliding, or rolling. However, studies have shown that rolling is the most
likely detachment mechanic (Sharma et al. 1992). The effective forces on the particle are the drag force
exerted on particle by fluid flow, Fd, the lifing force, FL, the force due to gravity, Fg, and the electrostatic
force, Fe. The drag and lifting forces will create detaching torques, the electrostatic force will create an
attaching torque, and the gravitational force will create either a detaching or attaching torque based on the
particles situation inside the pore space. Studies have shown that in general the gravitational and lifting
forces are much smaller than the drag and electrostatic forces (You et al. 2015). Therefore, in this study
only rolling is considered and lifting and gravity forces are ignored.

Figure 2—Forces acting on a detrital particle: drag, lift, electrostatic, and gravitational forces (by Bedrikovetsky et al. 2011).

As a result, detachment is mainly governed by the strength of the torques created by the electrostatic and
hydrodynamic drag forces. The equation which dictates particle detachment is:

(1)

where ld and ln are the distance between acting lines of drag and electrostatic forces and the point of rotation,
Ta and Td are the attached and detached torques of the electrostatic and drag forces, respectively.

Drag force is the hydrodynamic force acting on the particle and mostly depends on the carrier fluid
velocity. Equation for drag force is (O'neill 1968):

(2)
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where µ is the fluid viscosity, rs is the particle radius, V is the interstitial fluid velocity, and ϖ is the shape
factor, which for a perfect sphere is 1.7009.

Ting et al. 2021 modelled kaolinite particles having a range of shapes, changing from a perfect sphere
to a flat cylinder. They derived a shape factor as follows:

(3)

where, αs is the aspect ratio (i.e. thickness divided by length of the particle).
Each detrital particle is detached if detaching torque is more the attaching torque (i.e. Eq.1). For a constat

fine geometry and brine composition, drag in Eq. (1) is a function of velocity. For a particular velocity, Eq.
(1) concludes which particles are mobilised and which stay attached. Therefore, the attached concentration
of particles σa is a function of velocity and can be presented as the following:

(4)

This expresssion is called the maximum retention function (Bedrikovetsky et al. 2011, 2012). The plot of
this realtion (i.e. Eq. 4) is presented in Fig. 3. At zero fluid injection rate, all the detrital particles are attached
to a sand surface. Increasing the injection rate, increases the drag force and consequently the concentration of
attached partilces is reduced. At maximum velocity (Um), all detrital particles are detached, so concentration
of detrital particles withen porous media is zero. Fig. 3 also displays how maximum retention function
can be obtained experimentally by measurements of the amount of particle detachments Δσn by increasing
velocity from Un to Un+1 where n=1,2.

Figure 3—Maximum retention function for detrital particles as a function of flow velocity (by Bedrikovetsky et al. 2011).

The electrostatic force is computed from the extended DLVO (Derjaguin-Landau-Verwey-Overbeek)
theory accounting for the interacting energies between the particles and the grain surface. The total energy
is the sum of the London-Van der Waals, Electrical Double Layer, and Born Repulsive potentials (Derjaguin
and Landau 1941; Elimelech et al. 2013; Gregory 1981; Hogg et al. 1966; Israelachvili 2015; Verwey et
al. 1999).

(5)

where V values are different potential energies, A132 is the Hamaker constant, h is the particle-surface
separation distance, kB is the Boltzmann constant (4.116*10-21 J), T is the absolute temperature in degrees
Kelvin, κ is the Debye-Huckel factor, γp and γs are the surface potentials of particles and surfaces respectively,
εm is the static dielectric constant of water, ε0 is the permittivity of the vacuum, and σLJ is the atomic collision
diameter.
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6 SPE-208810-MS

Surface potentials for particle and sand grain (γp, γs) are calculated from the zeta potentials of particle
and surface using the following equations Gregory 1975:

(6)

where, z is the valence of the cation in solution, e is the elementary charge (1.602*10-19C), T is the
temperature in degrees Kelvin and ζs and ζp are the zeta potentials of grain surface and particle respectively
in volts.

The zeta potential of sand can be calculated as:

(7)

where, pH is the measure of acidity, γ is fluid salinity, and A=0.998; B=-1.8526; C=24.537; D=0.6022;
E=21.677; F=-1.9666; G=-32.826.

The electrostatic force is computed as the negative of the electrical potential energy gradient:

(8)

Plugging Eq. (2) in the critical state of Eq. (1), the velocity is defined as following:

(9)

Here Vcr
Fe is the critical interstitial velocity for detachment of detrital particles. In order to obtain Darcy's

velocity, interstitial velocity is multiplied by porosity:

(10)

Assuming pore space as a bundle of parallel capillary tubes with average radius rp, the porosity can be
defined as following (Reddi et al. 2000):

(11)

where k0 is the permeability of the core sample at the start of the test. Combining Eqs. (9-11), yields:

(12)

where, Ucr
Fe is the critical Darcy's velocity for detachment of detrital particles.

Mechanisms of authigenic particle detachment
A schematic of a bonded particle with the primary acting forces is presented in Figure 4. Using the concepts
of CBM a cantilever beam is considered between the substrate and the particle. The beam has a circular
cross section. Fluid flow exerts the drag force (Fd) on the particle and as a result a bending moment (Mb) is
created. Consequently, a state of stress at the contact-bond adjacent to the substrate is created. According to
Timoshenko and Goodier 1951, the only significant stresses are normal stress perpendicular to fluid flow
direction and a shear stress parallel to fluid flow direction. These stresses for circular cross sectional beam
can be defined as:

(13)

(14)
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Figure 4—Schematic of spherical particle bonded on a substrate by a circular cross sectional cantilever beam.

Here σn and τ are normal and shear stresses at the base of the beam, Mb is the bending moment due to
fluid flow, Fd is the drag force, I is the moment of inertia for the area of the contact, a is the radius of area
of contact, and y is the coordinate axis which is zero at the middle of the beam. Assuming the height of the
bond is negligible in comparison with the radius of the particle, the equation of bending moment and the
moment of inertia for circular cross section are as follows:

(15)

(16)

Failure happens when either of normal stress or shear stress or a combination of both in one specific
orientation exceed a threshold value. Since, fluid drag force is constant, it can be assumed that if failure
happens in one point, the beam will be weaker and adjacent points will fail consequently. So it is important
to find out which points have critical state of stress. In order to find those points in the contact area with
radius a, where stresses are critical, we need to do the following preliminary study.

Preliminary study
We study two imaginary cases. In the first case, a sphere shape particle with the properties given in Table 1.
This data is from our laboratory data and tensile strength is the average of all reported values for kaolinite in
literature, which is presented in section (4). In this table, Normal stress (σn) and shear stress (τ) are calculated
by using Eqs. (13) and (14). Fig. 5 shows the results when they are plotted versus y value. In this plot, tensile
stress is plotted towards the negative y-axis to show its difference with compressive stress.

Table 1—Parameters for imaginary case 1

Property Value

Particle radius,[μm] 4.32

Aspect ratio,(thickness/length) 1

pore radius,[μm] 9.48

bond radius,[μm] 0.25

fluid viscosity,[pa.s] 0.001

permeability,[m2] 8.75*10-13

Fluid velocity,[m/s] 0.01964

Tensile strength,[MPa] 4
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8 SPE-208810-MS

Figure 5—Stresses at contact points; a) normal stress and principal stresses, b) shear stress and maximum shear stress.

Mohr's circle is applied to find shear and normal stresses at different orientation of any given points.
The normal stress and the principal stresses are shown in Fig. 5a and the shear stress and the maximum
shear stress are shown in Fig. 5b. The principal stresses are maximum and equal to the calculated normal
stresses at point y=-0.2 and y=0.2. In other words, the maximum tension and compression are at y=-0.2
and y=0.2, respectively. At these points, the values of maximum shear stress is half the absolute value of
principal stresses.

Tensile strength of a rock is considerably less than its compressive strength (Hudson and Harrison 2000)
and bonding material is more sensitive to tension than compression (Obermayr et al. 2013). Therefore, we
consider tension as the main criteria of bond failure. This shows that the detachment of the particle due to
bending can start at y=-0.2. After failure of this point, the same process will be repeated for the adjacent
point in the contact bond. Noting that the area of contact has reduced and the values of normal stress will
be higher, the breakage of the other points will follow. In this case, the breakage is due to the high bending
moment. High bending moment leads to rolling, so the whole process of detachment of this particle is called
rolling.

For the second case, we consider a flat-cylindrical particle with low aspect ratio shown in Fig. 6. The
properties of this case is presented in Table 2. A low aspect ratio is considered to simulate the flat kaolinite
particles. The fluid velocity is increased to reach failure criteria. Critical shear stress is added to the table
and its values is tensile strength divided by , which is explained in section (2.3.2).

Figure 6—Schematic of falt-cylinerical particle bonded on a substrate by a circular cross sectional beam
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Table 2—Parameters for imaginary case 2

Property Value

Particle radius,[μm] 4.32

Aspect ratio,(thickness/length) 0.005

pore radius,[μm] 9.48

bond radius,[μm] 0.25

fluid viscosity,[pa.s] 0.001

permeability,[m2] 8.75*10-13

Injection fluid velocity,[m/s] 0.1562

Tensile strength,[MPa] 4

Critical Shear Stress, [Mpa] 2.31

Eq. (2) is used to update the drag force for the new aspect ratio (Ting et al. 2021). The major difference
between this case and the previous one, is the value of bending moment (Mb). The resulting bending moment
is less than the previous case, because the lever arm for drag force is much lower. To calculate the new
lever arm, a cylinder with low aspect ratio and the same volume as the particle in case one is considered.
The new graphs for normal and shear stresses are created and shown in Fig. 7. Mohr's circle was applied to
obtain the principal stresses and maximum shear stress at each point. The normal stress and the principal
stresses are shown in Fig. 7a and the shear stress and the maximum shear stress are shown in Fig. 7b. For
this case, it can be observed that the maximum shear stress is at y=0 and is bigger than shear stresses at
y=±0.2. Furthermore, it can be detected that the tensile stress at y=-0.2 is less than 4 Mpa, while the shear
stress at y=0 is equal the critical shear stress of the material. So shear failure will happen at this point at
a plane parallel to the fluid flow.

Figure 7—Stresses at contact points; a) normal stress and principal stresses, b) shear stress and maximum shear stress.

The created shear stress is due to the drag force and not the bending moment. This kind of detachment
mainly due to shear force is called sliding. The sliding starts at comparatively high fluid velocity (11 times
more than the first case) and for particles that have very low aspect ratio (200 times less than the first case).

Having discussed these two cases, it is concluded that the stresses at two points are important to consider.
One is the outer point of the bond (i.e. y=-0.2) which is under the highest tensile stress and its failure leads
to particle rolling. The other one is the middle point of the bond (i.e. y=0) which for a flat particle has
the highest shear stress and its failure leads to particle sliding. So, the maximum stresses for these two
conditions are presented as following:

(17)
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10 SPE-208810-MS

(18)

Here σn
max and τmax are the maximum normal and shear stress.

Failure criteria
Breakage happens when either of normal stress and shear stresses or a specific combination of both of
them exceed a threshold value. The type of failure criteria depends on the material at contact bond. Having
studied about the elastic properties, it shows the wet kaolinite is a ductile material (Zhao et al. 2020; Maher
et al. 1994). Assuming stress-strain curve for kaolinite material is elastic-perfectly plastic, yield criterion
are defined. The most well-known yield criterion is von Mises stress (σvM) (Obermayr et al. 2013; Andre et
al. 2012). The von Mises is the following combination of stresses at each point:

(19)

The bond will fail when von Mises stress exceeds the yield stress (σY) of the material. So for rolling (i.e.
failure at point y=-0.2, where shear stress is zero), the failure occurs when normal stress surpasses the yield
stress. For sliding (i.e. at point y=0, where normal stress is zero), failure occurs when shear stress at the
plane parallel to fluid flow is equal to or higher than  (Jaeger et al. 2007). In this paper, it is assumed
the collected tensile strength from literature is the same as yield stress for kaolinite.

Calculation of velocity distribution
Plugging in Eqs. (15) and (16) into Eq. (17) and considering tensile strength, critical fluid velocity for rolling
can be obtained as:

(20)

Here Vcr
R is the interstitial velocity and in order to obtain the critical Darcy velocity, it is multiplied with

porosity. Assuming pore space as a bundle of parallel capillary tubes with average radius rp and applying
Eq. (11) result in:

(21)

where, Ucr
R is the critical Darcy's velocity which causes particle rolling after failure.

Repeating the same procedure for Eq. (18), the critical injection velocity for particle sliding can be
calculated like:

(22)

where, Ucr
S is the critical Darcy's velocity which causes particle sliding.

Comparing Eqs. (21) and (22) show that sliding happens in higher velocities. Moreover it was discussed
in imaginary case 2, the sliding happens only for flat particles with very low aspect ratio. Assuming particles
with these geometrical shape have small concentration inside porous media, sliding is not considered.

Creating maximum retention function
Checking Eqs. (12), (21), most of the parameters in these equations are uncertain and a distribution for
each of them can be considered. Considering a distribution for each parameter and applying Monte Carlo
simulation, a histogram for each velocity can be obtained. Fitting a probability distribution function to
each histogram, we can find two probability distribution functions. First one is the probability distribution
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SPE-208810-MS 11

function of detrital particles, fe(U) and the second one is the probability distribution function of authigenic
particles, ff(U).

Assuming at each velocity increment, both detrital and authigenic particles are produced, the total
concentration of detached particles can be introduced as following:

(23)

where Δσn is the concentration of particle detached when fluid injection velocity increases from Un-1 to
Un, the  is the initial concentration of detrital particles and  is the initial concentration of authigenic
particles in the rock at U=0. In equation above, Δσn from Eq. (23) and Δσn from experiment can be matched
by changing the fitting parameters. As a results,  and  can be obtained. Having these concentration, we
can calculate the maximum retention function by applying the following equation:

(24)

Formation damage formulation for single-phase high velocity fluid
The formulae in this section already derived by Russell et al. 2018 and we only briefly explain the equations
and boundary/initial conditions and the solutions. Fines migration is the process encountered in porous
media in which small particles detach from pore surfaces and travel through the pore space. The migration
path of a detached particle is often terminated when the particle meets a pore throat smaller than its size. This
is referred to as straining and reduces the permeability of the porous medium. The schematic of permeability
decrease due to fines migration is shown in Figure 8. In this figure the concentration of attached (σa),
suspended (C) and strained (σs) particles are displayed.

Figure 8—Graphical illustration of particle detachment from grain surface, migration in carrier fluid, and straining in thin pore.

Mathematical modeling of fines migration normally starts from a continuity equation for the suspended
particle concentration. Considering the suspended particles are transported by the reduced velocity, i.e.
Us=αU, the continuity equation can be written as:

(25)

Here φ is the porosity, c, σa, and σs are the concentrations of suspended, attached and strained particles,
α<<1 is the drift delay factor and U is Darcy fluid velocity.

The straining rate is assumed to be a function of particle advection flux, cU (Bedrikovetsky 2008; Herzig
et al. 1970):

(26)

where λ is called the filtration coefficient.
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12 SPE-208810-MS

Particle straining leads to permeability decline and the Darcy's law can be expressed as follows:

(27)

where β is the formation damage coefficient and p is pressure.
The four Eqs. (25-27) and Eq. (4) make a system of equations with four unknowns c, σa, σs, and p,

which describe the detachment, migration, and straining of particles in pore space. The initial and boundary
condition for this system were written as

(28)

Before solving the system of equations, the following dimensionless parameters were introduced to make
dimensionless equations:

(29)

where L is the core length, and Δσ = σcr(U0)-σcr(U1) is the total detached particle concentration (detrital plus
authigenic) when the fluid velocity is increased from U0 to U1. Plugging in these parameters into the system
of Eq. (4) and Eqs. (25-27) yields:

(30)

In dimensionless coordinates, the initial and boundary conditions become, respectively:

The dimensionless pressure drop J(T), referred to as the impedance, were solved by integrating fourth
equation in (30) directly using separation of variables:

(31)

The one dimensional solutions for suspended and strained concentrations, and impedance ahead and
behind the particle front were derived in Russell et al. 2018. Inserting the resulted expression for the strained
concentration into Eq.(31) and integrating make it possible to derive the impedance as:

(32)

The expressions for suspended concentration were used to obtain the accumulated concentration at the
outlet of the core as:

(33)

Laboratory study
In this section, the rock properties of core sample, fluid preparation, our laboratory set-up and the
experimental study on fines mobilization and migration are presented.
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SPE-208810-MS 13

Rock and fluid properties
The rock sample is Castlegate sandstone core plug of 3.8 cm diameter and 5 cm length. Based on X-Ray
diffraction (XRD) analysis, Castlegate sandstone is composed of Quartz (90.6%), Feldspar (2.1%), clay-
Illite (4%), clay-Kaolinite (2.6%), and Calcite (0.8%) (Rafieepour et al. 2017). Moreover, the SEM and
mineralogy study on Castlegate rock samples show that the amount of authigenic kaolinite clay is significant.
Bruno et al. 1991 reported that Castlegate core has 4% authigenic clay content and Best et al. 2010 detected
5% clay, mostly authigenic kaolinite, in thin section images.

Pore volume of the core was calculated by recording the volume of brine required to saturate the dry
core sample. Bulk volume of the core is the multiplication of cross sectional area and length of the core.
Then, porosity was obtained by dividing pore volume by bulk volume. Initial permeability was calculated
by injecting brine into the sample. The porosity and initial permeability of the core sample were 24.3% and
888 mDarcy, respectively.

Ultra-pure deaerated MilliQ TM water was used to make an injection solution for the experiment. To
prepare one litre of the solution, one litre DI water and 35.1(gram) NaCl crystals were mixed to produce
one litre of 0.6 M (mol/L) NaCl brine. The prepared brine had a pH of 7.2.

Laboratory set-up
A graphical illustration of the setup for injecting brine into core sample is presented in Fig. 9. In this setup,
the core plug was placed inside a coreholder and an overburden pressure was applied. A piston pump was
used to supply high-pressure brine to the core. The inlet and outlet pressures of the core were recorded
by two absolute transmitters. To make sure fluid was injected with constant pressure, a back-pressure was
applied at the outlet. After the back-pressure value, there was a sensor to record the conductivity of the
fluid. All data from transmitters and sensors were transferred to a real-time data acquisition system. The
data acquisition system analysed the data and delivered real-time values of differential pressure and fluid
viscosity to an Excel file. In the excel sheet, the collected data at each time step were used to calculate
permeability by applying Darcy's law. At the outlet, there was a centrifugal fraction collector to collect
effluent suspensions into plastic tubes. The particle concentration of each plastic tube was measured using
a compact particle counter/sizer.

Figure 9—Laboratory set-up for particle detachment due to DLVO and breakage: 1 - core sample, 2 - Viton cover,
3 - flow distributors, 4 - core holder, 5 - manual pressure generator, 6 - distilled water, 7, 11, 12 and 13 - pressure

transmitter, 8 – High-performance liquid chromatography (HPLC) pump, 9 – brine solution, 10 – control valve, 14-17
– pressure transducers, 18-21 – three-way manual valves, 22 – data acquisition module, 23 – signal converter,
24 – personal computer, 25-back-pressure regulator, 26 – gas cylinder, 27 – conductivity sensor, 28 – signal

conditioning and signal transmitting conductivity isoPod, 29 – fraction collector, 30 – plastic tubes, 31-particle counter.
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14 SPE-208810-MS

Experimental procedure
The core was fixed inside the coreholder and an overburden of 1000 psi and a back pressure of 300 psi were
applied to the sample. The experiment is started by injecting 0.6 M NaCl solution at a superficial velocity
of 2.94×10-6 m/s (equivalent to the volume flow rate of 0.2 mL/min). The injection continued until pressure
drop was stabilized. The initial permeability of the sample is calculated at this flow rate. After stabilization,
the injection rate was increased to a next value.

Two tests has been done and for test#1, the volumetric injection rates were 2, 20, 70, and 100 mL/min
and for test#2, the volumetric injection rates were 2, 20, 70, 100, 120, 170, 200 mL/min. During the whole
process of brine injection, the effluent samples were collected into plastic tubes. And at the end of each
test, the particle counter/sizer, POLA 2000TM, was used to measure the particle concentration collected in
each plastic tube.

Discussion and Results

Matching the experimental data by the analytical model
Particle concentration at the outlet and the corresponding impedance (J(T)) were measured during the
experiment. For each injection rate, the accumulated concentrations (Cacc) were calculated. Then least-
squared curve fitting tool in MATLAB was used to simultaneously match both experimental datasets with
the analytical models. The model (Eqs. 32, 33), contains four unknowns, i.e. filtration coefficient, λ, drift
delay factor,α, formation damage coefficient,β, and detachment concentration, Δσ. These parameters were
considered as fitting parameters. The experimental data was matched with the model, the fitting parameters
and coefficient of determination R2 for both are shown in Table 3.

Table 3—Tuning parameters for our lab test

Parameters Test# 2(mL/min) 20(mL/
min)

70(mL/
min)

100(mL/
min)

120(mL/
min)

170(mL/
min)

200(mL/
min)

1 1.83 1.23 1.10 5.53 0.23 - -
λ(1/m)

2 1 1.36×10-8 0.78 3.34 0.73 1.10 1.63

1 0.09 0.05 1.72×10-2 0.02 1.43×10-2 - -
α

2 0.05 0.05 1.69×10-2 2.07×10-2 1.45×10-2 1.21×10-2 1.04×10-2

1 0 1.21×105 1.38×104 7.63×103 5.54×104 - -
β

2 2×105 0 -2.8×104 -1.66×103 1.95×104 2.64×103 1×103

1 2.95×10-6 2.8×10-6 1.54×10-5 3.29×10-5 8.75×10-6 - -
Δσ

2 2.22×10-6 8.02×10-6 2.32×10-5 1.30×10-5 1.97×10-5 3.66×10-5 3.14×10-5

1 0.85 0.93 0.73 0.54 0.88 - -
R2 (J)

2 1×10-3 5×10-3 0.1 0.44 0.71 0.19 0.60

1 0.98 0.59 0.99 0.91 0.99 - -
R2 (Cacc)

2 0.97 0.99 0.98 0.82 0.98 0.99 0.92

The experimental data and the matched model for both tests are presented in Figure 10 and Figure 11.
The results show good agreement between the laboratory data and the models.
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SPE-208810-MS 15

Figure 10—Experimental data for accumulated outlet concentration of suspended
particles matched with the model (PVI: number of pore volumes injected.)

Figure 11—Experimental data for impedance matched with the model

The values of drift delay factor are much less than one. Since the drift delay factor is the ratio of particle
velocity to fluid velocity, it can be concluded that the particles moved with a velocity much slower than
the fluid velocity. As a result for each injection rate, the stabilization time is much higher than the time to
inject a single-pore volume.

Matching detachment concentration
The detachment concentration (Δσ) for each injection rate is shown in Table 3. In works of Bruno et al.
1991 and Best et al. 2010 reported that Castlegate core samples have a significant amount of authigenic clay
particles, therefore in our experiment the detachments of both authigenic and detrital clays are probable.
To detach the detrital particle, drag force needs to overcome the attaching electrostatic forces, while for
authigenic particles the drag force needs to break the existing bond between the clay and rock.

To define the initial amount of detrital and authigenic particles inside the core, a new method based on
Monte Carlo simulation was developed. First, the distribution for each parameters need to be defined. The
parameters like pore size, particle size, aspect ratio of particle, zeta potential, strengths of material, contact-
bond radius, and lever arm ratio are not constant for particles and, they can have random values within a
certain limit. Except contact-bond radius and lever arm ratio, the rest of the parameters are measurable, and
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16 SPE-208810-MS

their values are reported in literature. The corresponding values were collected, and a normal probability
distribution function was fitted to them. Table 4 presents mean value (M) and standard deviation (SD) for
the normal probability distribution function of each parameter. Orlander et al. 2021 and M'barki et al. 2021
measured pore size distribution for Castlegate sandstone using the Mercury Injection Capillary Pressure.
Examining their data, it was found out that the pore size can deviate from their mean value by 50%. The mean

value of pore size is calculated from  (Amix et al., 1964), where the values of initial permeability

and porosity were already measured. Having the mean value and the range, the standard deviation was
obtained. For particle size, a normal distribution is fitted to particle size measured with POLA 2000TM in
our laboratory set-up. The range of values is compatible with the particle size range reported in Varzaneh
et al., 2021 for Castlegate core sample.

Table 4—Distribution of parameters

Parameters Distribution M SD References

Zata potential-
Particles (mV) - 20.8 0.69 Walker et al. 2018

Zata potential-Rock (mV) - 21.8 0.73 Walker et al. 2018

Poisson's ratio 0. 31 0.02 Horabik et al. 2021; Mikowski et al. 2007; Mondol et al. 2008

Young Modulus, [GPa] 1 5.09 4.02 Horabik et al., 2021; Mondol et al. 2008; Yang et al. 2019

Tensile strength, [MPa] 4. 00 1.07 Sang et al. 2015; Reddi et al. 1997; Charkley et al. 2019; Barzegar
et al. 1995; Horabik et al. 2021

Aspect ratio, α 0. 08 0.02 Cheng et al. 2014; Zhang et al. 2017

Pore size, [μm] 9. 48 1.58 Orlander et al. 2021 Mbarki et al. 2021

Particle radius, [μm]

Normal

4. 32 1.15 Varzaneh et al., 2021

For the rest of the properties in Table 4, their values were collected from literature and a normal
distribution function was matched between the minimum and maximum values. The mechanical properties
of kaolinite rock is not available in literature because getting pure kaolinite sample is not possible. Therefore,
kaolinite soils are collected and tested. The mechanical properties of kaolinite in Table 4 are for kaolinite
soils and we assume these properties are applicable to kaolinite particle in porous media. Moreover, we
need to use the yield stress of kaolinite to use it in von Mises failure criteria. The yield stress of kaolinite
is not available and it is assumed it is the same as the tensile strength.

Second, two histograms for detachment velocities were created, using the Monte Carlo simulation for
Eqs. (12) and (21) and the values reported in Table 4. The two histograms were separately fitted with
probability distribution functions (i.e. fe(U) and ff(U)). Using those obtained values and Eq. (23) we calculate
the detachment concentration for the incremental injection rate intervals.

Depending on the value of contact-bond radius, the two distributions (i.e. fe(U) and ff(U)) might overlap
or might be completely separated. Therefore, it was logical to check the detachment concentration in
experimental data and look for two separate histograms. If the obtained Δσ from experimental data treatment
shows one maximum (i.e. one hump), it was assumed that only one type of particles are produced, either
detrital or authigenic and the matching was done with only one mechanism. If two rising trends (i.e. two
humps) were detected, the first hump was matched for detrital detachment (DLVO theory) and second hump
was matched for authigenic detachment (Breakage theory). Given that the average fluid velocity required
to break the bond in authigenic particles is more than the average fluid velocity required to detach detrital
particles.
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SPE-208810-MS 17

In order to match our model with our laboratory data, we choose the most uncertain parameters as fitting
parameters. Our preliminary study shows that for detrital case, initial concentration of particles, mean value
and standard deviation of lever arm ratio are most uncertain parameters where for authigenic particles,
initial concentration of particles and mean value and standard deviation of bond radius are uncertain. Since
every histogram can be plotted by three known values (i.e. mean value, standard deviation, and number of
samples), three fitting parameters for each mechanism can be obtained. If there is one histogram, the three
uncertain parameters are obtained and if there are two humps, the six unknows can be calculated.

In Figure 12 the detachment concentrations obtained in laboratory test#1 were plotted in green circles.
There is only one hump in this test. Using least-squared curve fitting tool in MATLAB, laboratory data was
matched with each mechanism, separately. The matching with the model accounting for detrital particle
detachment was selected, as the fitting parameter are in acceptable range. The fitting parameters of this test
were shown in Table 5.

Figure 12—Matching the experimental data and the model for test#1.

Table 5—Tuning parameters to match histograms

Test# DLVO
parameter Value Failure

parameter Value

1 1.67×10-4 *

2 1.51×10-4 7.2×10-4

1 101.49 *

2
M (Lever
arm ratio) 231.99

M (Bond
radius), [μm] 0.25

1 4.25×10-4 *

2
SD (Lever
arm ratio) 9.26×10-4

SD (Bond
radius), [μm] 1×10-5

1 0.83 *

2
R2 (Δσ)

0.96
R2 (Δσ)

0.90

1 0.98 *

2
R2 (σcr)

0.99
R2 (σcr)

0.99

*Stage01 is matched only with DLVO.

In Figure 13 the detachment concentrations obtained in laboratory test#2 were plotted in green circles.
Two humps are detected, so the first histogram was matched with DLVO and the second one was matched
with breakage equation. As it is shown, the maximum detachment of detrital particle is at U=1e-3 m/s while
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18 SPE-208810-MS

maximum amount of authigenic particles mobilizes at U=2.5e-3 m/s. The fitting parameters of this test were
also reported in Table 5.

Figure 13—Matching the experimental data and the model for Stage3.

Comparing two initial concentrations (i.e.  and ) in Table 5, the ratio of initial authigenic particle to
initial detrital particles for test#2 is 4.46 (i.e. about 82% of the particle inside porous media are authigenic).
Moreover, the ratio of mean value of particle radius and contact-bond radius is about 17, which implies our
assumption for narrow beam is valid.

After finding the initial concentrations of detrital and authigenic particles in porous media and finalizing
the detachment velocity distributions for both mechanisms, it is possible to use Eq. (24) to obtain the
maximum retention function curve for each test. The results are demonstrated in Fig. 14 and Fig. 15.

Figure 14—Maximum retention function for test#1
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SPE-208810-MS 19

Figure 15—Maximum retention function for test#2

In test#2, both processes were involved and the total detachment model from Eq. (24) matched with
laboratory data. As shown in Fig. 15, the critical retention function curve due to breakage (blue curve)
is almost constant at low velocities while the DLVO curve (red curve) has a decreasing trend. At higher
injection rates, no significant decrease is observed in DLVO but breakage curve starts decreasing (blue
curve). Adding up these two curves, the black dashed curve is created which matches the laboratory data.

Summary and Conclusions
In this paper, we proposed a new laboratory-based model to determine the detachment of the authigenic
and detrital particles. We assumed that the detrital particles are attached to the rock surface by electrostatic
forces and the classical DLVO theory was used to predict their detachments. The authigenic particles are
assumed to be bonded to a surface and their mechanical detachment is modelled using CBM and von Mises
failure criteria. This work allows drawing the following conclusions:

• Treatment of measured breakthrough concentration and pressure drop during water flooding allows
determining the amount of detached particles.

• For the first time, the Monte Carlo simulation using the variation of multiple parameters has been
successfully used to create histograms for detachment velocities.

• The non-monotonic change of the concentration of the detached fine, with the initial and final
risings, determines the type curve that evidence the mobilisation of both, authigenic and detrital
clays.

• A mathematical model accounting only for DLVO theory cannot predict the trend of detached
particle concentration measured during the experiment

• A novel technique based on the CBM and von Mises yield criteria was proposed to predict the
detachment of authigenic particles due to the applied drag force

• The model parameters in order of decrease of their sensitivity are contact-bond radius, pore radius,
particle size, lever-arm ratio, tensile strength, and aspect ratio.

• The laboratory data exhibit a high match with the mathematical model for the two coreflood series.
test#1 was matched only with DLVO theory while DLVO and breakage theory were applied to
match the test#2

• The maximum retention function for a system of detrital and authigenic particles is obtained.
Having the maximum retention function, the further particle detachment by higher flow rates can
be predicted.

• The results show that the ratio of initial authigenic particle to initial detrital particles for test#2 is
4.46 (i.e. 82% of the particle inside porous media are authigenic)
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20 SPE-208810-MS

• For particle sizes varying from 1.72 microns to 15.56 microns in Castelgate core sample with
pore size varying 9.5 to 28.5 microns, normal pH, salinity, tensile strength and level arm ratio, the
maximum detachment of detrital particle is at U=1e-3 m/s while maximum amount of authigenic
particles mobilizes at U=2.5e-3 m/s.

Nomenclature

English letters
A Area of contact, L2

A132 Hamaker constant, M L2 T-2

a Area of contact radius, L
C Dimensionless particle suspension concentration

Cacc Accumulated concentrations
c Particle suspension concentration
e Charge of electron, TA

Fd Drag force, M L T-2

Fe Electrostatic force, M L T-2

Fg Gravity force, M L T-2

Fl Lifting force, M L T-2

Fn Normal Force, M L T-2

Fs Shear Force, M L T-2

f Probability distribution function of detaching velocity
fe Probability distribution function of detaching velocity by drag resisting electrostatic force
ff Probability distribution function of detaching velocity by breakage
I Second moment of area or Moment of inertia, L4

Ip Polar moment of inertia, L4

J Impedance
k0 Initial absolute permeability, L2

kB Boltzmann constant
kdet Detachment coefficient

L Core length, L
ld Drag force lever arm, L
ln Electrostatic lever arm, L

Mb Bending moment, ML2T−2

Mt Twisting moment, ML2T−2

n1,2,3 Refractive indices of kaolinite, sandstone and water
P Dimensionless pressure
p Pressure, M L-1 T-2

R2 Coefficient of determination
r Fraction of detrital particles

rp Pore radius, L
rs Particle radius, L
Sa Dimensionless attached particle concentration
Ss Dimensionless strained particle concentration
T Dimensionless time

Ta Attached Torque, ML2T-2
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Td Detached Torque, ML2T-2

Te Absolute temperature, K
h Particle-Surface separation distance, L
t Time, T

U Fluid velocity, MT-1

Ucr Critical Darcy velocity, MT-1

Um Maximum fluid velocity, MT-1

Us Particle velocity, MT-1

V Interstitial fluid velocity, MT-1

Vcr Critical interstitial velocity, MT-1

VLVW London-van der Waals, ML2T-2

VEDL Electrostatic double layer, ML2T-2

VBR Born repulsion, ML2T-2

Vtotal Total electrostatic potential, ML2T-2

ve Constant value of absorption frequency
X Dimensionless length
x Coordinate, L
y Coordinate, L
z Ion valency

Greek letters
α Drift delay factor
αs Aspect Ratio
β Formation damage coefficient

β’ Angle of breakage plane
γ Salinity of fluid (mol/L),

γp Reduced surface potential for particle
γs Reduced surface potential for grain
ε0 Permittivity of the vacuum, M-1A2T4L-3

ε1,2,3 Static dielectric constants of kaolinite, sandstone and water
εm Static dielectric constant of water
ζs Zeta potential for grain (Sandstone), L2T-2

ζp Zeta potential for particle (Kaolinite), L2T-2

κ Inverse of Debye length, L-1

Λ Dimensionless filtration coefficient
λ Filtration coefficient, L-1

λa Filtration coefficient for attachment, L-1

μ Fluid viscosity, ML-1T-1

σ Retained concentration
σ0 Initial particle concentration
σa Attached particle concentration
σcr Critical retention function
σLJ Atomic collision constant
σn Normal stress, M L-1 T-2

σnc Critical normal stress or tensile strength, M L-1 T-2

σnmax Maximum normal stress, M L-1 T-2
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σs Strained particle concentration,
σvM Von Mises stress, M L-1 T-2

Δσn Concentration of detached particles
τ Shear stress, M L-1 T-2

τc Critical shear stress or shear strength, M L-1 T-2

φ Porosity
ϖ Aspect ratio or shape factor

Subscript
exp Experimental data
acc Accumulated

n Natural number
1,2,3 Indexes of Principal stresses

Superscript
e detrital particles
f authigenic particles
r Rolling
s Sliding
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ABSTRACT   Suspension-colloidal-nano transport in porous media encompasses the 

detachment of detrital fines against electrostatic attraction and authigenic fines by breakage, 

from the rock surface. While much is currently known about the underlying mechanisms 

governing detachment of detrital particles, including detachment criteria at the pore scale and 

its upscaling for the core scale, a critical gap exists due to absence of this knowledge for 

authigenic fines. Integrating 3D Timoshenko’s beam theory of elastic cylinder deformation 

with CFD-based model for viscous flow around the attached particle and with strength failure 

criteria for particle-rock bond, we developed a novel theory for fines detachment by breakage 

at the pore scale. The breakage criterium derived includes analytical expressions for tensile and 

shear stress maxima along with two geometric diagrams which allow determining the breaking 

stress. This leads to an explicit formula for the breakage flow velocity. Its upscaling yields a 

mathematical model for fines detachment by breakage, expressed in the form of the maximum 

retained concentration of attached fines versus flow velocity – maximum retention function 

(MRF) for breakage. We performed corefloods with piecewise constant increasing flow rates, 

measuring breakthrough concentration and pressure drop across the core. The behaviour of the 

measured data is consistent with two-population colloidal transport, attributed to detrital and 

authigenic fines migration. Indeed, the laboratory data show high match with the analytical 

model for two-population colloidal transport, which validates the proposed mathematical 

model for fines detachment by breakage.  

1. Introduction 

Dislodgement of natural reservoir fines from rock surfaces, induced by viscous flow in porous 

media, with the following migration and capture by the rock is essential in numerous natural 

and industrial processes. These include well fracturing, production of coal bed methane, water 

and polymer injection in aquifers and oilfields, heavy oil production, underground storage of 

CO2 in aquifers and depleted oil and gas fields, fresh and hot water storage in aquifers, 

radioactive nuclear waste, and enhanced geothermal projects. 1-6 Usually, the migrating fines 

are clays (kaolinite, illite, chlorite), silica particles, or coals. 7-9 Fig. 1 shows SEM images of 

potentially migrating fines attached to rock surface. Figs. 1a and 1c show authigenic particles 

that naturally grow on rock surfaces during geological times, while Figs.1b and 1d show 

detrital particles attached to rock surfaces by electrostatic forces. Viscous flows in porous 

media induce drag and lift exerting on attached particles, which can result in their detachment. 

Authigenic particles are dislodged by stresses that initiate breakage of the particle-substrate 
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bond, while detrital fines are detached by overcoming the electrostatic particle-substrate 

attraction. 10  

The detachment schematic at the pore scale is presented in Fig. 2a, where the detachment of  

authigenic and detrital particles occurs at the lower and upper parts of pore throat, respectively. 

The mobilisation of fines yields their straining in thin pore throats which consequently alters 

the fluid flow. The attached fines coat the rock surface, so their dislodging causes low-to-

moderate permeability increase, while plugging the flow paths yields significant decline of 

permeability. 5, 11 The consequent decrease of well productivity and injectivity motivates 

significant efforts in studying migration of natural reservoir fines in porous media. 8, 12-14 

Indeed, currently this topic is well developed for detrital fines. 12-14 

 a)    b)                        

c) d) 

Figure 1: SEM photos of clay particles attached to the grains of sandstone rocks: a) authigenic kaolinite, 

15 b) detrital kaolinite, 15 c) authigenic illite, 16 d) detrital illite17   
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a) 

 

b) c) d) 

Figure 2. Detachment for detrital and authigenic clay particles: a) schematic for detachment at the pore 

scale; b) force (torque) balance at attached detrital fine with lever arm due to particle deformation; c) 

lever arm at attached detrital fine due to rock surface asperity; d) representation of attached authigenic 

particle by deformable beam18 

Current mathematical and lab modelling for detachment of detrital fines is based on mechanical 

equilibrium of a particle situated on the solid substrate. 13, 19-21 Detrital fines detachment by 

drag against electrostatic forces is shown at the upper part of the entrance throat in Fig. 2a. 

Figs. 2b and 2c show drag, electrostatic, lift, and gravity forces exerting on an isolated fine 

particle. At the moment of dislodging, a particle rotates around a contact point on the rock 

surface. The corresponding lever arm is determined by either mutual particle-rock deformation, 

like in Fig. 2b, or by the size of the rock surface asperity, like in Fig. 2c. The attaching 

electrostatic force is described by DLVO theory. 21 The mathematical model for fines 

dislodging is either a linear-kinetics equation for detachment rate, 12, 14 or a function of retained 

concentration of attached particles versus velocity that is derived from mechanical equilibrium. 

22, 23 Both models close the system of governing equations for colloidal-suspension-nano 

transport in porous media. In this work, to upscale the detachment model from pore to rock 

scale, we use the approach of maximum retention function (MRF). Whereas much is currently 

known about the underlying mechanisms governing the flow-induced detachment of detrital 

fines, a critical gap exists due to the absence of geomechanics-flow breakage criteria for 

authigenic fines.  

Detachment of authigenic fines during flow in rocks, as it is shown in Figs. 2d, 3d, and 3h, 

occurs by breakage. Particle dislodgement by breakage under viscous flows in porous media 
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has been observed during sand production, 24 well acidizing, 25, 26 cement dissolution in 

sandstones, 27, 28 carbonate rock dissolution in water, 29 and illite breakage under flow during 

hydraulic fracturing. 10 Guo et al. 2016 observed coal fines detachment by breakage during 

coreflood under piecewise-constant increasing velocity. 30 Wang et al. 2020 observed produced 

calcite particles from broken bonds with grains during waterflood tests. 26 Using SEM images, 

the above works clearly distinguish between detachment of detrital fines against electrostatic 

attraction and breakage of authigenic particles.   

   

a)                               b)   c)                                     d) 

    

e)   f)   g)                                     h) 

Figure 3: SEM photos of potential fine generation at different coal cleats (a and e), cleat and asperity 

geometries used in numerical simulations (b and f), failure zones (in red) for each case as a result of 

numerical simulation (c and g), and zoom for failure zones (d and h) 31 

The micro-scale numerical fines-detachment models couple flow and stress equations. 31, 32  

SEM images (Figs. 3a, 3e) allow defining the channel model geometries (Figs. 3b, 3f), where 

the boundary conditions on the liquid-solid interfaces are posed and setting the detailed coupled 

numerical model for flow in porous channels and induced stresses in the rock (Figs. 3c, 3g). 

The failure zones are calculated from the stress field using various failure criteria (Figs. 3d, 

3h), predicting particle detachment at the pore scale (Figs. 3d, 3h). The analytical model for 

stresses, induced by the external load, based on beam theory33 was used to predict rock failure 

in sea-cliffs and sandstone canyon cliffs, 34, 35 and between grains consolidated by cement. 18, 36  

Micro scale modelling of particle detachment by breakage strongly depends on the rheological 

behaviour of particles bonded with the rock surface, the corresponding breakage criteria, and 

critical stress conditions. Laboratory pore-scale bending tests for single particles bonded to 

solid substrate have been performed for kerogen-rich shales, and brittle behaviour has been 

observed. 37 Other tests related to non-mineral-rock materials – polymer-clay, 38 glass, 39 and 

silicon40-42– also exhibited brittle behaviour, while the tests with nickel showed ductile 

behaviour. 43 Geo-mechanical tests with partly water-saturated kaolinite powder detect brittle 

behaviour, 44-49 while for high saturations of water, the powder becomes ductile. 44, 50, 51  Mixing 

kaolinite soil with more than 1% of cement changes ductile behaviour of the stress-strain 

diagram into brittle. 52 Quartz powder and its rich mixtures with kaolinite exhibit brittle 

behaviour. 53 Carbonate powders, and their rich mixtures with quartz in low water saturations 

show typical brittle stress-strain diagrams. 53, 54 Moreover, sand particles bonded with calcium 
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carbonate powder under tensile and shear tests show shape decline after failure which is an 

indication of brittle behaviour. 54  

Other laboratory studies also encountered either brittle or ductile failure in reservoir rocks, in 

particular in kaolinite-rich rocks, 55, 56 illite-rich shales, 57-59 chlorite-rich black shale rocks, 60 

quartz-rich sandstone, 61, 62 cement mortar rock, 63 and coal rocks. 64-66  

Molecular-dynamic simulation of rheological kaolinite behaviour for hydrated and defected 

kaolinite crystals with the typical length of 100 Angstrom shows brittle properties under stress 

loading at the tension case with parallel and perpendicular to layering. 67-69 Zhang et al. 2021 

simulate both tension and compaction loads; tension stress-strain diagrams have brittle type for 

load parallel and perpendicular to layering, while those for compression are brittle for parallel 

load and are ductile for perpendicular load. 70  

The above experimental studies highlight the prevalence of mechanical failure of colloidal 

particles in porous media. The difference in detachment criteria for authigenic and detrital 

particles is important for understanding and modelling fines migration. However, this 

distinction hasn’t been used in the analysis of coreflooding or field production data. Despite 

these phenomena being widely spread, a pore-scale mathematical model and its upscaling to 

the rock scale transport are not available. 

The present paper fills the gap. This contribution integrates CFD-based modelling of viscous 

fluid – attached particle interaction, 3D elastic beam theory, and strength failure criteria, 

yielding an explicit expression for breakage detachment conditions of authigenic fines. It was 

found that stress maxima are reached at either the middle or boundary of the beam base. 

Introduction of tensile-stress and shear-tensile diagrams allows determining which stress 

causes the particle failure. Formulae for breakage flow velocities have been derived for all 

cases of particle breakage by different stresses. The expressions for breakage velocity allow 

determining the maximum retention concentration versus velocity (MRF), which is a 

mathematical model for fines mobilisation by breakage at the rock (laboratory cores and 

reservoirs) scale. The laboratory test undertaken comprises coreflooding with 7 rates taken in 

increasing order while measuring particle breakthrough concentrations and pressure drop 

across the core. High match between the model and the experimental data from this test, and 

also from 4 tests taken from the literature, validate the mathematical model for particle 

detachment by breakage.      

2. Microscale model for particle detachment from rock surface by breakage 

This section integrates Timoshenko’s beam theory with creeping viscous flow around attached 

particles. This includes assumptions of the model (section 2.1), CFD-based expressions for 

drag and torque for the particles with different geometries (section 2.2), and derivations for 

tensile and shear stress distributions over the beam base (section 2.3). 

2.1.  Assumptions of the particle breakage model    

The breakage detachment model for a single particle is based on Navier-Stokes equations for 

viscous flow around the attached particle with resulting drag force and moment exerting on the 

particle, elastic beam theory, 33 and the rock failure criteria by tensile or shear strength. 71-73 

The main detaching force is drag (Figs. 2b, 2c). We assume small deformation for solid mineral 

particles and negligible effect of particle deformation on the drag force and moment.  
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Fig. 2d shows 3D cantilever beam for spheroidal particle; the undeformed vertical 

configuration is exhibited by continuous lines; the end loading by drag displaces material points 

to the deformed shape shown by dashed curves. The stresses in the particle outside the beam 

are lower than those inside, which justifies the beam approximation of an irregularly shaped 

particle for deformation modelling. The assumption that the particle volume around the beam 

stem has negligible impact on the stress maxima over the particle-substrate contact area has 

been used by Robinson et al. 1970, Young and Ashford 2008, Obermayer et al. 2013, Wagner 

et al. 2016, and Chen et al. 2022. 18, 34, 35, 74, 75  

Because drag is applied to the centre of mass of the particle, the beam connects the base to the 

centre, and the drag acts as an external load on the top cross-section of the beam. We assume 

that the particle shape is spheroidal, and the contact area is circular. Cylindrical shaped particles 

are considered too. We also assume homogenous and linear-elastic particle matter. 

It is assumed that planar sections perpendicular to the neutral axis before deformations remain 

planar, but not necessarily perpendicular to the neutral axis after deformation, i.e., shear 

deformations cannot be ignored. This is particularly important for “short” kaolinite and chlorite 

clay particles that represent the most widely spread fines in natural reservoirs. Therefore, stress 

modelling for fines breakage is based on Timoshenko’s rather than Bernoulli-Euler beam 

theory. 75   

 

 

 

 

               a) 

 

                b) 

 

 

                c) 

 

 

Figure 4: Schematic of equivalent beam for attached spheroidal particle: a) loading force and moment 

exerting from viscous flow; b) shear in plane parallel/perpendicular by Timoshenko’s solution; c) shear 

in plane parallel/perpendicular by Timoshenko’s solution 

The present work assumes that the maximum stress in the particle-substrate contact area due 

to drag is determined by the deformation of the cylindrical beam with the base equal to the 

particle-substrate contact area. This assumption was adopted from Obermayr et al. 2013. 18  

Therefore, the failure criteria for the attached particle is determined from the cylindric beam 

deformation from Timoshenko’s solution. The same assumption has already been used by 

Robinson, 1970, and Young and Ashford, 2008. 34, 35  
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Figs. 2b, 2c show the spheroidal particle, drag exerting from the moving viscous fluid, and the 

induced moment. Under slow creeping flows in porous media, lift is negligibly small if 

compared with drag . Gravity can also be ignored.  Fig. 4a shows the normal stress σz versus 

the horizontal x-coordinate at the beam base z=0. The advancing point of the particle is in 

extension as a result of the drag, and the receding point is in compression. Figs. 4b and 4c 

exhibit the distributions of shear stresses (τxz and τyz) over the beam cross section. Stress τxz is 

maximum at central point of the base, while stress τyz is zero at this point. Timoshenko’s beam 

model assumes that normal stress over a cross section is distributed in the same manner as in 

the case of pure bending. The remaining three stress components i.e. σx, σy, and τxy are zero. 33 

The expressions for all stresses of the beam theory are presented in Appendix A. 

The particle exhibits brittle behaviour with breakage. The breakage occurs instantly according 

to maximum stress criteria, i.e., if either tensile or shear stress reaches strength (maximum) 

values. 71, 72   

2.2. Drag force and moment   

Consider Couette flow of viscous fluid over a plane substrate and around the attached particle 

(Figs. 2b, 2c, 2d). Drag Fd and its moment Mb for spherical, oblate spheroidal, and cylindrical 

particles are extensions of the Stokes formula, which is valid for spherical particles76:  

 6d f s d sF rVf                                                  (1) 

     6b d M s f s d s M sM F bf rVf bf                                   (2) 

where, μf is the fluid viscosity, rs is the particle radius, V is the interstitial fluid velocity, fd is 

the shape factor for drag force, b is the lever arm for drag force, and fb is the moment shape 

factor. Interstitial fluid velocity V is expressed via Darcy’s velocity U as 

U V                        (3) 

where ϕ is the porosity. 

For a non-spherical particle, the effective radius, rs is determined based on the equality of the 

volume of the desired shape and a sphere with radius rs. 

For a cylindrical particle, the effective radius and aspect ratio, αs are defined as 

1/3

2 3 24 2
2 , ,

3 3
c

c c s s c s s
c

b
a b r r b

a
   



 
   

 
                  (4) 

where ac and bc are the cylinder base radius and height, respectively. 

The effective radius rs and aspect ratio for a spheroidal particle are defined similarly as: 

2 3 2/34
, ,

3
s s s s

ba b r r b
a

                          (5) 

where a and b are semi-major and semi-minor axes of spheroid, respectively, and αs is the 

aspect ratio. 
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Following Ting et al. 2021, we calculate the shape factors for drag force and moment using 

CFD package ANSYS/CFX. 77 The calculations are performed for long thin cylinders, which 

approximate illite clay particles (Figs. 1c, 1d). Figs. 2a, 2b, 2c show the schematic for fluid 

flow around the attached particle. Drag is calculated from the solution of the Navier-Stokes 

equations for viscous flow with no-slip conditions at the solid-fluid particle and substrate 

surfaces. The shape factors for drag force and moment, fD and fM, respectively, are calculated 

from the numerical solution using Eqs. (1) and (2). 

For long thin cylinders, which correspond to aspect ratio αs>1, the correlations for drag force 

and moment factors, based on multiple runs of the CFD package, are:  

  
120.9014 1.599 2.265 1.752d s s sf   


   
                              (6) 

  
1

3 2 20.0002161 1.34 44.18 21.27 31.34 10.38M s s s s sf     


     
               (7) 

respectively. We will be using these correlations further in the text to calculate maximum 

stresses and predict the particle-substrate bond breakage. The expressions for drag and moment 

factors for spheroidal and thin-cylinder particles, which model kaolinite, chlorite, and silica 

particles, are available from Ting et al. 2021. 77 

2.3. Stress distributions at the base of the beam 

Substitution of beam stress equations (A1-A3) into the expressions for principal stresses (A5), 

yields the equations for maximum tensile and shear stresses at the beam base: 
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            (9) 

Axes are shown in Fig. 4.  

Eqs (8) and (9) for normalised stresses can be transformed into the following dimensionless 

form  
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               (11) 

where T0 and S0 are the tensile and shear strengths, respectively.  Normalised stress expressions 

(10, 11) contain three dimensionless groups reflecting the interaction between the creeping 

flow around an attached particle and the induced elastic deformation of the particle – 

dimensionless numbers κ, χ, and η:   
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         (12) 

Dimensionless group κ is proportional to the ratio between tensile strength and fluid pressure 

caused by the drag exerting on the particle cross section and is called the strength-drag number. 

Dimensionless number κ also depends on bond ratio δ, aspect ratio αs, and moment of inertia 

I. Dimensionless group χ depends on geometric parameters, namely the bond ratio δ and aspect 

ratio αs, and on the Poisson ratio υ and is called, therefore, the shape-Poisson number. The 

strength number η is the ratio between tensile and shear strengths. 

Common interval of parameters for rock minerals are: aspect ratio αs varies from 0.03 to 1.0 

for spheroids and flat cylinders and from 1 to 100 for long cylinders, bond ratio δ - from 10-3 

to 1.0, and Poisson’s ratio υ  ̶  from zero to 0.5. Eq. (12) along with formulae for drag and 

moment shape factors results in values of the shape-Poisson number χ varying from 2.4×10-7 

to 4.8 for spheroids, from 2.4×10-5 to 0.3 for long cylinders, and from 0.18 to 135 for flat 

cylinders.  

3. Derivation of maxima for tensile and shear stresses  

Here we transform a graphical technique to determine the stress that meets the strength failure 

criteria. It includes the derivation of stress maxima at the beam base (section 3.1), calculation 

of tensile stress maxima over the beam base middle and boundary (section 3.2) and their 

comparison using the tensile stress diagram (section 3.3), calculation of shear stress maxima 

over the beam base middle and boundary (section 3.4) definition of the failing stress using the 

tensile-shear diagram (section 3.5). 

The failure criteria used in this work correspond to reaching the strength values by maximum 

tensile and shear stresses. 71, 73 The corresponding expressions for tensile and shear failures are:  

 3
3 0

0

, 1T
T





                        (13) 
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  ,                    (14) 

respectively. Here T0 is the tensile strength, and S0 is the shear strength.  

To determine which stress causes failure, the following maxima must be compared 

     
2 2 2 2

3 1 3

1 1
0 0

, , ,
max , max

2X Y X Y

X Y X Y X Y

T S

  

   

 
                (15) 

To apply failure criteria (13, 14) to the expressions for normalised tensile and shear stresses at 

the base of the beam, in the next section we calculate the maxima of those stress functions over 

the area X2+Y2≤1.  

3.1. Stress maxima at the base of the beam 

Consider maxima of the tensile and shear stresses given by Eqs. (10, 11). If the maxima points 

(Xm,Ym) are located inside the base circle, Xm
2+Ym

2<1, partial derivatives of both expressions 

(10) and (11) over Y must be zero. Both expressions depend on Y2, so the expressions for first 
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partial derivatives in Y contain Y as a multiplier and is zero at Y=0. It is possible to show that 

the multiplier inside the unitary circle is positive, and that second partial derivatives in Y of 

both expressions (10) and (11) are negative at Y=0. Therefore, all maxima inside the base circle 

Xm
2+Ym

2<1 are reached along the middle of the base, i.e., axis Y=0. Otherwise, tensile or shear 

stresses reaches maxima at the beam base over the boundary Xm
2+Ym

2=1. 

Expressions for normalised tensile and shear stresses versus X in the beam middle Y=0 are 

obtained from Eqs. (10, 11): 
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Expressions for normalised tensile and shear stresses versus X at the cylinder boundary are 

obtained from Eqs. (10, 11) by substituting Y2=1-X2: 
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                (19) 

3.2. Maxima of tensile stresses in the beam middle and boundary 

In order to apply failure criteria (13, 14) to expressions for normalised tensile and shear stresses 

at the cylinder middle and at boundary, let us calculate maxima of the four stress functions (16-

19) over the closed X-interval [-1,1].  Fortunately, for all 4 cases, the maximum points Xm and 

the corresponding values of normalised stresses can be found explicitly. In the middle of the 

base, maxima of the two functions (16) and (16) inside the base circle (-1,1) are determined by 

conditions of zero first derivative in X at some point X=Xm, and negative second derivative in 

the same point. Then the obtained maxima are compared with stresses at the boundary X=-1 

and X=1. The same procedure is applied for stress functions (18, 19) on the beam base 

boundary.  Afterward, the detachment regime and the detachment point Xm are determined by 

comparison of the 4 normalised tensile and shear stresses at the boundaries X=-1 and X=1, and 

the open interval between them. 

From now on, we call dimensionless stress the product of strength-drag number κ and 

normalised stress, defined in Eqs. (16-19). 

The profiles for dimensionless tensile stress κTm
0(X) in the middle of the cylinder base for four 

values of the shape-Poisson number χ=1, 2, χ= χ1, and χ=4.5 are presented in Fig. 5a. Here χ= 

χ1 is the value where κTm
0 at the boundary X=-1 is equal to maximum inside the interval. As χ 

tends to zero, the plot of κTm
0(X) tends to two straight lines corresponding to two values of 

square root in expressions (34, 35). At some χ there does appear a maximum inside the open 

interval (-1,1), which remains below κT0
m(-1,χ)=2, reached in the advanced point Xm=-1. 

Inequality κT0
m <2 remains fulfilled for χ<χ1. The threshold value χ1 and corresponding 
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maximum point X=Xm are determined from system of two transcendental equations and one 

inequality:     

     
0 2 0

0

1 1 12
, 2, , 0, , 0m m m

T T
T X X X

X X

 
   

 
  

 
                      (20) 

The solution of (36) is unique; the roots are found numerically: χ1=3.38, Xm1=-0.33.  

a) b) c)      

Fig. 5. Maximum tensile stress at Y=0: a) dimensionless tensile stress in the middle versus χ for 3 

different values of aspect-Poisson number χ; b) position of maximum tensile stress Xm at Y=0; c) 

maximum value of tensile stress at Y=0 versus χ 

For χ> χ1, the maximum is reached inside the open interval -1<Xm<1 (violet curve in Fig. 5a). 

The expression for maximum normalised tensile stress at Y=0 is    
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Substituting Xm into T0
m (χ) in Eq. (21), we obtain  
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      (22) 

Figs. 5b and 5c show the plot of maximum point Xm and maximum tensile stress in the middle 

T0
m (χ) versus the aspect-Poisson ratio. For  lower than 1 , the maximum is reached in the 

advance point Xm=-1. For higher χ-values, the point Xm jumps to Xm1 and then continuously 

moves to the right towards the origin. 

Eq. (34) for dimensionless tensile strength on the base boundary shows that T1
m depends on the 

dimensionless group ξ which is proportional to χ. The proportionality coefficient depends on 

Poisson ratio: 
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Fig. 6a shows the profiles for dimensionless tensile stress on the beam boundary for different 

values of ξ. At  ξ<2, κT1
m (X,χ) monotonically decreases versus X, so the maximum is reached 

at the point Xm=-1. At ξ=2, the slope of profile at X=-1 reaches zero, and at ξ>2 a maximum is 

reached inside the interval at X>-1. The expressions for maximum T1
m(ξ) and Xm are 
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Figs. 6b and 6c show the plots for maximum point and value vs χ at three Poisson ratios. For 

low χ, determined by condition ξ<2, the maximum is reached at the advance point X=-1 and is 

equal to 2. For higher χ, the maximum point continuously moves right from the advance point, 

and the maximum value monotonically increases from 2.  

a) b) c) 

Fig. 6. Maximum tensile stress at beam boundary: a) dimensionless tensile stress on the beam boundary 

versus χ for 3 different values of ν; b) position of maximum tensile stress Xm at the beam boundary; c) 

maximum value of tensile stress over the boundary versus χ 

3.3. Comparison of maximum tensile stresses in the beam middle and boundary                                  

Consider the stress equality, separating the domains in (χ,υ) plane where either of the stresses 

dominate 

   0 1 ,m mT T                       (25) 

The black curve in Fig. 7a corresponds to ξ=2; the equation for the black curve follows from 

the expression (23): 
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.                  (26) 

 a) b) 

Fig. 7. Comparison between dimensionless tensile stresses in the middle and on the beam boundary: a) 

determination of the critical Poisson ratio whether the tensile stresses are equal; b) the ratio between 

tensile stresses on the boundary and in the middle 
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The straight line χ=χ1 and curve (26) for ξ=2 separate plane (χ,ν) into 4 domains that correspond 

to different expressions (22) and (24) for maximum tensile stresses (Fig. 7a). Three lines cross 

in point with χ=χ1 and υ= υ1=0.125. 

Here the variables are limited by maximum χ-values for natural minerals: χ<5.  

Altogether 5 different domains that defines maxima between T0
m and T1

m can be distinguished: 

I. In the case χ< χ1 and ξ<2, both tensile stresses are equal to 2.   

II. In domain χ < χ1 and ξ >2, T0
m=2. Equation (25) for the boundary between regions 

I and II becomes: T1
m (χ,ν)=2. 

This equation has only one root: ξ =2. For ξ >2, T1
m monotonically increases. Therefore, in this 

domain T1
m>T0

m. 

Consider the case where χ > χ1 and ξ >2. In this region, both κT0
m and κT1

m are greater than 2. 

The region can be divided into two regions in which each stress is greater. Substituting the 

second line of Eq. (24) into equality (25) and expressing ξ yields 
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Critical Poisson’s ratios where the tensile stresses in the middle and on the boundary are equal 

are determined by substitution of expression (23) for ξ into Eq. (27) and solving for υ: 
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Explicit expression υ=υm(χ) is determined by equating the second lines of Eqs. (22) and (24) 

and is very cumbersome. 

Fig. 7a shows the plot υ=υm(χ). It consists of two branches – the blue branch corresponds to the 

positive square root in Eq. (28), and the red branch to the negative root. Over the red branch, 

we have ξ <2, so only the blue branch belongs to the domain χ > χ1 and ξ >2. This determines 

zones III and IV:  

III. In the case where χ > χ1 and v>vm(χ), T1
m>T0

m. 

IV. In the case where χ > χ1 and v<vm(χ), ξ>2, T1
m<T0

m. 

The blue curve (45) crosses the line χ=χ1 at the point with ordinate υ1. 

      V.        In the case χ > χ1 and ξ <2, T1
m=2. As it follows from definition (20) of χ1, equation 

T0
m (χ)=2 has root χ = χ1. No more roots exist for χ > χ1. Therefore, in this domain 

T0
m > T1

m =2. 

Five domains I, II…V in the so-called tensile stress diagram (Fig. 7a) determine where 

maximum tensile stress is higher –at the boundary of the beam base or in the middle. Their 

ratio versus shape-Poisson number is presented in Fig. 7b for three value of Poisson ratio: υ<υ1, 

υ1<υ<υ2, and υ>υ2.   
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3.4. Maxima shear stresses in the beam middle and boundary 

Fig. 8a shows profiles for shear stress in the middle of the beam base for different χ. For χ 

tending to zero, the profile tends to two straight lines. At higher χ, there does appear a maximum 

at Xm=0, which reaches unitary value at χ =χ2=1. At χ<χ2, the maximum remains in the 

advancing and receding points, for χ>χ2 it moves to the origin. Expressions for stress maximum 

are obtained from Eq. (17):    
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Fig. 8b shows that the maximum points lie at the edges of the beam middle at Xm=-1 and Xm=1 

for χ<χ2, then moves to the centre point, X=0 for χ>χ2. The maximum shear is equal to one for 

χ<χ2=1, and monotonically increases from 1 for χ>χ2 (Fig. 8c). 

a) b) c) 

Fig. 8. Dimensionless maximum shear stress in the middle of the beam base: a) profiles for 

dimensionless stress in the middle of the beam base for different versus χ; b) position of the maximum 

point Xm; c) maximum dimensionless stress versus χ 

The expression for maximum tensile stress along the boundary is obtained from Eq. (19): 
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Corresponding profiles and maximum plots and presented in Fig. 9. 

a) b) c) 

Fig. 9. Dimensionless maximum shear stress on the beam boundary: a) profiles for dimensionless stress 

for different ν; b) position of the maximum point Xm; c) maximum dimensionless stress versus χ  

Fig. 10 shows the ratio S1
m/S0

m versus χ for 3 values of Poisson ratio. For all parameter values, 

the ratio does not exceed one, i.e. S1
m<S0

m. Therefore, further in determining the breakage 

regime, shear at the base boundary is not considered. 
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Fig. 10. Comparison between maximum shear stresses in the middle and on the boundary 

Introduce region 0 in (χ,υ)-plane for χ<1 (tensile-stress diagram in Fig. 7a). According to Eq. 

(29), here the dimensionless shear is equal to one, while both tensile stress maxima are equal 

to two.  

3.5. Determination of breakage regime using the breakage function 

This section compares maxima of tensile and shear stresses, Eqs. (22, 24, 29). The tensile-

stress diagram in Fig. 11a shows which maximum tensile stress – in the beam middle or at the 

boundary – is higher. Shear stress in the middle is always higher than that at the boundary. 

Now consider breakage by tensile stress, where equality (13) is fulfilled at some point (Xm,0) 

and normalised tensile stress reaches its maximum which equals one, while equality (14) is not 

fulfilled for any point -1<X<1.  Consequently, the condition for breakage by tensile stress is 

 1 33
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                     (31) 

Define the breakage regime function, g(χ,ν) as the ratio of the dimensionless tensile stress to 

the dimensionless shear stress. Comparing with Eq. (31), we arrive at: 

 
 

 

 

 
0

0
0 0

, ,
,

m m

m
m

T T T
g

S S
S

    
   






   
 
 
 

                 (32) 

      0 1, max , ,m m mT T T                       (33) 

Here Tm(χ,υ) is maximum of two normalised tensile stresses T0
m(χ) and T1

m(χ,υ); S0
m(χ) is the 

maximum of the dimensionless shear stress in the middle of the beam. We introduce the 

breakage regime function g(χ,υ), which is the ratio of the stress maxima Tm(χ,υ) and S0
m(χ). If 

a state point in plane (χ,η) is located above the curve g(χ,υ), the breakage occurs by tensile 

stress; otherwise it is shear stress that causes the breakage. 

To further clarify the meaning of this equality, consider a system at the point of shear failure, 

i.e. 0

0mS S . If g(χ,ν)<η, then it follows that Tm<1. Thus, at the point of shear failure, the tensile 

stress does not exceed the tensile strength and tensile failure is not expected. Thus, in the 

situation of a gradually increasing load, shear failure will occur before tensile failure. Similarly, 
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if g(χ,ν)>η, then Tm>1 (for 0 1mS  ) and thus at the onset of shear failure, the condition for 

tensile failure is already satisfied and therefore the particle will first experience tensile failure. 

The tensile-stress diagram shows that as χ changes from zero to χm, different sequences of 

domains appear in three intervals of Poisson’s ratio: [0,υ1], [υ1,υ2], and [υ2,0.5] (Fig. 7a). A 

graph of the breakage function g(χ) is presented in Figs. 11a, d, and g in those three intervals, 

respectively. Sharp transitions in the behaviour of the function are observed when different 

boundaries in the tensile-stress diagram are reached. Figs. 11b, e, and h show the plots of the 

numerator and denominator of expression (32) of g(χ,υ) for three values of Poisson’s ratio υ, 

taken from the three above-mentioned intervals, by red, black, and green curves, respectively. 

Points Xm where breakage occurs, are shown in Figs. 11c, f, and i. 

The graph of function g(χ,υ) allows determining whether breakage occurs by tensile or shear 

stress. Thus, g(χ,υ) is called the breakage regime function, and plane (χ,υ) with different 

domains – the tensile-shear diagram (Figs. 11a, 11d, 11g).    

a) b) c) 

d) e) f) 

g) h) i) 

Fig. 11. Breakage regime function g (χ) for different Poisson ratios ν: a,b,c) υ<υ1; d,e,f) υ1<υ<υ2; g,h,i) 

υ2<υ<0.5 

For values of χ less than 1, the curve g(χ,υ) is equal to two (Figs. 11a, d, g), and both the tensile 

and shear stresses are constant (Figs. 11b, e, h). Breakage occurs in the advancing point, Xm=-

1 (Figs. 11c, f, i). As χ increases, a decrease in g(χ,υ) is observed, defined by a constant tensile 

stress, but increasing shear stress. Shear failure for values of χ>1 occurs in the particle centre, 

Xm=0. Further increases to the shape-Poisson number, χ, result in an increasing tensile stress, 

leading to a less sharply decreasing breakage regime function. This transition occurs for only 
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one of the two tensile stresses, while the other begins increasing at higher χ. For intermediate 

Poisson’s ratio (ν1<ν<ν2), tensile failure occurs first on the boundary, then at higher χ it occurs 

in the middle of the particle (Fig. 11e). In all cases, increasing tensile stress results in tensile 

failure occurring at an intermediate point in the advancing half of the particle (-1<Xm<0, see 

Figs. 11e, f, i). 

The value of the shape-Poisson number χ that corresponds to a given strength ratio η 

    1 ,cr crg g                        (34) 

is called the critical value. 

For a given value of the strength ratio, η, let us discuss the determination of the failure type. In 

the case where the strength ratio exceeds 2 (region I in Figs. 11a, d, g), η>2, the breakage is by 

shear for all values of the shape-Poisson number χ. Similarly, if the strength ratio is less than 

one, 0<η<1 (region IV, Figs. 11a, g, or region V for ν1<ν<ν2, Fig. 11d), the breakage is by 

tensile failure for all values of the shape-Poisson number χ. For values of η between 1 and 2 

(regions II-III, Figs. 11a, d, g, and region IV for ν1<ν<ν2, Fig. 11d), breakage will occur by 

tensile failure for values of χ less than the critical value, χcr, and by shear failure for values 

larger than it. 

4. Detrital fines detachment against electrostatic DLVO forces         

Following Derjaguin and Landau 1941, Verwey and Overbeek, 1948, Israelachvili 2015, 

Bradford et al. 2013, this section briefly presents the fines detachment theory for detrital fines. 

13, 21, 78, 79  

Detrital fines have been brought to the rock by groundwater flows after being broken-off the 

rock surface and attached to the rock surface by electrostatic forces. Figs. 2b, 2c show the 

forces exerting on an attached detrital particle: attaching electrostatic Fe and gravity Fg forces, 

and detaching drag Fd and lift Fl forces. Electrostatic is a potential force, where the energy 

potential E depends on the particle-surface separation distance, h: 
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An energy profile with only a single minimum has an inflection point h=hm, where the 

electrostatic force reaches its maximum: 

       2 2 3
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               (36) 

Mechanical equilibrium of a particle on the rock surface in the case of favourable attachment 

(one primary energy minimum) is determined by the following conditions: equality of 

detaching and attaching torques  

     6b f s d s M s e nM rVf bf F h l    ,                            (37) 

equality of detaching and attaching force projections on horizontal  

   6d f s d s C eF rVf F h    ,                             (38) 
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and equality of detaching and attaching force projections on vertical   

   l e gF U F h F                                 (39) 

where ld and ln are the lever arms for drag and normal forces, respectively, and νC is the 

Coulomb friction coefficient. Particle detachment occurs when the left hand side of (37), (38), 

or (39) exceeds the right hand side when h=hm (at the maximum electrostatic force). When 

these terms are insufficient to detach the particle, they are equilibrated by a smaller electrostatic 

force, and the particle sits at some distance h<hm. Breach of either equilibrium conditions (37), 

(38), or (39) yields fines detachment by rolling, sliding, and lifting, respectively. In the case of 

two energy minima, there are two separating distances h=hm that correspond to both energy 

minima, and the equilibrium conditions (37), (39), and (39) are applicable to the particles that 

are located in primary and secondary energy minima. It is implicitly assumed that the particles 

detached by the three criteria (37), (39), and (39) continue rolling over the rock surface, sliding 

over the surface, and move off the surface into the liquid stream, respectively.   

Under dominance of electrostatic force in Eq. (39), lifting does not occur, and the lifting 

criterium can be dropped. 

5. Maximum retention function as a mathematical model for fines detachment 

This section develops a novel model for fines detachment by breakage that includes a 

derivation of breakage flow velocity (section 5.1), model for breakage detachment and its 

expression as a maximum retention function MRF (section 5.2), and determination of the 

breakage parameters from and experimentally derived MRF (section 5.3). 

5.1. Determination of breakage velocity 

Let us determine the breakage velocity based on either formula for normalised stresses (22, 24, 

29) or the (χ,υ) and (χ,η) diagrams.  

First, we compare normalised tensile stresses in the middle and on the boundary, using Eqs. 

(22) and (24). Since both normalised stresses are proportional to κ-1, the choice of maximum 

normalised tensile stress is determined by the values in brackets in Eqs. (22, 24) (dimensionless 

stresses), so the knowledge of κ-1 is not required at this stage. The choice between T0 and T1 

can be done using the (χ,υ) diagram (Fig. 7a).  

Then, we compare the maximum normalised tensile stress Tm with the normalised shear stress 

in the middle S0
m, using Eqs. (22, 24) and (29). Also, both normalised stresses are proportional 

to κ-1, so the choice is based on the comparison between the value in brackets in Eq. (22, 24) 

and the value in brackets in Eq. (29) times the strength ratio. As an alternative, the choice 

between maximum normalised tensile stress and normalised shear can be done using breakage 

function η =g(χ,ν) in (χ,η) plane (Fig. 11).   

So, at this stage the breakage regime was determined. Consider the chosen maximum stress 

equation, either (22), (24), or (29). At the point of failure, the chosen normalised stress is equal 

to one, the value in bracket has already been calculated, allowing us to determine the strength-

drag number κ. For cases where the maximum is tensile stress in the middle, tensile stress on 

the boundary, and shear stress in the middle, the formulae for strength-drag numbers κ are: 
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respectively. 

Substituting expression for drag from Eq. (1) into Eq. (12), we obtain 
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This allows determining the breakage velocity for authigenic particles     
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                        (44) 

where κ is calculated by either of three formulae (40), (41), or (42). 

Critical breakage velocity versus spheroidal particle radius for different aspect ratios is 

investigated in Fig. 12a. The smaller is the particle, the higher is the breakage velocity. So, in 

a test with piecewise constant increasing velocity, the largest particles are detached first, and 

further detachment is continuing in the order of decreasing particle size.  

However, critical breakage velocity Ub
cr is non-monotonic with respect to aspect ratio – the 

two smallest critical velocities are exhibited by very oblate spheroids (αs=0.025) and for perfect 

spheres (αs=1) . Fig. 12b shows that maxima of breakage velocity are reached for intermediate 

aspect ratios. The effect is attributed to non-monotonicity of the product of three αs dependent 

functions in the denominator of the expression (44) (Fig. 12c). The overall drag is the total of 

surface integrals of pressure gradient and viscous shear over the particle surface. The flatter is 

the particle, the lower is the aspect ratio, the lower is the particle cross-section transversal to 

flow. This results in a lower pressure-gradient component of drag, but a higher shear viscosity 

component due to an increase of the contact area and the Couette flow alignment. So, the non-

monotonicity of drag shown in Fig. 12d is the result of two effects of pressure gradient and 

shear, i.e., normal and tangential components of drag, which are competing and at odds with 

each other. The above also explains non-monotonicity of lift, shown in the same figure.      

Fig. 12e shows that the higher is the aspect ratio, the lower are drag, moment and lift factors. 

Lift is significantly lower than the drag; both forces are non-monotonic αs-functions (Fig. 12e). 

For the case of long cylinders, all the dependencies, calculated above for spheroidal particles, 

become monotonic for long cylinders (Fig. 13). The larger the particle the lower is the breakage 

velocity, i.e., the long cylinders are detached in order of decreasing of their sizes; large particles 

are broken first during velocity increase (Fig. 13a). The higher is the aspect ratio, the lower is 
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the breakage velocity, i.e., it is easier to break a long thin cylinder (Fig. 13b). The aspect-ratio-

dependent group that enters the expression (44) is monotonic too (Fig. 13c). The higher is the 

aspect ratio, the higher are the drag force (Fig. 13d) and drag factor (Fig. 13e). The lift is 

negligible. 

a) b)

c)  d) 

 e) 

Fig. 12. Critical breakage velocity of oblate spheroids: a) Dependence of critical breakage velocity on 

particle radius; b) Dependence of critical breakage velocity on particle aspect ratio; c) ; d) aspect-ratio 

dependency for shape factor; e) aspect-ratio dependencies for drag and lift.   
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 a) b)                                        

c)       d) 

e) 

Fig. 13. Critical breakage velocity of long cylinders: a) Dependence of critical breakage velocity on 

particle radius; b) Dependence of critical breakage velocity on particle aspect ratio; c) c) dependency 

of αsfdfM of αs; d) aspect-ratio dependency for shape factor; e) aspect-ratio dependencies for drag and 

lift.    

 5.2. Formulation of fines breakage model: maximum retention function 

Breakage criterion (32, 33) yields the expression (44) of the breakage velocity Ub
cr versus 

particle and rock surface properties. For uniform plane substrate and the attached particles, all 

the particles remain attached for velocities lower than Ub
cr, and all become detached for any 

velocity above Ub
cr. However, fines detachment during the velocity increase occurs gradually.  

Consider a multidimensional manifold of particles of different sizes and forms situated at 

various sites of an asperous, micro heterogeneous rock surface. Flow velocity of creeping flow 
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near the rock surface is probabilistically distributed over the porous space. Under the 

assumption of Stoke s flow in the porous space, velocity distribution over the porous space is 

determined by the macroscale Darcy’s velocity U, i.e., local microscale speeds are proportional 

to U. 80 The mechanical equilibrium failure conditions (32, 33) indicate whether each attached 

to rock surface particle is broken or remains attached under a given velocity U. It makes 

attached concentration a function of velocity that is called the MRF (maximum retention 

function).  The MRF σcr(U) is a mathematical model for particle mobilisation by breakage. For 

3D flows, the MRF is a function of the modulus of velocity: 

 b

a cr U                       (45) 

Eq. (44) contains coefficients reflecting properties of authigenic particles, the particle-substrate 

bonds, and porous medium: tensile strength T0, aspect ratio αs, fluid viscosity μf, particle radius 

rs,  

Poisson ratio υ, bond radius rb, bond ratio δ, and porosity ϕ. These parameters determine the 

functional expression (45) for the MRF. 

As it follows from the definition of the MRF as the total concentration of particles that remain 

attached under a given velocity U, the MRF monotonically decreases from zero velocity and 

tends to zero as velocity tends to infinity. A minimum breakage velocity, where the “first” 

particle is broken off, corresponds to equality of the MRF σcr(Umin) to the initial concentration 

of movable particles. Similarly, for an MRF which reaches zero at a finite velocity, this 

maximum breakage velocity, Umax, corresponds to the minimum flow velocity that yields 

failure for all bonds over the rock surface. 

5.3. Maximum retention function for simultaneous breakage and DLVO detachment 

Eqs. 1, 2, and 3 as applied with the local flow velocity around the attached particle, allow 

determining whether any arbitrary particle is detached for any velocity U, or remains attached.  

The maximum retention function for DLVO attraction, σe
cr(U), is determined by the total 

particle concentration that remain attached by DLVO forces for a given velocity U. 22, 23, 81, 82 

Expressing the interstitial speed V in Eqs. (37, 38) via Darcy’s velocity U=Vϕ, we obtain two 

expressions for critical velocity for particle detachment against electrostatic DLVO forces for 

the conditions of rolling and sliding: 
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respectively. Here Ucr
e is the Darcy’ velocity that detaches the particles under the conditions 

given in right side of Eqs. (46) and (47). 

Critical detachment velocity against DLVO forces is determined by the minimum critical 

velocity from those given by two criteria (46) and (47). Two failure criteria – by rolling and by 

Coulomb’s friction, given by Eqs. (46) and (47), respectively, are mathematically equivalent, 

provided that 
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Eqs. (37, 38) contain a set of parameters, which are properties of either particles or surface: 

particle radius rs, its aspect ratio αs, zeta potentials of particles ψ01 and rock ψ02, brine salinity, 

pH, lever arm ratio l, temperature T, tensile strength T0, and beam radius rb. Continuity of the 

MRF σe
cr(U) – gradual fines detachment with continuous flow velocity increase – is determined 

by the probabilistic distributions of those parameters. 83   

The assumption of independent detachment of particles against DLVO forces and by breakage 

determines the overall MRF as a sum of the two individual MRFs: 

     e b

cr cr crU U U                       (49) 

Fig. 14 shows that the MRF is monotonically decreasing – the higher is the velocity, the lower 

is the attached concentration. A velocity increase from Un to Un+1 yields detachment of particles 

with retained concentration Δσn: 

   1n cr n cr nU U      ,                   (50) 

which are transformed into suspension concentration 

c 


                      (51) 

Fig. 14 presents the form of MRF for fines detachment against electrostatic force, by breakage, 

and the total MRF. Lower dashed curves represent the MRF for detrital particles, the combined 

dashed-solid curves correspond to the breakage MRF, and the solid curves show the total MRF.    

   a)      b) 

Figure 14: Total MRF for detachment of detrital and authigenic fines: a) in the case of Ue
max<Ub

min, 

MRF has plateau; b) MRF is monotonically decreasing function of velocity in the case where 

Ue
max>Ub

min 

Consider piecewise-constant injection rate increase; each constant-rate stage is maintained 

until stabilisation. The case of Fig. 14a corresponds to weak electrostatic attraction (using low-

salinity, high-pH or high-temperature water) and high particle-rock-bond strength (highly 

consolidated sandstones). The detrital particles start detaching at velocity Ue
min and continue 

mobilisation until velocity Ue
max, where all movable detrital fines are detached. At a velocity 

that is higher than the minimum plateau velocity, the maximum DLVO force cannot secure any 

detrital particle on the rock surface, i.e., all detrital particles detach.  In this case, where Ue
max 

< Ub
min, no further particle detachment occurs until the velocity reaches Ub

min, where the first 
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authigenic particle experiences failure. All movable authigenic particles are detached once the 

velocity reaches Ub
max. In this case, the total MRF has a plateau, where all detrital particles are 

detached under velocities that are lower than the minimum plateau velocity, and authigenic 

fines remain attached until a velocity that is higher than the maximum plateau velocity. No 

detachment occurs at plateau velocities. For high electrostatic attraction and low strength, the 

velocity intervals for detachment by both causes overlap (Fig. 14b).  

Existence of two plateaus in MRF indicates three detachment mechanisms. For example, if the 

DLVO energy profile has two minima in the case of unfavourable fines attachment and the 

particle-rock bond strength is high, the MRF can have two plateaus.   

Finally, there appears the following algorithm of fines detachment modelling: (i) identifying 

the appropriate domain in plane (χ,ν) – the tensile-stress diagram – and determining which 

tensile stress maximum on the beam base – along the  symmetry axis or the boundary of the 

beam base – is higher; (ii) determining whether the failure occurs by tensile or shear stress 

from the inequality for the breakage regime function g(χ,υ)>η in the shear-tensile diagram; (iii) 

calculation of breakage velocity from the drag-strength number κ; (iv) determining the 

probabilistic distribution of breakage velocity; (v) calculation of the MRF for breakage; (vi) 

adding the MRFs for breakage and detachment against electrostatic attraction.    

MRF (49) in set of points U1<U2<…<Un is determined from a laboratory coreflood with 

piecewise-constant injection rate increase from breakthrough particle concentrations.  

6. Laboratory study of fines detachment by breakage by coreflooding 

6.1. Laboratory study 

The laboratory study conducted as part of this study comprised of core drying, core saturation 

by water with 0.6 M of NaCl under vacuum, and injection of this water into the core. A 

Castlegate sandstone core with permeability 917 mD and porosity 0.24, length 5.1 cm and pore 

volume 13.7 cu cm was used in the test.  Seven flow rates were applied in order of increasing 

rate. Fig. 15 presents the schematic of laboratory set-up. The essential parts of the setup are 

coreholder with the core placed in a Viton sleeve, four differential pressure transmitters, HPLC 

pump, effluent fraction collector, and particle counter. The overburden pressure was created 

by a manual pressure generator. A data acquisition module along with signal convertor 

provided results which were visualised on a PC screen in real time. Breakthrough concentration 

(Fig.16a) and size distributions of produced particles along with pressure drop across the core 

(Fig. 16b) have been measured during each constant-rate injection step. 
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Figure 15. Laboratory set-up for particle detachment due to DLVO and breakage: 1 - core holder, 2 - 

manual pressure generator, 3 - high-performance liquid chromatography (HPLC) pump, 4 - brine 

solution, 5-8 - differential pressure transmitters, 9 – data acquisition module, 10 – signal converter, 11 

- personal computer, 12 - fraction collector, 13 - particle counter. 

Fig. 16a shows that at low rate, the breakthrough concentration declines exponentially, which 

is typical for deep bed filtration of low-concentration colloids with constant filtration 

coefficient. 20, 84 At high rates, this behaviour is combined with a sharp and fast concentration 

decrease down to low values, indicating that particle capture intensity is decreasing, until the 

point where all capture vacancies are filled and no further capture occurs. Here the capture rate 

is described by the Langmuir filtration function. 85, 86  

Relative change of average core permeability is captured by impedance J 
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where Δp is the pressure drop across the core. 
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a) 

 b) 

Fig. 16.  Breakthrough concentrations (left axes) during the test with seven rates (right axis)  

For large rates, impedance first increases sharply and then switches to slow growth (Fig. 16b). 

This transition occurs at approximately the same time as the suspended concentration switches 

from a sharp decrease to a slow decrease (Fig. 16a). Colloidal flow with a Langmuir filtration 

coefficient is attributed to asperous authigenic fines with rough surfaces after breakage, which 

are strained in the large pore throats with fast filling of all of them, while the capture of 

smoother detrital particles is less intensive and continues significantly longer. 

The size distributions of produced particles at high rates have a clear bimodal structure, which 

also supports the two-population hypothesis. 

The next section supports the two-population hypothesis by successful matching of 

experimental data with a two-population colloidal transport model. 
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6.2. Mathematical model for transport of detached colloids  

To match the breakthrough and impedance histories, we have developed a two-population 

model of deep bed filtration, given by Eqs. (B1-B4) and described in Appendix B. The system 

contains mass conservations for both populations, Eqs. (B1) for k=1,2, where the delay of each 

particle population’s velocity comparing with the carrier water velocity is expressed by drift-

delay factors αk. Particle capture rates for each particle population are proportional to the 

respective particle fluxes ckαkU; the proportionality coefficients are λ1 and λ2. The filtration 

coefficients λ1 and λ2 are equal to probabilities of the particle capture by the rock per unit length 

of the particle trajectory in the porous space. The first population filtrates with constant 

filtration coefficient λ1, and the filtration coefficient for the second population λ2(σ2) has 

Langmuir form given by Eq. (B4). The interaction of two population fluxes is expressed by the 

joint contribution of the retained particles of both types to the overall rock hydraulic resistance. 

Dependence of permeability on both retained concentrations in Eq. (B3) is obtained by first 

order Taylor’s expansion of the inverse to permeability as a function of the retained 

concentrations of two populations. Here k0 is the initial (undamaged) permeability, and 

formation damage coefficients β1 and β2 quantify the extent of permeability decline caused by 

each of the particle populations.  

The assumption of the independence of the model parameters of fluid pressure separates four 

equations (B1, B2) for k=1,2 from Eq. (B3). Dependence of the individual model parameters 

on their particular retention concentrations separates systems (B1, B2) for k=1,2 from each 

other. Initial conditions (B5) correspond to electrostatic and breakage detachment with instant 

particle mobilisation: the detached concentration Δσcr due to change of flow rate from Un-1 to 

Un, determined by MRF is instantly translated into suspension concentration Δσcr/ϕ.      

Initial-boundary problem (B5, B6) for 1D flow system (B1, B2) allows for an exact solution. 

86-88 Suspended and retained concentrations of both populations are expressed by explicit 

formulae (B7). This allows for the derivation of an explicit formula for the pressure gradient. 

Yet, the pressure drop across the core and impedance are calculated by numerical integration.  

6.3. Results 

Fig.16 shows the experimental data by blue dots and the matched modelling data by red curves. 

High match for breakthrough concentrations is supported by the coefficient of determination 

R2=0.96. Breakthrough concentrations highly exceed the accuracy of the particle counter used 

in the set-up (Fig. 15). The accuracy of pressure transducers exceeds the measured pressure 

drops only by a factor of 2-3, so the formation damage coefficients have been tuned by the final 

impedance values alone, which are shown by red dots in Fig. 16b. However, the coefficient of 

determination for the overall impedance is also high R2=0.94.    

The parameters obtained from tuning  ̶  filtration coefficients λ1=98 1/m and λ2=87 1/m, 

formation damage coefficients β1= 5300 and β2=7300, and delay-drift factors α1=5×10-3 and 

α2=23×10-3   ̶  belong to commonly reported intervals. 13, 20, 30, 84 The tensile strength for kaolinite 

is determined from Eq. (44), which presents an unbiased breakage velocity estimate, and is 

equal to T0=0.15 MPa. Although this value is lower than typical tensile strengths for minerals, 

significantly smaller values for coals and clays have been reported. 31, 32, 48, 89, 90 The detached 

concentration Δσcr(U) versus velocity increases at small rates from zero and declines at high 

velocities up to zero, which complies with the typical form of the maximum retention function 
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curve. 22, 23, 81, 91  High match shown in Fig. 16 validates the two-population model for deep bed 

filtration of broken-off and DLVO-detached fines.   

Close match by a single-population model has been achieved for lab data on coal flooding by 

Guo 2016 and Huang et al. 2017, 2021, and on sandstone floods by Ochi and Vernoux 1998, 

and Torkzaban et al. 2015. 30, 73, 92-94 Here the coefficient of determination R2 varies in the 

interval [0.88,0.94], exhibiting a close match. The tuned parameters have the same order of 

magnitude as those obtained in our test. 

7. Feasibility of fines breakage during injection and production in natural reservoirs 

A fines migration test is a routine laboratory experiment to prevent formation damage due to 

fines migration. A core is submitted to flow with piecewise-constant increasing velocity. 

Minimum fines migration velocity is determined by appearance of the first fine particles in the 

effluent. This determines maximum well rate under which fines migration does not occur. Here 

we predict the minimum velocity for fines migration using the stress diagram technique and 

conclude about the viability of fines detachment by breakage during water, oil, and gas 

injection and production. The results below also illustrate using the sequential techniques for 

tensile-stress diagram, shear-stress diagram, and equation (44) for the breakage velocity.    

a) b) 

Fig. 17. Determining breakage regime for 6 examples of injection and injection in natural reservoirs: a) 

tensile-stress diagram, b) shear-tensile diagram 

The data for the cases of production of heavy oil, polymer injection, dewatering of coal seams, 

CO2 injection, well fracturing by water, and well fracturing by highly-viscous fluid, which are 

marked in Fig. 17 by black, red, green, yellow, blue, and orange, respectively, are taken from 

the corresponding papers by Ado 2021, Gao 2011, Shi et al. 2008, Spivak et al. 1989, and 

Prasetio et al. 2021. 95-99 Circular, triangular, and square points in Fig. 17 correspond to 

spheroidal, flat and long cylinder particles. Volume-equivalent particle size rs=2×10-6 m and 

wellbore radius rw=0.1 m are assumed for all cases. Poisson’s ratios υ varies in the interval 0.21 

to 0.35. Fluid viscosities were taken as high as 1000, 300, and 40 cp for fracturing fluid, heavy 

oil, and polymer solution and as low as 0.02 cp for CO2. For the composite particle-rock bond, 

a low value of tensile strength T0=0.2 MPa is assumed for all cases; yet several works report 

lower T0 values. 31, 32, 45, 89 Other data are presented in the Table 1. The values of shape-Poisson 

numbers χ have been calculated by Eq. (12), which allows placing the corresponding state 

points into the tensile-stress diagram (χ,υ) in Fig. 17a. Values of χ and υ allow calculating 

breakage function η=g(χ, υ) for the state points and determine their position in the tensile-shear 

diagram (χ,η) (Fig. 17b). Here the state points are located on breakage regime curves η=g(χ,υ) 
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that correspond to different Poisson’s ratios. Breakage function g(χ, υ)=2 for spheroidal and 

long cylindrical cases. For all cases, like in papers by Gao et al. 2014, Guo et al. 2018, and 

Horabik and Jozefaciuk 2021, the strength ratio η is assumed to be equal to one. 100-102 As 

discussed earlier, for values of η lower than or equal to 1, breakage occurs by tensile failure 

(Fig. 11).   

Table 1: Calculation of minimum fines breakage velocity of the fluid at the well / fracture wall 

 αs δ υ χ μ, (Pa.s) Ucr
b, (m/s) 

Heavy oil 1 0.8 0.25 0.17 0.30 4.14×10-4 

Polymer 0.8 0.7 0.24 0.19 0.04 2.89×10-3 

CBM 0.6 0.6 0.35 0.22 1×10-3 0.17 

CO2 0.4 0.5 0.21 0.32 2.28×10-5 3.02 

HF-W 0.2 0.4 0.33 0.11 1×10-3 7.74×10-2 

HF 0.1 0.3 0.33 0.04 1 1.64×10-5 

 

Fig. 17a shows that for spheroidal and long cylindrical particles, all 12 cases belong to domain 

0, where both tensile stresses κT0
m and κT1

m are equal to two, while for short cylindrical 

particles some points belong to domain I, III, IV. For both cases of maximum tensile stress in 

the middle and the boundary of the beam base, Eqs. (40) and (41) show that the strength-drag 

numbers are equal, i.e. κ=2. It allows calculating minimum breakage velocities using Eq. (44). 

Points in Fig. 17b correspond to different Poisson’s ratios and, therefore, are located on 

different breakage regime curves, η=g(χ,ν). However, the overall curve has the same general 

tendency as those presented in Fig. 11.  

The breakage velocities are presented in the eighth column of Table 1. The breakage velocities 

for heavy oil production, hydraulic fracturing by water, and dewatering of coal bed seam are 

untypically high, i.e., fines breakage is unlikely. The calculated breakage velocity for polymer 

solution is feasible during injection in a highly permeable reservoir. The calculated breakage 

velocity for hydraulic fracturing by a highly viscous fluid is typical. The CO2 breakage 

injection velocity is too high for field cases, but it can decrease down to any arbitrarily low 

value during mineral dissolution of particle-rock bond in carbonic acid. The same corresponds 

to waterflooding of carbonate reservoirs during rock dissolution in water. The above 

demonstrates likelihood of particle breakage near to injection and production wells. 

8. Conclusions 

Integration of Timoshenko’s beam theory with breakage criteria for particle-substrate bonds 

and CFD flow modelling allows concluding the following.  

Breakage conditions where either of the tensile or shear stresses reaches the strength value, is 

determined by three dimensionless groups: the strength-drag number κ, the aspect-Poisson 

number χ, strength ratio η, as well as the Poisson’s ratio υ.  

Stress maxima are reached at the base of the particle, either at the central axis, Y=0 or at the 

base boundary, X2+Y2=1. 

Stress maxima along the axis Y=0 are determined by the aspect-Poisson number χ alone, while 

the maxima at the beam boundary are determined by both the aspect-Poisson number χ and 
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Poisson’s ratio υ. Equality of tensile stress maxima at the beam base axes and boundary 

separates the plane (χ,υ), which is called the tensile stress diagram, into 5 domains, where one 

tensile maximum exceeds the other.   

Shear stress maximum at the central axis of the particle base is always higher than that at the 

boundary.  

The breakage regime – by either tensile or shear stress – is determined by breakage function 

g(χ,υ), which is the ratio of stress maximum of two tensile maxima and maximum shear. The 

breakage regime depends on the shape-Poisson number, Poisson’s ratio, and the ratio η 

between tensile and shear strengths. The breakage occurs by tensile failure if g(χ,υ)>η, i.e., 

where the point (χ,η) is located below the curve g(χ,υ) in the shear-tensile diagram (χ,η). If the 

strength ratio exceeds 2, particles are detached by shear stress for all values of χ and υ. For 

strength ratios below two and above one, the particles are detached by shear stress for shape-

Poisson numbers χ such that η exceeds g(χ,υ); for lower aspect-Poisson ratios, particles are 

detached by tensile stress. For strength ratios below one, the particles are detached by tensile 

stress for all Poisson’s ratios.  

The definition of the breakage regime – by either tensile or shear stress, in the base middle or 

at the boundary - is independent of flow velocity. For an identified breakage regime, the 

breakage flow velocity is determined by the strength-drag number κ(χ,υ) alone. For a given 

particle shape, the critical breakage velocity is proportional to the strength and particle size and 

is inversely proportional to viscosity. These conclusions are the consequence of the 

assumptions of a Newtonian fluid, elastic beam deformation, and the strength failure criteria.  

During bond breakage under increasing velocity, the particles of all shapes detach in order of 

decreasing of their radii, i.e., the large particles break first. For particles of the same volume, 

the breakage velocity versus aspect ratio is non-monotonic for spherical particles – very flat or 

almost spherical particles are detached at low flow velocities while the highest flux detaches 

particles with intermediate aspect ratio. However, for long cylinders, the product of drag and 

moment factors by the aspect ratio versus aspect ratio is a monotonically decreasing function, 

and the lower the aspect ratio the higher the breakage velocity. 

A mathematical model for colloidal detachment by breakage is a maximum retention function 

(MRF), derived from the formula for breakage flow velocity. 

With simultaneous detachment of authigenic and detrital fines, the MRF is the total of those 

obtained from mechanical equilibrium conditions for detachment against electrostatic 

attraction, and by breakage. For weak DLVO particle-rock attraction and high bond strength, 

the total MRF has a velocity plateau, where all detrital particles are already detached and 

authigenic particle breakage hasn’t started yet. For high electrostatic attraction and low bond 

strength, the velocity intervals for detachment by both causes overlap, and the plateau 

disappears.  

The breakage MRF allows closing the governing equations for migration of authigenic clays 

with bond failure. The total MRF for authigenic and detrital fines can be determined from 

breakthrough particle concentration during a coreflood with piecewise constant and increasing 

velocity. The determination of the MRF is based on the analytical model for fines mobilisation, 

migration, and straining (size exclusion). Matching the breakthrough curve allows determining 

the MRF along with the filtration coefficient for straining and drift-delay factor.  
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For an MRF with a plateau, the initial percentage of authigenic and detrital fines is calculated 

directly from the plateau height. For MRF without plateau, the percentage of authigenic and 

detrital fines is calculated by tuning the MRF coefficients. 

The model for fines detachment by breakage is validated by the coreflood with 7 constant-rate 

injections by the two-population feature of produced particle concentrations. High match of the 

breakthrough concentrations and pressure drop using the two-population model, tuned 

coefficients within commonly reported intervals, as well as bimodel size distributions of 

produced fines all support the validity of the proposed formulation. 

Calculations of breakage velocity shows that breakage of authigenic particles can occur during 

CO2 injection for storage, polymer injection into oilfields, leak-off of highly viscous fracturing 

fluids during well fracturing, and waterflooding in carbonate oilfields. Fines detachment by 

breakage during heavy oil production, dewatering of coal seams, and well fracturing by water 

is unlikely. 

Appendix A. Expressions for stresses in 3D elastic beam model 

Under the model assumptions formulated in section 2.1, Timoshenko’s 3D solution for elastic 

deformation of a cylindrical beam (Fig. 4) shows that the normal stress σz reaches a maximum 

at the beam bottom, z=0, and the two shear stresses τxz and τyz are independent of z. The normal 

and shear stresses at the beam base with applied external load Fd are: 33 
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where, σz is the normal bending stress at contact area, τxz is the shear stress acting on the z plane 

and towards the x direction, τyz is the shear stress acting on the z plane and towards the y 

direction, υ the is Poisson’s ratio, and I is the moment of inertia, which for circular cross-section 

is equal to πrb
4/4.  

As expressed by Eq. A1, the normal bending stress expands the matter at x<0 reaching a 

minimum in the advance point x=-rb, y=0 (Fig. 4a) and contracts at x>0 reaching a maximum 

at the receding point x=rb, y=0. Fig. 4b illustrates Eq. (A2) and corresponds to shear stress that 

opposes the external load Fd and is equal zero only in advance and receded points. Eq. (A3) is 

illustrated by Fig. 4c, showing the transversal shear stress. 

The stress tensor, as per solution (A1-A3) is: 
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The principal stresses are eigen values of the stress tensor (A4): 
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where, σ1, σ2, σ3 are the principal stresses in decreasing order of magnitude, and 
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Maximum tensile and shear stresses in Eqs. (8, 9) correspond to points (σ3,0) and  

(σ1+ σ3)/2, (σ1- σ3)/2 in plane (σ,τ). Consequently, the maximum tensile and shear stresses are 
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respectively. 

Appendix B. Two-population colloidal-suspension transport in porous media 

We discuss deep bed filtration of two particle populations for detrital and authigenic fines. 

Mass balance and capture rate equations and Darcy’s law for both populations are:12,13,103 
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where ϕ is the porosity, ck and σk are the suspended and retained concentrations for both 

populations, k=1,2, λk are the filtration coefficients, αk are the drift-delay factors, Un is the flow 

velocity, k0 is the initial permeability, p is the pressure, and βk are the formation damage 

coefficients. Index k corresponds to the two populations; index n is attributed to the injection 

velocity at the n-th step of the test. The filtration coefficient for the first population is constant. 

The filtration coefficient for the second population is a blocking (Langmuir) function of 

retained second-population concentration103  
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Initial retained concentrations for both populations are equal to the concentrations of mobilised 

fines after a velocity increase 
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Inlet boundary condition corresponds to the injection of particle-free water 

0 : 0, 1,2kx c k  
                    (B6) 

Breakthrough concentration is a total of those for both populations. The exact solution is88,89 
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Particle detachment in reservoir flows by breakage due to induced stresses 
and drag 

Abolfazl Hashemi, Sara Borazjani, Cuong Nguyen, Grace Loi, Nastaran Khazali, Alex Badalyan, 
Yutong Yang, Bryant Dang-Le, Thomas Russell *, Pavel Bedrikovetsky 
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A B S T R A C T   

Suspension-colloidal-nano transport in porous media encompasses the detachment of detrital fines against 
electrostatic attraction and authigenic fines by breakage, from the rock surface. While much is currently known 
about the underlying mechanisms governing detachment of detrital particles, including detachment criteria at 
the pore scale and its upscaling for the core scale, a critical gap exists due to absence of this knowledge for 
authigenic fines. For the first time, we integrate the 3D version of Timoshenko’s beam theory of elastic cylinder 
deformation with a CFD-based model for viscous flow around the attached particle and with strength failure 
criteria for particle-rock bond. This results in a novel explicit criterium for fines detachment by breakage at the 
pore scale. The criterium includes analytical expressions for tensile and shear stress maxima along with two 
geometric diagrams which allow determining the breaking stress. This leads to an explicit formula for the flow 
velocity that provides the particle-rock bond breakage. Its upscaling yields a novel mathematical model for fines 
detachment by breakage, expressed in the form of the maximum retained concentration of attached fines versus 
flow velocity – maximum retention function (MRF) for breakage. We performed corefloods with piecewise 
constant increasing flow rates, measuring breakthrough concentration and pressure drop across the core. It was 
found out that the behaviour of the measured data is consistent with two-population colloidal transport, 
attributed to detrital and authigenic fines migration. Indeed, the laboratory data show high match with the 
analytical model for two-population colloidal transport, which validates the proposed mathematical model for 
fines detachment by breakage.   

1. Introduction 

Dislodgement of natural reservoir fines from rock surfaces, induced 
by viscous flow in porous media, with the following migration and 
capture by the rock is essential in numerous natural and industrial 
processes. These include well fracturing, production of coal bed 
methane, water and polymer injection in aquifers and oilfields, heavy oil 
production, underground storage of CO2 in aquifers and depleted oil and 
gas fields, fresh and hot water storage in aquifers, radioactive nuclear 
waste, and enhanced geothermal projects.1–6 Usually, the migrating 
fines are clays (kaolinite, illite, chlorite), silica particles, or coals.7–9 

Detailed SEM images of potentially migrating authigenic and detrital 
fines attached to rock surface are presented in Ref. 15 for kaolinite, and 
in16,17 – for illite. The images clearly show the authigenic particles that 
naturally grow on rock surfaces during geological times, as well as the 
detrital particles that are attached to rock surfaces. Viscous flows in 

porous media induce drag and lift exerting on attached particles, which 
can result in their detachment. Authigenic particles are dislodged by 
stresses that initiate breakage of the particle-substrate bond, while 
detrital fines are detached by overcoming the electrostatic particle-rock 
attraction.10 

The detachment schematic at the pore scale is presented in Fig. 1a, 
where the detachment of authigenic and detrital particles occurs at the 
lower and upper parts of pore throat, respectively. Here σa, c, and σs are 
the volumetric concentrations of attached, suspended, and strained 
concentrations, which are used in the governing equations for the 
transport of colloidal particles (Appendix B). The mobilisation of fines 
yields their straining in thin pore throats which consequently alters the 
fluid flow. The attached fines coat the rock surface, so their dislodging 
causes low-to-moderate permeability increase, while plugging the flow 
paths yields significant decline of permeability.5,11 The consequent 
decrease of well productivity and injectivity motivates significant efforts 
in studying migration of natural reservoir fines in porous media.8,12–14 
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Indeed, currently this topic is well developed for detrital fines.12–14 

Current mathematical and lab modelling for detachment of detrital 
fines is based on mechanical equilibrium of a particle situated on the 
solid substrate.13,19–21 Detrital fines detachment by drag against elec-
trostatic forces is shown at the upper part of the entrance throat in 
Fig. 1a. Fig. 1b and c show drag Fd, electrostatic Fe, lift Fl, and gravity Fd 
forces exerting on an isolated fine particle. At the moment of dislodging, 
a particle rotates around a contact point on the rock surface. The cor-
responding lever arm for normal force ln, which is the vertical compo-
nent of lift, electrostatic, and gravity forces, is determined by either 
mutual particle-rock deformation, like in Fig. 1b, or by the size of the 
rock surface asperity, like in Fig. 1c. The attaching electrostatic force is 
described by DLVO theory.21 The mathematical model for fines dis-
lodging is either a linear-kinetics equation for detachment rate,12,14 or a 
function of retained concentration of attached particles versus velocity 
that is derived from mechanical equilibrium.22,23 Both models close the 
system of governing equations for colloidal-suspension-nano transport 
in porous media. In this work, to upscale the detachment model from 

pore to rock scale, we use the approach of maximum retention function 
(MRF). Whereas much is currently known about the underlying mech-
anisms governing the flow-induced detachment of detrital fines, a crit-
ical gap exists due to the absence of geomechanics-flow breakage 
criteria for authigenic fines. 

Detachment of authigenic fines during flow in rocks, as it is shown in 
Fig. 2d occurs by breakage. Particle dislodgement by breakage under 
viscous flows in porous media has been observed during sand produc-
tion,24 well acidizing,25,26 cement dissolution in sandstones,27,28 car-
bonate rock dissolution in water,29 and illite breakage under flow during 
hydraulic fracturing.10 Guo et al. (2016) observed coal fines detachment 
by breakage during coreflood under piecewise-constant increasing ve-
locity.30 Wang et al. (2020) observed produced calcite particles from 
broken bonds with grains during waterflood tests.26 Othman et al. 
(2019) show kaolinite fine with attached carbonate cement produced 
during the coreflood of sandstone Berea core by super critical CO2. The 
appearance of the fine with cement attached is attributed to breakage of 
the fine-rock cement bond.106 Wang et al. (2022) exhibited the injection 

Nomenclature 

English letters 
a Semi-major axis of the spheroidal particle, L 
b Semi-minor axis of the spheroidal particle, L 
c Particle suspension concentration 
E Energy Potential, M L− 1 T− 2 

F Force, M L T− 2 

Fd Drag force, M L T− 2 

Fe Maximum electrostatic force, M L T− 2 

Fg Gravity force, M L T− 2 

Fl Lifting force, M L T− 2 

fd Shape factor for drag 
fl Shape factor for lift 
fM Shape factor for moment 
g Breakage regime function 
h Particle-surface separation distance, L 
I Moment of inertia, L4 

J Impedance 
k Index that corresponds to the two populations 
k0 Initial absolute permeability, L2 

ln Lever arm for electrostatic force, L 
Mb Bending moment, ML2T− 2 

n Index that is attributed to the injection velocity steps 
PVI Pore volume injected 
p Pressure, M L− 1 T− 2 

rb Beam radius (or bond radius), L 
rs Effective particle radius, L 
rw Well radius, L 
S0 Normalised shear stress at the middle of the beam, M L− 1 

T− 2 

S1 Normalised shear stress at the boundary of the beam, M 
L− 1 T− 2 

S0 Shear strength, M L− 1 T− 2 

t Time, T 
T0 Normalised tensile stress at the middle of the beam, M L− 1 

T− 2 

T1 Normalised tensile stress at the boundary of the beam, M 
L− 1 T− 2 

T0 Tensile strength, M L− 1 T− 2 

t Time, T 
U Darcy’s velocity, MT− 1 

Ub Breakage Darcy’s velocity, MT− 1 

V Interstitial fluid velocity, MT− 1 

X,Y,Z Dimensionless Euclidean coordinates 
x,y,z Euclidean coordinates, L 

Greek letters 
α Drift delay factor 
αs Aspect ratio of the particle 
β Formation damage coefficient 
Δσn Detached concentration between two consecutive 

velocities Un-1 to Un 
δ Bond ratio 
η Strength number 
κ Strength-drag number 
λ Filtration coefficient, L− 1 

μf Fluid viscosity, M L− 1 T− 1 

νc Coulomb friction coefficient 
ξ Dimensionless parameter proportional to χ and depending 

on υ 
σ Tensile stress, M L− 1 T− 2 

σ1,2,3 Principal stresses, M L− 1 T− 2 

σa Attached particle concentration 
σcr Critical retention function MRF 
σk Retained concentration 
σm Maximum number of vacancies in porous media 
σs Strained particle concentration 
σx Normal stress in x-direction, M L− 1 T− 2 

σy Normal stress in y-direction, M L− 1 T− 2 

σz Normal stress in z-direction, M L− 1 T− 2 

τ Shear stress, M L− 1 T− 2 

τxy Shear stress at y-plane towards x-direction, M L− 1 T− 2 

τxz Shear stress at z-plane towards x-direction, M L− 1 T− 2 

τyz Shear stress at z-plane towards y-direction, M L− 1 T− 2 

υ Poisson’s ratio 
ϕ Porosity 
χ Shape-Poisson number 
ψ Zeta potential of particle, V 

Subscript 
c Cylinder 
cr Critical 
m Maximum 

Superscript 
b Breakage 
e Electrostatic or detrital particles  
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face of the Indiana limestone core sample with arrows delineated 
breakage of a grain’s structure.107 Liu et al. (2019) show the images of 
hairy illite broken after treatment with fracturing fluid.10 Using SEM 
images, the above works clearly distinguish between detachment of 
detrital fines against electrostatic attraction and by breakage of authi-
genic particles. 

The micro-scale numerical models for detachment of authigenic 
particles by breakage couple flow and stress equations.31,32 SEM images, 
presented in those works, allow defining the channel model geometries, 
where the boundary conditions on the liquid-solid interfaces are posed 
and setting the detailed coupled numerical model for flow in porous 
channels and induced stresses in the rock. The failure zones are calcu-
lated from the stress field using various failure criteria, predicting par-
ticle detachment at the pore scale. In the current work, the failure 
criteria are expressed by explicit formula, which is derived from the 
exact solution for the deformation-stress problem of the particle, sub-
mitted to the viscous flow through the porous medium. 

The analytical model for stresses, induced by the external load, based 
on beam theory33 was used to predict rock failure in sea-cliffs and 
sandstone canyon cliffs,34,35, and between grains consolidated by 
cement.18,36 The present paper uses the beam theory for detachment of 
individual fine particles attached to the rock surface. 

Micro scale modelling of particle detachment by breakage strongly 
depends on the rheological behaviour of particles bonded with the rock 
surface, the corresponding breakage criteria, and critical stress condi-
tions. Laboratory pore-scale bending tests for single particles bonded to 
solid substrate have been performed for kerogen-rich shales, and brittle 
behaviour has been observed.37 Other tests related to non-mineral-rock 

Fig. 1. Detachment of detrital and authigenic clay particles: a) schematic for detachment, migration, and plugging at the pore scale; b) force (torque) balance at 
attached detrital fine with normal lever arm ln due to particle deformation; c) lever arm at attached detrital fine due to rock surface asperity; d) representation of 
attached authigenic particle by deformable beam.18. 

Fig. 2. Schematic of equivalent beam for attached spheroidal particle: a) 
loading force and moment exerting from viscous flow; b) shear in plane par-
allel/perpendicular by Timoshenko’s solution; c) shear in plane parallel/ 
perpendicular by Timoshenko’s solution. 
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materials – polymer-clay,38 glass,39 and silicon40–42– also exhibited 
brittle behaviour, while the tests with nickel showed ductile behav-
iour.43 Geo-mechanical tests with partly water-saturated kaolinite 
powder detect brittle behaviour,44–49 while for high saturations of 
water, the powder becomes ductile.44,50,51 Mixing kaolinite soil with 
more than 1% of cement changes ductile behaviour of the stress-strain 
diagram into brittle.52 Quartz powder and its rich mixtures with 
kaolinite exhibit brittle behaviour.53 Carbonate powders, and their rich 
mixtures with quartz in low water saturations show typical brittle 
stress-strain diagrams.53,54 Moreover, sand particles bonded with cal-
cium carbonate powder under tensile and shear tests show shape decline 
after failure which is an indication of brittle behaviour.54 

Other laboratory studies also encountered either brittle or ductile 
failure in reservoir rocks, in particular in kaolinite-rich rocks,55,56 

illite-rich shales,57–59 chlorite-rich black shale rocks,60 quartz-rich 
sandstone,61,62 cement mortar rock,63 and coal rocks.64–66 

Molecular-dynamic simulation of rheological kaolinite behaviour for 
hydrated and defected kaolinite crystals with the typical length of 100 Å 
shows brittle properties under stress loading at the tension case with 
parallel and perpendicular to layering.67–69 Zhang et al. (2021) simulate 
both tension and compaction loads; tension stress-strain diagrams have 
brittle type for load parallel and perpendicular to layering, while those 
for compression are brittle for parallel load and are ductile for perpen-
dicular load.70 

The above experimental studies highlight the prevalence of me-
chanical failure of colloidal particles in porous media. The difference in 
detachment criteria for authigenic and detrital particles is important for 
understanding and modelling fines migration. However, this distinction 
hasn’t been used in the analysis of coreflooding or field production data. 
Despite these phenomena being widely spread, a pore-scale mathemat-
ical model and its upscaling to the rock scale transport are not available. 

The present paper fills the gap. For the first time, this contribution 
integrates CFD-based modelling of the viscous fluid flowing around an 
attached particle, 3D elastic beam theory, and strength failure criteria. 
The integrated theory yields an explicit expression for the detachment 
conditions for authigenic fines in the form of the breakage velocity. It 
was found that stress maxima are reached at either the middle or 
boundary of the beam base. Introduction of tensile-stress and shear- 
tensile diagrams allows determining which stress causes the particle 
failure. Formulae for breakage flow velocities have been derived for all 
cases of particle breakage by different stresses. The expressions for 
breakage velocity allow determining the maximum retention concen-
tration versus velocity (MRF), which is a mathematical model for fines 
mobilisation by breakage at the rock (laboratory cores and reservoirs) 
scale. The laboratory test undertaken comprises coreflooding with 7 
rates taken in increasing order while measuring particle breakthrough 
concentrations and pressure drop across the core. High match between 
the model and the experimental data from this test, and also from 4 tests 
taken from the literature, validate the novel mathematical model for 
particle detachment by breakage. 

2. Forces and stresses in the beam 

This section integrates Timoshenko’s beam theory with creeping 
viscous flow around attached particles. This includes assumptions of the 
model (section 2.1), CFD-based expressions for drag and torque for the 
particles with different geometries (section 2.2), and derivations for 
tensile and shear stress distributions over the beam base (section 2.3). 

2.1. Assumptions of the particle breakage model 

The breakage detachment model for a single particle is based on 
Navier-Stokes equations for viscous flow around the attached particle 
with resulting drag force and moment exerting on the particle, elastic 
beam theory,33 and the rock failure criteria by tensile or shear 
strength.71–73 The main detaching force is drag (Fig. 1b, c). We assume 

small deformation for solid mineral particles and negligible effect of 
particle deformation on the drag force and moment. 

Fig. 2 shows 3D cantilever beam for spheroidal particle; the unde-
formed vertical configuration is exhibited by continuous lines; the end 
loading by drag displaces material points to the deformed shape shown 
by dashed curves. The stresses in the particle outside the beam are lower 
than those inside, which justifies the beam approximation of an irreg-
ularly shaped particle for deformation modelling. The assumption that 
the particle volume around the beam stem has negligible impact on the 
stress maxima over the particle-substrate contact area has been used by 
Robinson et al. (1970), Young and Ashford (2008), Obermayer et al. 
(2013), Wagner et al. (2016), and Chen et al. (2022).18,34,35,74,75 

Because drag is applied to the centre of mass of the particle, the beam 
connects the base to the centre, and the drag acts as an external load on 
the top cross-section of the beam. We assume that the particle shape is 
spheroidal, and the contact area is circular. Cylindrical shaped particles 
are considered too. We also assume homogenous and linear-elastic 
particle matter. 

It is assumed that planar sections perpendicular to the neutral axis 
before deformations remain planar, but not necessarily perpendicular to 
the neutral axis after deformation, i.e., shear deformations cannot be 
ignored. This is particularly important for “short” kaolinite and chlorite 
clay particles that represent the most widely spread fines in natural 
reservoirs. Therefore, stress modelling for fines breakage is based on 
Timoshenko’s rather than Bernoulli-Euler beam theory.75 

The present work assumes that the maximum stress in the particle- 
substrate contact area due to drag is determined by the deformation of 
the cylindrical beam with the base equal to the particle-substrate contact 
area. This assumption was adopted from Obermayr et al. (2013).18 

Therefore, the failure criteria for the attached particle is determined 
from the cylindric beam deformation from Timoshenko’s solution. The 
same assumption has already been used by Robinson (1970), and Young 
and Ashford (2008).34,35 

Fig. 1b, c show the spheroidal particle, drag exerting from the 
moving viscous fluid, and the induced moment. Under slow creeping 
flows in porous media, lift is negligibly small if compared with the drag. 
Gravity can also be ignored. Fig. 2a shows the normal stress σz versus the 
horizontal x-coordinate at the beam base z = 0. The advancing point of 
the particle is in extension as a result of the drag, and the receding point 
is in compression. Fig. 2b and c exhibit the distributions of shear stresses 
(τxz and τyz) over the beam cross section. Stress τxz is maximum at central 
point of the base, while stress τyz is zero at this point. Timoshenko’s 
beam model assumes that normal stress over a cross section is distrib-
uted in the same manner as in the case of pure bending. The remaining 
three stress components i.e. σx, σy, and τxy are zero.33 The expressions for 
all stresses of the beam theory are presented in Appendix A. 

The particle exhibits brittle behaviour with breakage. The breakage 
occurs instantly according to maximum stress criteria, i.e., if either 
tensile or shear stress reaches strength (maximum) values.71,72 

2.2. Drag force and moment 

Consider Couette flow of viscous fluid over a plane substrate and 
around the attached particle (Fig. 1b, c, 1d). Drag Fd and its moment Mb 
for spherical, oblate spheroidal, and cylindrical particles are extensions 
of the Stokes formula, which is valid for spherical particles76: 

Fd = 6πμf rsVfd(αs) (1)  

Mb =FdbfM(αs)= 6πμf rsVfd(αs)bfM(αs) (2)  

where, μf is the fluid viscosity, rs is the particle effective radius, V is the 
interstitial fluid velocity, fd is the shape factor for drag force, b is the 
lever arm for drag force, and fM is the moment shape factor. Interstitial 
fluid velocity V is expressed via Darcy’s velocity U as 
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U = ϕV (3)  

where ϕ is the porosity. 
To cover a wide range of minerals forming the migrating fines, we 

use the particle shapes of spheroids and cylinders with different aspect 
ratio. Kaolinite particles can be in the form of separate platelets or 
combined booklets, which we represent as spheroids. Platelets have low 
aspect ratio, while booklets can have an aspect ratio close to one. For 
illite particles, the shape of thin long cylinders is assumed. 

For a non-spherical particle, the effective radius, rs is determined 
based on the equality of the volume of the desired shape and a sphere 
with radius rs. 

For a cylindrical particle, the effective radius and aspect ratio, αs are 
defined as 

2πac
2bc =

4
3

πrs
3, rs = bc

(
2
3
α2

s

)− 1/3

,αs = bc/ac
(4)  

where ac and bc are the cylinder base radius and height, respectively. 
The effective radius rs and aspect ratio for a spheroidal particle are 

defined similarly as: 

πa2b=
4
3

πrs
3, rs = bα− 2/3

s ,αs = b/a (5)  

where a and b are semi-major and semi-minor axes of spheroid, 
respectively, and αs is the aspect ratio. 

Following Ting et al. (2021), the details of numerical CFD model and 
its validation are presented below. We calculate the shape factors for the 
drag force and moment using CFD package ANSYS/CFX.77 Fig. 1a, b, 1c 
show the schematic for fluid flow around the attached particle. The 
calculations are performed for long thin cylinders, which approximate 

illite clay particles. The fluid is assumed to be incompressible and 
Newtonian, and both the particle and substrate are assumed to be 
non-deformable. The flow regime is assumed to be laminar, and the 
corresponding solver is used. 

A rectangular simulation domain is established with dimensions 72rs 
× 24 rs × 24 rs (length × width × height). The boundary conditions at 
the liquid-particle and liquid-substrate for the Navier-Stokes equations 
correspond to the no-slip condition. With a zero-velocity condition set 
on the bottom surface, Couette flow is modelled with a linear shear by 
setting the velocity at the top surface to 0.05 m/s. In order to accurately 
capture the flow field near the particle, the mesh adjacent to the particle 
was refined. Symmetry boundary conditions were applied at the two 
vertical sides of the domain. 

Based on the numerical solution of the 3D flow problem we can 
calculate the total drag acting on the particle, Fd, via an integral of the 

normal component of the pressure drop, and the total moment, M, via an 
integral of the tangent shear stress over the particle-fluid surface. De-
viation of the drag, moment, and lift is 0.28%, 4%, and 0.02% respec-
tively compared to the analytical formulae for a sphere when the 
Reynolds number is below 0.1. A grid independence test was performed 
which showed that the mesh size was sufficiently refined. For non- 
spherical particles, the shape factors for the drag force and moment 
(fD and fM respectively) are calculated using Eqs. (1) and (2). 

For long thin cylinders, which correspond to aspect ratio αs > 1, the 
correlations for drag force and moment factors, based on multiple runs 
of the CFD package, are: 

fd =
(
0.9014αs

2 + 1.599αs + 2.265
)
(αs + 1.752)− 1 (6)  

fM =
(
0.0002161αs

3 + 1.34αs
2 + 44.18αs + 21.27

)(
α2

s + 31.34αs + 10.38
)− 1

(7)  

respectively. We will be using these correlations further in the text to 
calculate maximum stresses and predict the particle-substrate bond 
breakage. The expressions for drag and moment factors for spheroidal 
and thin-cylinder particles, which model kaolinite, chlorite, and silica 
particles, are available from Ting et al. (2021).77 

2.3. Stress distributions at the base of the beam 

Substitution of beam stress equations (A1-A3) into the expressions 
for principal stresses (A5), yields the equations for maximum tensile and 
shear stresses at the beam base:     

Axes are shown in Fig. 2. Bond radius rb is shown in Figs. 1 and 2. 
Eqs. (8) and (9) for normalised stresses can be transformed into the 

following dimensionless form 

σ3

T0
=

1
κ

(

X −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

X2 + χ
(

1 − X2 −
(1 − 2υ)
(3 + 2υ)Y

2

)2

+ χ 4(1 + 2υ)2

(3 + 2υ)2 (XY)2

√ )

(10)  

σ1 − σ3

2S0
=

η
κ

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

X2 + χ
(

1 − X2 −
(1 − 2υ)
(3 + 2υ)Y

2

)2

+ χ 4(1 + 2υ)2

(3 + 2υ)2 (XY)2

√

(11)  

where T0 and S0 are the tensile and shear strengths, respectively. Nor-
malised stress expressions (10, 11) contain three dimensionless groups 

σ3 =
1
2

Fd

I
r2

b

⎛

⎝bfM

rb

x
rb
−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(

bfM

rb

)2( x
rb

)2

+ 4

((
(3 + 2υ)
8(1 + υ)

(

1 −

(
x
rb

)2

−
(1 − 2υ)
(3 + 2υ)

(
y
rb

)2
))2

+

(

−
(1 + 2υ)
4(1 + υ)

x
rb

y
rb

)2
)

√
√
√
√

⎞

⎠ (8)   

σ1 − σ3

2
=

1
2

Fd

I
r2

b

⎛

⎝

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(

bfM

rb

)2( x
rb

)2

+ 4

((
(3 + 2υ)
8(1 + υ)

(

1 −

(
x
rb

)2

−
(1 − 2υ)
(3 + 2υ)

(
y
rb

)2
))2

+

(

−
(1 + 2υ)
4(1 + υ)

x
rb

y
rb

)2
)

√
√
√
√

⎞

⎠ (9)   
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reflecting the interaction between the creeping flow around an attached 
particle and the induced elastic deformation of the particle – dimen-
sionless numbers κ, χ, and η:   

Dimensionless group κ is proportional to the ratio between tensile 
strength and fluid pressure caused by the drag exerting on the particle 
cross section and is called the strength-drag number. Dimensionless 
number κ also depends on bond ratio δ, aspect ratio αs, and moment of 
inertia I. Dimensionless group χ depends on geometric parameters, 
namely the bond ratio δ and aspect ratio αs, and on the Poisson ratio υ 
and is called, therefore, the shape-Poisson number. The strength number η 
is the ratio between tensile and shear strengths. 

Common interval of parameters for rock minerals are83: aspect ratio 
αs varies from 0.03 to 1.0 for spheroids and flat cylinders and from 1 to 
100 for long cylinders, bond ratio δ - from 10− 3 to 1.0, and Poisson’s 
ratio υ - from zero to 0.5. Eq. (12) along with formulae for drag and 
moment shape factors results in values of the shape-Poisson number χ 
varying from 2.4 × 10− 7 to 4.8 for spheroids, from 2.4 × 10− 5 to 0.3 for 
long cylinders, and from 0.18 to 135 for flat cylinders. 

3. Stress maxima and breakage regime 

Here we create a graphical technique to determine the stress that 
meets the strength failure criteria. It includes the derivation of stress 
maxima at the beam base (section 3.1), calculation of tensile stress 
maxima over the beam base middle and boundary (section 3.2) and their 
comparison using the tensile stress diagram (section 3.3), calculation of 
shear stress maxima over the beam base middle and boundary (section 
3.4) definition of the failing stress using the tensile-shear diagram 
(section 3.5). 

The failure criteria used in this work correspond to reaching the 
strength values by maximum tensile and shear stresses.71,73 The corre-
sponding expressions for tensile and shear failures are (Eq. (A8)): 

− σ3 ≥ T0,
− σ3

T0
≥ 1 (13)  

σ1 − σ3

2
≥ S0,

σ1 − σ3

2S0
≥ 1, (14)  

respectively. Here T0 is the tensile strength, and S0 is the shear strength. 
To determine which stress causes failure, the following maxima must 

be compared 

max
X2+Y2≤1

− σ3(X, Y)
T0

, max
X2+Y2≤1

σ1(X,Y) − σ3(X, Y)
2S0

(15) 

To apply failure criteria (13,14) to the expressions for normalised 
tensile and shear stresses at the base of the beam, in the next section we 
calculate the maxima of those stress functions over the area X2+Y2≤1. 

3.1. Stress maxima at the base of the beam 

Consider maxima of the tensile and shear stresses given by Eqs. (10, 
11). If the maxima points (Xm,Ym) are located inside the base circle, 
Xm

2+Ym
2<1, partial derivatives of both expressions (10) and (11) over Y 

must be zero. Both expressions depend on Y2, so the expressions for first 
partial derivatives in Y contain Y as a multiplier and is zero at Y = 0. It is 
possible to show that the multiplier inside the unitary circle is positive, 

and that second partial derivatives in Y of both expressions (10) and (11) 
are negative at Y = 0. Therefore, all maxima inside the base circle 
Xm

2+Ym
2<1 are reached along the middle of the base, i.e., axis Y = 0. 

Otherwise, tensile or shear stresses reaches maxima at the beam base 
over the boundary Xm

2+Ym
2 = 1. 

Expressions for normalised tensile and shear stresses versus X in the 
beam middle Y = 0 are obtained from Eqs. (10, 11): 

σ3

T0
= T0(X, χ)= 1

κ

(

X −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

X2 + χ
(
1 − X2

)2
√ )

(16)  

σ1 − σ3

2S0
= S0(X, χ)= η

κ

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

X2 + χ
(
1 − X2

)2
√

(17) 

Expressions for normalised tensile and shear stresses versus X at the 
cylinder boundary are obtained from Eqs. (10, 11) by substituting Y2 = 1- 
X2: 

σ3

T0
= T1(X, χ, ν)= 1

κ

(

X −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

X2 + χ 4(1 + 2υ)2

(3 + 2υ)2

(
1 − X2

)
√ )

(18)  

σ1 − σ3

2S0
= S1(X, χ, ν)= η

κ

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

X2 + χ 4(1 + 2υ)2

(3 + 2υ)2

(
1 − X2

)
√

(19)  

3.2. Maxima of tensile stresses in the beam middle and boundary 

In order to apply failure criteria (13, 14) to expressions for normal-
ised tensile and shear stresses at the cylinder middle and at boundary, let 
us calculate maxima of the four stress functions (16-19) over the closed 
X-interval [− 1,1]. Fortunately, for all 4 cases, the maximum points Xm 
and the corresponding values of normalised stresses can be found 
explicitly. In the middle of the base, maxima of the two functions (16) 
and (17) inside the base circle (− 1,1) are determined by conditions of 
zero first derivative in X at some point X = Xm, and negative second 
derivative in the same point. Then the obtained maxima are compared 
with stresses at the boundary X = − 1 and X = 1. The same procedure is 
applied for stress functions (18, 19) on the beam base boundary. Af-
terward, the detachment regime and the detachment point Xm are 
determined by comparison of the 4 normalised tensile and shear stresses 
at the boundaries X = − 1 and X = 1, and the open interval between 
them. 

From now on, we call dimensionless stress the product of strength- 
drag number κ and normalised stress, defined in Eqs. (16-19). 

The profiles for dimensionless tensile stress κTm
0 (X) in the middle of 

the cylinder base for four values of the shape-Poisson number χ = 1, 2, χ 
= χ1, and χ = 4.5 are presented in Fig. 3a. Here χ = χ1 is the value where 
κTm

0 at the boundary X = − 1 is equal to maximum inside the interval. As 
χ tends to zero, the plot of κTm

0 (X) tends to two straight lines corre-
sponding to two values of square root in expressions (34, 35). At some χ 
there does appear a maximum inside the open interval (− 1,1), which 
remains below κT0

m(-1,χ) = 2, reached in the advanced point Xm = − 1. 
Inequality κT0

m < 2 remains fulfilled for χ<χ1. The threshold value χ1 
and corresponding maximum point X = Xm are determined from system 
of two transcendental equations and one inequality: 

κT0(Xm, χ1)= 2,
∂κT0

∂X
(Xm, χ1)= 0,

∂2κT0

∂X2 (Xm, χ1) < 0 (20) 

The solution of Eq. (20) is unique; the roots are found numerically: 

κ =
2T0

Fd

I
rbbfM

=
2T0

Fd

I
δαsfM

, χ =
[

rb

bfM

3 + 2υ
4(1 + υ)

]2

=

[
δ

αsfM

3 + 2υ
4(1 + υ)

]2

, η= T0

S0
, δ=

rb

a
,X =

x
rb
,Y =

y
rb

(12)   
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χ1 = 3.38, Xm1 = − 0.33. 
For χ> χ1, the maximum is reached inside the open interval − 1<Xm 

< 1 (violet curve in Fig. 3a). The expression for maximum normalised 
tensile stress at Y = 0 is 

T0
m(χ) =

1
κ

⎧
⎨

⎩

2, χ ≤ χ1

− Xm(χ) +
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

X2
m + χ

(
1 − X2

m

)2
√

, χ > χ1

; Xm

=

⎧
⎪⎪⎨

⎪⎪⎩

− 1, χ ≤ χ1

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(4χ − 1)(4χ − 9)

√
− 4χ + 3

8χ

√

, χ > χ1

(21) 

Substituting Xm into T0
m (χ) in Eq. (21), we obtain   

Fig. 3b and c show the plot of maximum point Xm and maximum 
tensile stress in the middle T0

m (χ) versus the shape-Poisson number. For 
χ lower than χ1, the maximum is reached in the advance point Xm = − 1. 
For higher χ-values, the point Xm jumps to Xm1 and then continuously 
moves to the right towards the origin. 

Eq. (34) for dimensionless tensile strength on the base boundary 
shows that T1

m depends on the dimensionless group ξ which is propor-
tional to χ. The proportionality coefficient depends on Poisson ratio: 

ξ= χ 4(1 + 2υ)2

(3 + 2υ)2 (23) 

Fig. 4a shows the profiles for dimensionless tensile stress on the beam 
boundary for different values of ξ. At ξ < 2, κT1

m(X,χ) monotonically 
decreases versus X, so the maximum is reached at the point Xm = − 1. At 
ξ = 2, the slope of profile at X = − 1 reaches zero, and at ξ > 2 a 
maximum is reached inside the interval at X > − 1. The expressions for 
maximum T1

m(ξ) and Xm are 

T1
m(χ, ν) =

1
κ

{
2, ξ ≤ 2
ξ(ξ − 1)− 0.5

, ξ > 2 ; Xm =

{
− 1, ξ ≤ 2
− (ξ − 1)− 0.5

, ξ > 2 (24) 

Fig. 4b and c show the plots for maximum point and value vs χ at 
three Poisson ratios. For low χ, determined by condition ξ < 2, the 
maximum is reached at the advance point X = − 1 and is equal to 2. For 
higher χ, the maximum point continuously moves right from the 

advance point, and the maximum value monotonically increases from 2. 

3.3. Comparison of maximum tensile stresses in the beam middle and 
boundary 

Consider the stress equality, separating the domains in (χ,υ) plane 
where either of the stresses dominate 

T0
m(χ)= T1

m(χ, ν) (25) 

The black curve in Fig. 5a corresponds to ξ = 2; the equation for the 
black curve follows from the expression (23): 

Fig. 3. Maximum tensile stress in the middle of the beam at Y = 0: a) dimensionless tensile stress along flow direction (versus X) for 3 different values of shape- 
Poisson number χ; b) position of maximum tensile stress Xm at Y = 0 versus shape-Poisson number χ; c) maximum value of tensile stress at Y = 0 versus χ 

Fig. 4. Maximum tensile stress at beam boundary: a) dimensionless tensile stress on the beam boundary versus shape-Poisson number χ for 3 different values of 
Poisson ratio ν (or parameter ξ); b) position of maximum tensile stress Xm at the beam boundary versus χ; c) maximum value of tensile stress over the boundary 
versus χ 

T0
m(χ) =

1
κ

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

2, χ ≤ χ1
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(4χ − 1)(4χ − 9)

√
− 4χ + 3

8χ

√

+

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(4χ − 1)(4χ − 9)

√
− 4χ + 3

8χ + χ
(

1 +

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(4χ − 1)(4χ − 9)

√
− 4χ + 3

8χ

)2
√
√
√
√ , χ > χ1

(22)   
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χ = (3 + 2υ)2

2(1 + 2υ)2, υ=
(

1 −

̅̅̅̅̅
ξ

4χ

√ )− 1

−
3
2
. (26) 

The straight line χ = χ1 and curve (26) for ξ = 2 separate plane (χ,ν) 
into 4 domains that correspond to different expressions (22) and (24) for 
maximum tensile stresses (Fig. 5a). Three lines cross in point with χ = χ1 
and υ = υ1 = 0.125. 

Here the variables are limited by maximum χ-values for natural 
minerals: χ < 5. 

Altogether 5 different domains that defines maxima between T0
m and 

T1
m can be distinguished:  

I. In the case χ< χ1 and ξ < 2, both tensile stresses are equal to 2.  
II. In domain χ < χ1 and ξ > 2, T0

m = 2. Equation (25) for the boundary 
between regions I and II becomes: T1

m (χ,ν) = 2. 

This equation has only one root: ξ = 2. For ξ > 2, T1
m monotonically 

increases. Therefore, in this domain T1
m > T0

m. 
Consider the case where χ > χ1 and ξ > 2. In this region, both κT0

m and 
κT1

m are greater than 2. The region can be divided into two regions in 
which each stress is greater. Substituting the second line of Eq. (24) into 
equality (25) and expressing ξ yields 

ξ=

(
κT0

m(χ)
)2

± κT0
m(χ)

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅(
κT0

m(χ)
)2

− 4
√

2
; χ > χ1 (27) 

Critical Poisson’s ratios where the tensile stresses in the middle and 
on the boundary are equal are determined by substitution of expression 
(23) for ξ into Eq. (27) and solving for υ: 

υm(χ)=
3
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(
κT0

m(χ)
)2

± κT0
m(χ)

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅(
κT0

m(χ)
)2

− 4
√√

−
̅̅̅̅̅
8χ

√

4
̅̅̅̅̅
2χ

√
− 2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(
κT0

m(χ)
)2

± κT0
m(χ)

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅(
κT0

m(χ)
)2

− 4
√√ (28) 

Explicit expression υ = υm(χ) is determined by equating the second 
lines of Eqs. (22) and (24) and is very cumbersome. 

Fig. 5a shows the plot υ = υm(χ). It consists of two branches – the blue 
branch corresponds to the positive square root in Eq. (28), and the red 
branch to the negative root. Over the red branch, we have ξ < 2, so only 
the blue branch belongs to the domain χ > χ1 and ξ > 2. This determines 
zones III and IV:  

III. In the case where χ > χ1 and v > vm(χ), T1
m > T0

m.  
IV. In the case where χ > χ1 and v<vm(χ), ξ > 2, T1

m < T0
m. 

The blue curve (28) crosses the line χ = χ1 at the point with ordinate 
υ1.  

V. In the case χ > χ1 and ξ < 2, T1
m = 2. As it follows from definition (20) 

of χ1, equation T0
m (χ) = 2 has root χ = χ1. No more roots exist for χ >

χ1. Therefore, in this domain T0
m > T1

m = 2. 

Five domains I, II,…V in the so-called tensile stress diagram (Fig. 5a) 
determine where maximum tensile stress is higher –at the boundary of 
the beam base or in the middle. Their ratio versus shape-Poisson number 
is presented in Fig. 5b for three value of Poisson ratio: υ<υ1, υ1<υ<υ2, 
and υ>υ2. 

Let us compare the tensile and shear stresses and their maxima in 
zone 0 using Mohr circles. Fig. 6a shows profiles for dimensionless 
tensile and shear stresses, calculated by Eqs. (16-18). Fig. 6b shows 
Mohr circles that correspond to zone 0 and five points in the middle 
(X,0) where the value of X changes from − 1 to 1. Mohr circles are built 
based on Eqs. (A7, 8). The profiles for dimensionless tensile stresses 
monotonically decrease from 2 at X = − 1 to zero at X = 1. This corre-
sponds to change of position of maximum tensile stress in Fig. 8b, which 
corresponds to left edge point of circles (-σ3,0) from − 2 to zero. 
Maximum shear stress that is equal to circle radius, decreases from 1 to 
min at X = 0 and then increases back to one (Fig. 6a). This corresponds 

Fig. 6. Comparison between tensile and shear stresses and their maxima: a) profiles of tensile and shear stresses along the beam middle and the tensile stress over the 
beam boundary; b) Mohr circles in five points of the beam middle. 

Fig. 5. Comparison between dimensionless tensile stresses in the middle and on the beam boundary: a) determination of the critical Poisson ratios ν where the tensile 
stresses are equal; b) the ratio between tensile stresses on the boundary and in the middle for three Poisson ratios ν 
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to movement of the top point of circles from maximum at X = − 1 to min 
at X = 0 and then to max in the receded point. Abscissa of the circle 
centre is obtained from Eq. (A7) and is proportional to σz, which in turn 
is proportional to x (Eq. (A1)). This corresponds to movement of the 
circle centre from − 1 at advanced point to zero at the base beam centre 
and to one in receded point. 

3.4. Maxima shear stresses in the beam middle and boundary 

Fig. 7a shows profiles for shear stress in the middle of the beam base 
for different χ. For χ tending to zero, the profile tends to two straight 
lines. At higher χ, there does appear a maximum at Xm = 0, which 
reaches unitary value at χ = χ2 = 1. At χ<χ2, the maximum remains in 

the advancing and receding points, for χ>χ2 it moves to the origin. Ex-
pressions for stress maximum are obtained from Eq. (17): 

S0
m(χ) =

η
κ

{
1, χ < 1
̅̅̅χ√
, χ > 1 ; Xm =

{
±1, χ < 1
0, χ > 1 ; η =

T0

S0
(29) 

Fig. 7b shows that the maximum points lie at the edges of the beam 
middle at Xm = − 1 and Xm = 1 for χ<χ2, then moves to the centre point, 
X = 0 for χ>χ2. The maximum shear is equal to one for χ<χ2 = 1, and 
monotonically increases from 1 for χ>χ2 (Fig. 7c). 

The expression for maximum tensile stress along the boundary is 
obtained from Eq. (19): 

S1
m(χ1) =

η
κ

{ ̅̅̅
ξ

√
, ξ ≥ 1

1, ξ < 1
;Xm =

{
0, ξ ≥ 1
±1, ξ < 1 (30) 

Corresponding profiles and maximum plots and presented in Fig. 8. 
Fig. 9 shows the ratio S1

m/S0
m versus χ for 3 values of Poisson ratio. For 

all parameter values, the ratio does not exceed one, i.e. S1
m < S0

m. 
Therefore, further in determining the breakage regime, shear at the base 
boundary is not considered. In particular, shear at the base boundary 
hasn’t been considered in Fig. 6. 

Introduce region 0 in (χ,υ)-plane for χ < 1 (tensile-stress diagram in 
Fig. 5a). According to Eq. (29), here the dimensionless shear is equal to 
one, while both tensile stress maxima are equal to two. 

3.5. Determination of breakage regime using the breakage function 

This section compares maxima of tensile and shear stresses, Eqs. (22, 
24, 29). The tensile-stress diagram in Fig. 10a shows which maximum 
tensile stress – in the beam middle or at the boundary – is higher. Shear 
stress in the middle is always higher than that at the boundary. Now 
consider breakage by tensile stress, where equality (13) is fulfilled at 
some point (Xm,0) and normalised tensile stress reaches its maximum 
which equals one, while equality (14) is not fulfilled for any point − 1<X 
< 1. Consequently, the condition for breakage by tensile stress is 

max(− σ3)

T0
≥

max(σ1 − σ3)

2S0
(31) 

Fig. 7. Dimensionless maximum shear stress in the middle of the beam base: a) profiles for dimensionless stress in the middle of the beam base for three different 
shape-Poisson ratios versus X; b) position of the maximum point Xm versus X; c) maximum dimensionless stress versus χ 

Fig. 8. Dimensionless maximum shear stress on the beam boundary: a) profiles for dimensionless stress for different Poisson ratio ν and shape-Poisson number χ; b) 
position of the maximum point Xm versus χ; c) maximum dimensionless stress versus χ 

Fig. 9. Comparison between maximum shear stresses in the middle, S1
m, and on 

the boundary, S0
m. 
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Define the breakage regime function, g(χ,ν) as the ratio of the 
dimensionless tensile stress to the dimensionless shear stress. Comparing 
with Eq. (31), we arrive at: 

g(χ, ν)= κTm(χ, υ)
(

κ
η

)
S0

m(χ)
=

Tm(χ, υ)
S0

m(χ)
η>T0

S0
= η (32)  

Tm(χ, υ)=max
{

T0
m(χ), T1

m(χ, υ)
}

(33)  

Here Tm(χ,υ) is maximum of two normalised tensile stresses T0
m(χ) and 

T1
m(χ,υ); S0

m(χ) is the maximum of the dimensionless shear stress in the 
middle of the beam. We introduce the breakage regime function g(χ,υ), 
which is the ratio of the stress maxima Tm(χ,υ) and S0

m(χ). If a state point 
in plane (χ,η) is located above the curve g(χ,υ), the breakage occurs by 
tensile stress; otherwise it is shear stress that causes the breakage. 

To further clarify the meaning of this equality, consider a system at 
the point of shear failure, i.e. S0

m = S0. If g(χ,ν)<η, then it follows that 
Tm<1. Thus, at the point of shear failure, the tensile stress does not 
exceed the tensile strength and tensile failure is not expected. Thus, in 
the situation of a gradually increasing load, shear failure will occur 
before tensile failure. Similarly, if g(χ,ν)>η, then Tm>1 (for S0

m = 1) and 
thus at the onset of shear failure, the condition for tensile failure is 
already satisfied and therefore the particle will first experience tensile 
failure. 

The tensile-stress diagram shows that as χ changes from zero to χm, 
different sequences of domains appear in three intervals of Poisson’s 
ratio: [0,υ1], [υ1,υ2], and [υ2,0.5] (Fig. 5a). A graph of the breakage 
function g(χ) is presented in Fig. 10a, d, and g in those three intervals, 
respectively. Sharp transitions in the behaviour of the function are 
observed when different boundaries in the tensile-stress diagram are 

reached. Fig. 10b, e, and h show the plots of the numerator and de-
nominator of expression (32) of g(χ,υ) for three values of Poisson’s ratio 
υ, taken from the three above-mentioned intervals, by red, black, and 
green curves, respectively. Points Xm where breakage occurs, are shown 
in Fig. 10c, f, and i. 

The graph of function g(χ,υ) allows determining whether breakage 
occurs by tensile or shear stress. Thus, g(χ,υ) is called the breakage 
regime function, and plane (χ,υ) with different domains – the tensile- 
shear diagram (Fig. 10a, d, and g). 

For values of χ less than 1, the curve g(χ,υ) is equal to two (Fig. 10a, 
d, and g), and both the tensile and shear stresses are constant (Fig. 10b, 
e, and h). Breakage occurs in the advancing point, Xm = -1 (Fig. 10c, f, 
and i). As χ increases, a decrease in g(χ,υ) is observed, defined by a 
constant tensile stress, but increasing shear stress. Shear failure for 
values of χ>1 occurs in the particle centre, Xm = 0. Further increases to 
the shape-Poisson number, χ, result in an increasing tensile stress, 
leading to a less sharply decreasing breakage regime function. This 
transition occurs for only one of the two tensile stresses, while the other 
begins increasing at higher χ. For intermediate Poisson’s ratio 
(ν1<ν<ν2), tensile failure occurs first on the boundary, then at higher χ it 
occurs in the middle of the particle (Fig. 10e). In all cases, increasing 
tensile stress results in tensile failure occurring at an intermediate point 
in the advancing half of the particle (− 1<Xm<0, see Fig. 10e, f, and i). 

The value of the shape-Poisson number χ that corresponds to a given 
strength ratio η 

χcr = g− 1(η), g(χcr)= η (34)  

is called the critical value. 
For a given value of the strength ratio, η, let us discuss the deter-

mination of the failure type. In the case where the strength ratio exceeds 

Fig. 10. Breakage regime function g(χ) for different Poisson ratios ν: a,b,c) υ<υ1; d,e,f) υ1<υ<υ2; g,h,i) υ2<υ<0.5.  
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2 (region I in Fig. 10a, d, and g), η>2, the breakage is by shear for all 
values of the shape-Poisson number χ. Similarly, if the strength ratio is 
less than one, 0<η < 1 (region IV, Fig. 10a, g, or region V for ν1<ν<ν2, 
Fig. 10d), the breakage is by tensile failure for all values of the shape- 
Poisson number χ. For values of η between 1 and 2 (regions II-III, 
Fig. 10a, d, and g, and region IV for ν1<ν<ν2, Fig. 10d), breakage will 
occur by tensile failure for values of χ less than the critical value, χcr, and 
by shear failure for values larger than it. 

4. Detachment of detrital fines against electrostatic forces 

Following Derjaguin and Landau (1941), Verwey and Overbeek 
(1948), Israelachvili (2015), Bradford et al. (2013), this section briefly 
presents the fines detachment theory for detrital fines.13,21,78,79 

Detrital fines have been brought to the rock by groundwater flows 
after being broken-off the rock surface and attached to the rock surface 
by electrostatic forces. Fig. 1b, c show the forces exerting on an attached 
detrital particle: attaching electrostatic Fe and gravity Fg forces, and 
detaching drag Fd and lift Fl forces. Electrostatic is a potential force, 
where the energy potential E depends on the particle-surface separation 
distance, h: 

Fe(h)= −
∂E(h)

∂h
(35) 

An energy profile with only a single minimum has an inflection point 

h = hm, where the electrostatic force reaches its maximum: 

∂Fe(hm)

∂h
= −

∂2E(hm)

∂h2 = 0,
∂2Fe(hm)

∂h2 = −
∂3E(hm)

∂h3 − < 0 (36) 

Mechanical equilibrium of a particle on the rock surface in the case of 
favourable attachment (one primary energy minimum) is determined by 
the following conditions: equality of detaching and attaching torques 

Mb = 6πμf rsVfd(αs)bfM(αs)=Fe(h)ln, (37) 

equality of detaching and attaching force projections on horizontal 

Fd = 6πμf rsVfd(αs)= νCFe(h), (38)  

and equality of detaching and attaching force projections on vertical 

Fl(U)=Fe(h) + Fg (39)  

where ld and ln are the lever arms for drag and normal forces, respec-
tively, and νC is the Coulomb friction coefficient. Particle detachment 
occurs when the left hand side of (37), (38), or (39) exceeds the right 
hand side when h = hm (at the maximum electrostatic force). When these 
terms are insufficient to detach the particle, they are equilibrated by a 
smaller electrostatic force, and the particle sits at some distance h < hm. 
Breach of either equilibrium conditions (37), (38), or (39) yields fines 
detachment by rolling, sliding, and lifting, respectively. In the case of 
two energy minima, there are two separating distances h = hm that 

Fig. 11. Critical breakage velocity of oblate spheroids: a) Dependence of critical breakage velocity on particle radius; b) Dependence of critical breakage velocity on 
particle aspect ratio αs; c) aspect-ratio dependency for the product of shape factors and aspect ratio; d) aspect-ratio dependency for drag and lift; e) aspect-ratio 
dependencies for three shape factors. 
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correspond to both energy minima, and the equilibrium conditions (37), 
(38), and (39) are applicable to the particles that are located in primary 
and secondary energy minima. It is implicitly assumed that the particles 
detached by the three criteria (37), (38), and (39) continue rolling over 
the rock surface, sliding over the surface, and move off the surface into 
the liquid stream, respectively. 

Under dominance of electrostatic force in Eq. (39), lifting does not 
occur, and the lifting criterium can be dropped. 

5. Modelling fines detachment by maximum retention function 

This section develops a novel model for fines detachment by 
breakage that includes a derivation of breakage flow velocity (section 
5.1), model for breakage detachment and its expression as a maximum 
retention function MRF (section 5.2), and determination of the breakage 
parameters from and experimentally derived MRF (section 5.3). 

5.1. Determination of breakage velocity 

Let us determine the breakage velocity based on either formula for 
normalised stresses (22, 24, 29) or the (χ,υ) and (χ,η) diagrams. 

First, we compare normalised tensile stresses in the middle and on 
the boundary, using Eqs. (22) and (24). Since both normalised stresses 
are proportional to κ− 1, the choice of maximum normalised tensile stress 
is determined by the values in brackets in Eqs. (22, 24) (dimensionless 
stresses), so the knowledge of κ− 1 is not required at this stage. The choice 
between T0 and T1 can be done using the (χ,υ) diagram (Fig. 5a). 

Then, we compare the maximum normalised tensile stress Tm with 
the normalised shear stress in the middle S0

m, using Eqs. (22, 24) and 
(29). Also, both normalised stresses are proportional to κ− 1, so the 
choice is based on the comparison between the value in brackets in Eq. 
(22, 24) and the value in brackets in Eq. (29) times the strength ratio. As 
an alternative, the choice between maximum normalised tensile stress 
and normalised shear can be done using breakage function η = g(χ,ν) in 
(χ,η) plane (Fig. 10). 

So, at this stage the breakage regime was determined. Consider the 
chosen maximum stress equation, either (22), (24), or (29). At the point 
of failure, the chosen normalised stress is equal to one, the value in 
bracket has already been calculated, allowing us to determine the 
strength-drag number κ. For cases where the maximum is tensile stress in 
the middle, tensile stress on the boundary, and shear stress in the mid-
dle, the formulae for strength-drag numbers κ are:   

κ =

{
2, ξ ≤ 2
ξ(ξ − 1)− 0.5

, ξ > 2 ; ξ = χ 4(1 + 2υ)2

(3 + 2υ)2 (41)  

κ =
T0

S0

{
1, χ < 1
̅̅̅χ√
, χ > 1 , (42)  

respectively. 
Substituting expression for drag from Eq. (1) into Eq. (12), we obtain 

κ− 1 =
1

2T0

Fd

I
r2

b
bfM

rb
=

1
T0

2Fd

πrb
2

αsfM

δ
=

12
T0

πμf rsVfd

πrb
2

αsfM

δ
=

12
T0

πμf rsUfd

πrb
2

αsfM

δϕ

=
12αsfMfd

δϕ
μf rsU
T0rb

2

(43) 

This allows determining the breakage velocity for authigenic 
particles 

Ub
cr =

δϕT0rb
2

12αsfMfdμf rs
κ− 1 (44)  

where κ is calculated by either of three formulae (40), (41), or (42). 
Critical breakage velocity versus spheroidal particle radius for 

different aspect ratios is investigated in Fig. 11a. The smaller is the 
particle, the higher is the breakage velocity. So, in a test with piecewise 
constant increasing velocity, the largest particles are detached first, and 
further detachment is continuing in the order of decreasing particle size. 

However, critical breakage velocity Ub
cr is non-monotonic with 

respect to aspect ratio – the two smallest critical velocities are exhibited 
by very oblate spheroids (αs = 0.025) and for perfect spheres (αs = 1). 
Fig. 11b shows that maxima of breakage velocity are reached for in-
termediate aspect ratios. The effect is attributed to non-monotonicity of 
the product of three αs dependent functions in the denominator of the 
expression (44) (Fig. 11c). The overall drag is the total of surface in-
tegrals of pressure gradient and viscous shear over the particle surface. 
The flatter is the particle, the lower is the aspect ratio, the lower is the 
particle cross-section transversal to flow. This results in a lower 
pressure-gradient component of drag, but a higher shear viscosity 
component due to an increase of the contact area and the Couette flow 
alignment. So, the non-monotonicity of drag shown in Fig. 11d is the 
result of two effects of pressure gradient and shear, i.e., normal and 
tangential components of drag, which are competing and at odds with 
each other. The above also explains non-monotonicity of lift, shown in 
the same figure. 

Fig. 11e shows that the higher is the aspect ratio, the lower are drag, 
moment and lift factors. Lift is significantly lower than the drag; both 
forces are non-monotonic αs-functions (Fig. 11e). 

For the case of long cylinders, all the dependencies, calculated above 
for spheroidal particles, become monotonic for long cylinders (Fig. 12). 
The larger the particle the lower is the breakage velocity, i.e., the long 
cylinders are detached in order of decreasing of their sizes; large parti-

cles are broken first during velocity increase (Fig. 12a). The higher is the 
aspect ratio, the lower is the breakage velocity, i.e., it is easier to break a 
long thin cylinder (Fig. 12b). The aspect-ratio-dependent group that 
enters the expression (44) is monotonic too (Fig. 12c). The higher is the 
aspect ratio, the higher are the drag force (Fig. 13d) and drag factor 
(Fig. 12e). The lift is negligible. 

5.2. Formulation of fines breakage model: maximum retention function 

Breakage criterion (32, 33) yields the expression (44) of the breakage 
velocity Ub

cr versus particle and rock surface properties. For uniform 
plane substrate and the attached particles, all the particles remain 
attached for velocities lower than Ub

cr, and all become detached for any 

κ =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

2, χ ≤ χ1

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(4χ − 1)(4χ − 9)

√
− 4χ + 3

8χ

√

+

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
⎛

⎝

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(4χ − 1)(4χ − 9)

√
− 4χ + 3

8χ

√ ⎞

⎠

2

+ χ

⎛

⎝1 −

⎛

⎝

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(4χ − 1)(4χ − 9)

√
− 4χ + 3

8χ

√ ⎞

⎠

2⎞

⎠

2
√
√
√
√
√ , χ > χ1

(40)   
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velocity above Ub
cr. However, fines detachment during the velocity in-

crease occurs gradually. 
Consider a multidimensional manifold of particles of different sizes 

and forms situated at various sites of an asperous, micro heterogeneous 
rock surface. Flow velocity of creeping flow near the rock surface is 
probabilistically distributed over the porous space. Under the assump-
tion of Stokes flow in the porous space, velocity distribution over the 
porous space is determined by the macroscale Darcy’s velocity U, i.e., 
local microscale speeds are proportional to U.80 The mechanical equi-
librium failure conditions (32, 33) indicate whether each attached to 

rock surface particle is broken or remains attached under a given ve-
locity U. It makes attached concentration a function of velocity that is 
called the MRF (maximum retention function). The MRF σcr(U) is a 
mathematical model for particle mobilisation by breakage. For 3D flows, 
the MRF is a function of the modulus of velocity: 

σa = σb
cr(|U|) (45)  

Here σa is the volumetric concentration of attached particles, and σb
cr is 

MRF for detachment by breakage. 

Fig. 13. Total MRF for detachment of detrital and authigenic fines: a) in the case of Ue
max < Ub

min, MRF has plateau; b) MRF is monotonically decreasing function of 
velocity in the case where Ue

max > Ub
min. 

Fig. 12. Critical breakage velocity of long cylinders: a) Dependence of critical breakage velocity on particle and bond radii; b) Dependence of critical breakage 
velocity on particle aspect ratio; c) dependency of αsfdfM of αs; d) aspect-ratio dependency for drag; e) aspect-ratio dependencies for shape factors. 
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Eq. (44) contains coefficients reflecting properties of authigenic 
particles, the particle-substrate bonds, and porous medium: tensile 
strength T0, aspect ratio αs, fluid viscosity μf, particle radius rs, Poisson 
ratio υ, bond radius rb, bond ratio δ, and porosity ϕ. These parameters 
determine the functional expression (45) for the MRF. 

As it follows from the definition of the MRF as the total concentration 
of particles that remain attached under a given velocity U, the MRF 
monotonically decreases from zero velocity and tends to zero as velocity 
tends to infinity. A minimum breakage velocity, where the “first” par-
ticle is broken off, corresponds to equality of the MRF σcr(Umin) to the 
initial concentration of movable particles. Similarly, for an MRF which 
reaches zero at a finite velocity, this maximum breakage velocity, Umax, 
corresponds to the minimum flow velocity that yields failure for all 
bonds over the rock surface. 

5.3. Maximum retention function for simultaneous breakage and DLVO 
detachment 

Eqs. (1)–(3) as applied with the local flow velocity around the 
attached particle, allow determining whether any arbitrary particle is 
detached for any velocity U, or remains attached. The maximum 
retention function for DLVO attraction, σe

cr(U), is determined by the total 
particle concentration that remain attached by DLVO forces for a given 
velocity U.22,23,81,82 Expressing the interstitial speed V in Eqs. (37, 38) 
via Darcy’s velocity U=Vϕ, we obtain two expressions for critical ve-
locity for particle detachment against electrostatic DLVO forces for the 
conditions of rolling and sliding: 

Ue
cr =

Feϕln

6πμf rsfd(αs)bfM(αs)
(46)  

Ue
cr =

νCFe(h)ϕ
6πμf rsfd(αs)

(47)  

respectively. Here Ucr
e is the Darcy’ velocity that detaches the particles 

under the conditions given in right side of Eqs. (46) and (47). 
Critical detachment velocity against DLVO forces is determined by 

the minimum critical velocity from those given by two criteria (46) and 
(47). Two failure criteria – by rolling and by Coulomb’s friction, given 
by Eqs. (46) and (47), respectively, are mathematically equivalent, 
provided that 

νC =
ln

bfM(αs)
(48) 

Eqs. (37, 38) contain a set of parameters, which are properties of 
either particles or surface: particle radius rs, its aspect ratio αs, zeta 
potentials of particles ψ01 and rock ψ02, brine salinity, pH, lever arm 
ratio l, temperature T, tensile strength T0, and beam radius rb. Continuity 
of the MRF σe

cr(U) – gradual fines detachment with continuous flow 
velocity increase – is determined by the probabilistic distributions of 
those parameters.83 

The assumption of independent detachment of particles against 
DLVO forces and by breakage determines the overall MRF as a sum of the 
two individual MRFs: 

σcr(U)= σe
cr(U) + σb

cr(U) (49) 

Fig. 13 shows that the MRF is monotonically decreasing – the higher 
is the velocity, the lower is the attached concentration. A velocity in-
crease from Un to Un+1 yields detachment of particles with retained 
concentration Δσn: 

Δσn = σcr(Un) − σcr(Un+1), (50)  

which are transformed into suspension concentration 

c = Δσ/ϕ (51) 

Fig. 13 presents the form of MRF for fines detachment against elec-
trostatic force, by breakage, and the total MRF. Lower dashed curves 
represent the MRF for detrital particles, the combined dashed-solid 
curves correspond to the breakage MRF, and the solid curves show the 
total MRF. 

Consider piecewise-constant injection rate increase; each constant- 

Fig. 14. Laboratory set-up for particle detachment against DLVO forces and by 
breakage: 1 - core holder, 2 - manual pressure generator, 3 - high-performance 
liquid chromatography (HPLC) pump, 4 - brine solution, 5–8 - differential 
pressure transmitters, 9 – data acquisition module, 10 – signal converter, 11 - 
personal computer, 12 - fraction collector, 13 - particle counter. 

Fig. 15. Breakthrough concentrations (left axes) during the test with seven 
rates (right axis), a) breakthrough concentrations, C, b) impedance, J 
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rate stage is maintained until stabilisation. The case of Fig. 13a corre-
sponds to weak electrostatic attraction (using low-salinity, high-pH or 
high-temperature water) and high particle-rock-bond strength (highly 
consolidated sandstones). The detrital particles start detaching at ve-
locity Ue

min and continue mobilisation until velocity Ue
max, where all 

movable detrital fines are detached. At a velocity that is higher than the 
minimum plateau velocity, the maximum DLVO force cannot secure any 
detrital particle on the rock surface, i.e., all detrital particles detach. In 
this case, where Ue

max < Ub
min, no further particle detachment occurs until 

the velocity reaches Ub
min, where the first authigenic particle experiences 

failure. All movable authigenic particles are detached once the velocity 
reaches Ub

max. In this case, the total MRF has a plateau, where all detrital 
particles are detached under velocities that are lower than the minimum 
plateau velocity, and authigenic fines remain attached until a velocity 
that is higher than the maximum plateau velocity. No detachment occurs 
at plateau velocities. For high electrostatic attraction and low strength, 
the velocity intervals for detachment by both causes overlap (Fig. 13b). 

Existence of two plateaus in MRF indicates three detachment 
mechanisms. For example, if the DLVO energy profile has two minima in 
the case of unfavourable fines attachment and the particle-rock bond 
strength is high, the MRF can have two plateaus. 

Finally, there appears the following algorithm of fines detachment 
modelling: (i) identifying the appropriate domain in plane (χ,ν) – the 
tensile-stress diagram – and determining which tensile stress maximum 
on the beam base – along the symmetry axis or the boundary of the beam 
base – is higher; (ii) determining whether the failure occurs by tensile or 
shear stress from the inequality for the breakage regime function g 
(χ,υ)>η in the shear-tensile diagram; (iii) calculation of breakage ve-
locity from the drag-strength number κ; (iv) determining the probabi-
listic distribution of breakage velocity; (v) calculation of the MRF for 
breakage; (vi) adding the MRFs for breakage and detachment against 
electrostatic attraction. 

MRF (49) in set of points U1<U2< … <Un is determined from a 
laboratory coreflood with piecewise-constant injection rate increase 
from breakthrough particle concentrations. 

6. Laboratory validation of the model for fines detachment by 
breakage 

6.1. Laboratory study 

The laboratory study conducted as part of this study comprised of 
core drying, core saturation by water with 0.6 M of NaCl under vacuum, 
and injection of this water into the core. A Castlegate sandstone core 
with permeability 917 mD and porosity 0.24, length 5.1 cm and pore 
volume 13.7 cu cm was used in the test. Seven flow rates were applied in 
order of increasing rate. Fig. 14 presents the schematic of laboratory set- 
up. The essential parts of the setup are coreholder with the core placed in 
a Viton sleeve, four differential pressure transmitters, HPLC pump, 
effluent fraction collector, and particle counter. The overburden 

pressure was created by a manual pressure generator. A data acquisition 
module along with signal convertor provided results which were 
visualised on a PC screen in real time. Breakthrough concentration 
(Fig. 15a) and size distributions of produced particles along with pres-
sure drop across the core (Fig. 15b) have been measured during each 
constant-rate injection step. 

Fig. 15a shows that at low rate, the breakthrough concentration 
declines exponentially, which is typical for deep bed filtration of low- 
concentration colloids with constant filtration coefficient.20,84 At high 
rates, this behaviour is combined with a sharp and fast concentration 
decrease down to low values, indicating that particle capture intensity is 
decreasing, until the point where all capture vacancies are filled and no 
further capture occurs. Here the capture rate is described by the Lang-
muir filtration function.85,86 

Relative change of average core permeability is captured by 
impedance J 

J(t)=
Δp(t)
Δp(0)

U(0)
U(t)

(52)  

where Δp is the pressure drop across the core. 
For large rates, impedance first increases sharply and then switches 

to slow growth (Fig. 15b). This transition occurs at approximately the 
same time as the suspended concentration switches from a sharp 
decrease to a slow decrease (Fig. 15a). Colloidal flow with a Langmuir 
filtration coefficient is attributed to asperous authigenic fines with 
rough surfaces after breakage, which are strained in the large pore 
throats with fast filling of all of them, while the capture of smoother 
detrital particles is less intensive and continues significantly longer. 

The size distributions of produced particles at high rates have a clear 
bimodal structure, which also supports the two-population hypothesis. 

The next section supports the two-population hypothesis by suc-
cessful matching of experimental data with a two-population colloidal 
transport model. 

6.2. Mathematical model for transport of detached colloids 

To match the breakthrough and impedance histories, we have 
developed a two-population model of deep bed filtration, given by Eqs. 
(B1-B4) and described in Appendix B. The system contains mass con-
servations for both populations, Eq. (B1) for k = 1,2, where the delay of 
each particle population’s velocity comparing with the carrier water 
velocity is expressed by drift-delay factors αk. Particle capture rates for 
each particle population are proportional to the respective particle 
fluxes ckαkU; the proportionality coefficients are λ1 and λ2. The filtration 
coefficients λ1 and λ2 are equal to probabilities of the particle capture by 
the rock per unit length of the particle trajectory in the porous space. 
The first population filtrates with constant filtration coefficient λ1, and 
the filtration coefficient for the second population λ2(σ2) has Langmuir 
form given by Eq. (B4). The interaction of two population fluxes is 
expressed by the joint contribution of the retained particles of both types 

Table 1 
Tuned parameters of two-population model for each flow rate.  

q (ml/min) 2 20 70 100 120 170 200 

U (m/s) 2.95 × 10− 5 2.95 × 10− 4 1.03 × 10− 3 1.47 × 10− 3 1.77 × 10− 3 2.5 × 10− 3 2.95 × 10− 3 

α1 2 × 10− 3 4 × 10− 3 5.5 × 10− 3 7 × 10− 3 7.5 × 10− 3 7.7 × 10− 3 7.9 × 10− 3 

α2 0 0 0 0 0.02 0.02 0.04 
β1 958.98 – – 6367.62 3663.3 3663.3 3663.3 
β2 0 0 0 0 7248 1956.64 32985.68 
λ1 (1/m) 200 170 150 98 10 0.55 0.3 
λ2 (1/m) 0 0 0 0 170 170 80 
Δσ1 9.68 × 10− 6 9.99 × 10− 6 9.96 × 10− 6 9.01 × 10− 6 3.11 × 10− 6 3.5 × 10− 6 4.6 × 10− 6 

Δσ2 0 0 0 0 4.21 × 10− 6 1.44 × 10− 5 2.25 × 10− 6 

Δσ 9.68 × 10− 6 9.99 × 10− 6 9.96 × 10− 6 9.01 × 10− 6 7.32 × 10− 6 1.79 × 10− 5 6.85 × 10− 6 

R2(c) 0.81 0.91 0.81 0.90 0.87 0.94 0.90 
R2(J) 0.94  
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to the overall rock hydraulic resistance. Dependence of permeability on 
both retained concentrations in Eq. (B3) is obtained by first order Tay-
lor’s expansion of the inverse to permeability as a function of the 
retained concentrations of two populations. Here k0 is the initial (un-
damaged) permeability, and formation damage coefficients β1 and β2 
quantify the extent of permeability decline caused by each of the particle 
populations. 

The assumption of the independence of the model parameters of fluid 
pressure separates four equations (B1, B2) for k = 1,2 from Eq. (B3). 
Dependence of the individual model parameters on their particular 
retention concentrations separates systems (B1, B2) for k = 1,2 from 
each other. Initial conditions (B5) correspond to electrostatic and 
breakage detachment with instant particle mobilisation: the detached 
concentration Δσcr due to change of flow rate from Un-1 to Un, deter-
mined by MRF is instantly translated into suspension concentration 
Δσcr/ϕ. 

Initial-boundary problem (B5, B6) for 1D flow system (B1, B2) allows 
for an exact solution.86–88 Suspended and retained concentrations of 
both populations are expressed by explicit formulae (B7). This allows for 
the derivation of an explicit formula for the pressure gradient. Yet, the 
pressure drop across the core and impedance are calculated by numer-
ical integration. 

6.3. Results 

The analytical 1D model (B7) for governing equations (B1-B3) for 
matching the lab data. Fig. 15 shows the experimental data by blue dots 
and the matched modelling data by red curves. Breakthrough concen-
trations highly exceed the accuracy of the particle counter used in the 
laboratory set-up (Fig. 14). The measured pressure drops exceed the 
accuracy of pressure transducers only by a factor of 2–3, so the forma-
tion damage coefficients have been tuned by the final impedance values 
alone, which are shown by red dots in Fig. 15b. The results of tuning – 
filtration and formation damage coefficients and drift delay factors 
along with detached concentrations for each rate for both populations 
are presented in Table 1. 

Here the first population with lower filtration and formation damage 
coefficients is attributed to smoother detrital particles, while broken-off 
rough-shaped authigenic particles are represented by second population 
with higher filtration and formation damage coefficients. The parame-
ters obtained from tuning - filtration coefficients, formation damage 
coefficients, and delay-drift factors - belong to commonly reported 
intervals.13,20,30,84 The curves for detached concentration Δσcr(U) versus 
velocity for both populations, obtained by extrapolation of detached 
concentrations at different rates in lines 9 and 10 of Table 1, increase at 
small velocities from zero and declines at high velocities up to zero. This 
complies with the typical form of the maximum retention 
curve.22,23,81,91 Extrapolation of detached concentrations for each ve-
locity and corresponding curves Δσcr(U) for both populations allow 
determining the concentrations of detachable authigenic and detrital 
fines, which are found to be σ0

b = 5.67 × 10− 5 and σ0
e = 5.5 × 10− 5, 

respectively. So, the detachable concentrations of both populations are 
almost equal. 

Let us estimate the tensile strength T0. The tensile strength for 
kaolinite as determined from Eq. (44), presents an unbiased breakage 
velocity estimate. The minimum breakage velocity is determined from 
the extrapolated curve Δσcr(U) for authigenic fines (line 10 in Table 1). It 
corresponds to minimum value of numerator and maximum of denom-
inator in ratio (44). We assumed a minimum bond ratio of δ = 0.05. The 
obtained tensile strength is equal to T0 = 0.41 MPa. Although this value 
is lower than typical tensile strengths for minerals, significantly smaller 
values for coals and clays have been reported.31,32,48,89,90 

High match for breakthrough concentrations is supported by high 
coefficient of determination R2, which varies from 0.81 to 0.94. The 
coefficient of determination for the overall impedance is also high R2 =

0.94. High match shown in Fig. 15 and Table 1 validates the two- 
population model for deep bed filtration of broken-off and DLVO- 
detached fines. 

We assume that velocity variation in the curves Δσcr(U) for both 
populations is due to variability of two model parameters – lever arm 
ratio l for first population and bond radius rb for second population. It 
allows determining their mean values – l = 110 and rb = 0.16 × 10− 6 m 
and estimating their standard deviations-Cv(l) = 0.15, Cv(rb) = 0.02. 
Even using SEM images, the lever arm ratio and bond radius cannot be 
measured, but Eqs. (40-44) along with the coreflood data allow their 
estimation. 

Simpler approach to large scale modelling uses a single-population 
model, which is the case c2 = 0 in Eq. (B1-B7). The total MRF, as ob-
tained by matching with single-population model, is decomposed into 
two MRFs for detrital and authigenic fines, while using two-population 
model (B1-B7) yields direct calculation of MRFs for each population 
from breakthrough concentrations. Close match by a single-population 
model has been also achieved for the data of 6 corefloods on coal 
flooding by Guo (2016) and Huang et al. (2017), (2021) and on sand-
stone floods by Ochi and Vernoux (1998), and Torkzaban et al. 
(2015)30,73,92–94 The coefficient of determination R2 varies in the in-
terval [0.88,0.94], exhibiting a close match. The tuned parameters have 
the same order of magnitude as those obtained in our test. The results 
are presented in works.104,105 

7. Fines breakage near to injection and production wells 

A fines migration test is a routine laboratory experiment to prevent 
formation damage due to fines migration.30,89 A core is submitted to 
flow with piecewise-constant increasing velocity. Minimum fines 
migration velocity is determined by appearance of the fine particles in 
the effluent. This determines maximum well rate under which fines 
migration does not occur. In this section we predict the minimum ve-
locity for fines migration using the stress diagram technique and 
conclude about the viability of fines detachment by breakage during 
water, oil, and gas injection and production. The results below also 
illustrate using the sequential techniques for tensile-stress diagram, 

Fig. 16. Determining breakage regime for 6 examples of production and injection in natural reservoirs: a) tensile-stress diagram, b) shear-tensile diagram.  
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shear-stress diagram, and equation (44) for the breakage of attached fine 
particles. 

The data for the cases of production of heavy oil, polymer injection, 
dewatering of coal gas seams, CO2 injection in aquifer, well fracturing by 
water, and well fracturing by highly-viscous fluid, which are marked in 
Fig. 16 by black, red, green, yellow, blue, and orange, respectively, are 
taken from the corresponding papers by Ado (2021), Gao (2011), Shi 
et al. (2008), Spivak et al. (1989), and Prasetio et al. (2021).95–99 Cir-
cular, triangular, and square points in Fig. 16 correspond to spheroidal, 
flat and long cylinder particles. The data for those three types of parti-
cles are given in Table 2. Other data are presented in Table 3. Bond ratio 
for short and long cylynders are one. High shear flows with large pres-
sure gradients for heavy oil and polymer break the grain-grain cement in 
low consolidated sandstones, so particle shapes are assumed close to one 
(Lines 3 and 4 in third column in Table 2). For kaolinite platelets de-
tached during well fracturing, aspect ratio is small (Lines 7 and 8 in 
second column in Table 2). Aspect ratios for short cylinders are signif-
icantly lower than one (6th column), while for long cylinders they 
significantly exceed one (9th column). 

Volume-equivalent particle size rs = 2 × 10− 6 m and wellbore radius 
rw = 0.1 m are assumed for all cases. Poisson’s ratios υ varies in the 
interval 0.21 to 0.35. Fluid viscosities as taken from the original papers, 
are as high as 1000, 300, and 40 cp for fracturing fluid, heavy oil, and 
polymer solution and as low as 0.02 cp for CO2. For the composite 
particle-rock bond, a low value of tensile strength T0 = 0.2 MPa is 
assumed for all cases; yet several works report lower T0 values.31,32,45,89 

The values of shape-Poisson numbers χ have been calculated by Eq. (12), 
which allows placing the corresponding state points into the 
tensile-stress diagram (χ,υ) in Fig. 16a. Values of χ and υ also allow 
calculating breakage function η = g(χ, υ) for the state points and 
determine their position in the tensile-shear diagram (χ,η) (Fig. 16b). 
Here the state points are located on breakage regime curves η = g(χ,υ) 
that correspond to different Poisson’s ratios. Breakage function g(χ, υ) =
2 for spheroidal and long cylindrical cases. For all cases, like in papers by 
Gao et al. (2014), Guo et al. (2018), and Horabik and Jozefaciuk (2021), 
the strength ratio η is assumed to be equal to one.100–102 As discussed 
earlier, for values of η lower than or equal to one, breakage occurs by 
tensile failure (Fig. 10). 

The breakage velocities are presented in the sevenths column of 
Table 3. The breakage occurs if the fluid velocity at wellbore exceeds the 
breakage velocity. Comparison between 6th and 7th columns of Table 3 
shows that fines detachment by breakage is likely to occur in 4 cases 
from 6. Fig. 16 presents all 6 cases for three particle shapes (18 dots in 

Fig. 16). Fines breakage occurs only in 12 cases. 
Fig. 16a shows that for spheroidal and long cylindrical particles, all 

12 cases belong to domain 0, where both tensile stresses κT0
m and κT1

m are 
equal to two, while for short cylindrical particles some points belong to 
domain I, III, IV. For both cases of maximum tensile stress in the middle 
and the boundary of the beam base, Eqs. (40) and (41) show that the 
strength-drag numbers are equal, i.e. κ = 2. It allows calculating mini-
mum breakage velocities using Eq. (44). Points in Fig. 16b correspond to 
different Poisson’s ratios and, therefore, are located on different 
breakage regime curves, η = g(χ,ν). However, the overall curve has the 
same general tendency as those presented in Fig. 10a, d, and g. 

To evaluate possible fines breakage cases, we estimate minimum 
breakage velocity, so the bond ratio in Table 3 was assumed to be 
minimal. Spherical form of the particles is assumed. The breakage ve-
locities for heavy oil production, polymer injection, and hydraulic 
fracturing by water and by fracturing fluid are lower than corresponding 
wellbore velocities, so fines detachment by breakage occurs. The 
calculated breakage velocities for dewatering in coal bed mathene res-
ervoirs and CO2 injection in aquifers are higher than corresponding 
wellbore velocities, so breakage is unlikely. However, the CO2 breakage 
injection velocity can decrease down to any arbitrarily low value during 
mineral dissolution of particle-rock bond in carbonic acid. The same 
corresponds to waterflooding of carbonate reservoirs during rock 
dissolution in water. The above demonstrates high likelihood of particle 
breakage near to injection and production wells. 

8. Discussion 

Let us discuss the validity of the breakage-model assumptions and 
limitations. 

The distinguished features of the analytical detachment model for 
authigenic particles are separation of hydrodynamics from deformation 
and failure, graphical determination of the breakage regime from two 
geometric diagrams, and the explicit formulae for breakage velocity. 
Those features are determined by the model assumptions (section 2.1). 

The Navier-Stokes assumptions are valid for water, volatile oil, and 
low-velocity gas. During heavy oil production, polymer injection, or 
fracturing by highly-viscous fluid (Lines 2, 3, and 6 in Table 3), the non- 
Newtonian fluid rheology must be considered. Gas compressibility at 
high pressure gradients can affect the Couette’s flow away from the 
attached fine. Near to wellbore at high rates, gas turbulent flow can 
occur, yielding the quadratic velocity dependency for drag. 

The model consider single-parameter particle forms for spheres and 

Table 2 
Model parameters for three types of particles to build the diagrams in Fig. 16   

Refs. Spheroid Short cylinder Long cylinder 

αs δ fM αs δ fM αs δ fM 

Heavy oil 95 1 0.8 1.37 0.15 1 2.04 10 1 1.41 
Polymer 96 0.8 0.7 1.4 0.19 1 1.96 20 1 1.39 
CBM 97 0.6 0.6 1.45 0.3 1 1.81 30 1 1.38 
CO2 

98 0.4 0.5 1.57 0.35 1 1.76 40 1 1.38 
HF-W 99 0.2 0.4 2.09 0.26 1 1.85 50 1 1.38 
HF 99 0.1 0.3 3.5 0.13 1 2.09 60 1 1.37  

Table 3 
Comparison between fines breakage velocity and fluid velocity at the well/fracture wall.  

Spherical δ υ χ μf, (Pa.s) Umin
b , (m/s) Uw, (m/s) 

Heavy oil 0.05 0.25 6.54 × 10− 4 0.30 1.01 × 10− 6 5.67 × 10− 6 

Polymer 0.05 0.24 6.57 × 10− 4 0.04 6.69 × 10− 6 8.8 × 10− 5 

CBM 0.05 0.35 6.27 × 10− 4 1 × 10− 3 3.57 × 10− 4 1.14 × 10− 5 

CO2 0.05 0.21 6.67 × 10− 4 1.49 × 10− 4 8.51 × 10− 4 4.74 × 10− 5 

HF-W 0.05 0.33 6.32 × 10− 4 1 × 10− 3 8.93 × 10− 4 1.38 × 10− 2 

HF 0.05 0.33 6.32 × 10− 4 1 8.93 × 10− 7 1.38 × 10− 2  
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bi-parametric forms for spheroids and cylinders. Those cover kaolinite 
booklets and platelets, silica fines, and illite’ “hair”. For the chlorite 
shells and more complex particle shapes, the shape equations can 
contain three and more parameters. For the breakage prediction, a 
particle is approximated by the beam, i.e., stresses in the particle body 
outside the beam are ignored (Fig. 1d and 2a). This assumption is ful-
filled automatically for cylindric fines; for spheroids, it is fulfilled with 
high accuracy if the radius of particle-substrate contact has the order of 
magnitude of the particle size. This assumption is questionable for shells 
and stars. 

The attached particles are assumed to be significantly smaller than 
pores, so the pore wall near to the attached fine particle can be 
considered as a plane substrate. More complex domain around the 
attached particles in CFD model (section 2.2) must be created for large 
particles attached in pore throats. The assumption of non-deformable 
substrate in solid rocks does not create any restrictions for the model 
application. 

The model discusses only solid particles, which covers almost all 
mineral fines in natural rocks; they are assumed to be low-deformable. 
This supports the assumption of elastic deformation. However, more 
complex rheology can be valid even for small particle deformations. 
Steady-state fluid flow with immobile particle-fluid and substrate-fluid 
interfaces is assumed to be around the attached particles, so the model 
is not applicable for abrupt alterations of pore geometry during straining 
and size exclusion of the migration fines. This excludes massive fines 
mobilisation at the beginning of production or injection in rocks with 
highly detachable fines, like geothermal or coal-bed methane reservoirs. 

The model considers brittle particles and tensile/shear strength as 
the failure criteria. At this stage, it is difficult to define how limited are 
those assumptions. Currently, those assumptions are highly investigated 
for rocks. However, the fine particles are not part of rock-forming 
skeleton, so rheologic properties of rock and individual mineral parti-
cles can be completely different. 

The breakage model applicability is limited by the absence of a strict 
mathematical upscaling. The present particle-breakage model, given by 
formulae (40-44), is developed at the microscale by merging CFD, beam 
theory, and strength failure criteria. We also use macroscale model (B1- 
B7) for fines transport at the core level. In this work, we use the breakage 
velocity given by Eq. (44) as an average of the ensemble. In this work, 
we use the breakage velocity given by Eq. (44) as an average of the 
ensemble of particles. From its interval of variation, we determine the 
variation of a single parameter – bond number. Determining MRF at the 
core scale from statistical properties of the particles and rock (upscaling) 
and determining some microscale parameters from MRF (downscaling) 
is a topic of forthcoming research. 

9. Conclusions 

Integration of Timoshenko’s beam theory with breakage criteria for 
particle-substrate bonds and CFD flow modelling allows concluding the 
following. 

Breakage conditions where either of the tensile or shear stresses 
reaches the strength value, is determined by three dimensionless groups: 
the strength-drag number κ, the shape-Poisson number χ, strength ratio 
η, as well as the Poisson’s ratio υ. Stress maxima are reached either at the 

central axis or boundary of the base of the beam. 
Equality of tensile stress maxima at the beam base axes and boundary 

separates the plane (χ,υ), which is called the tensile stress diagram, into 
5 domains, where one tensile maximum exceeds the other. This allows 
calculating maximum tensile stress in the beam. The comparison be-
tween the maximum tensile and shear stresses is determined by their 
ratio g(χ,υ), which defines the breakage curve in the tensile-shear dia-
gram in the plane (χ, η). The breakage occurs by tensile failure if g 
(χ,υ)>η; otherwise it is shear failure that causes the breakage. 

If the strength ratio exceeds 2, particles are detached by shear stress 
for all values of χ and υ. For strength ratios below two and above one, the 
particles are detached by shear stress for shape-Poisson numbers χ such 
that η exceeds g(χ,υ); for lower shape-Poisson numbers, particles are 
detached by tensile stress. For strength ratios below one, the particles 
are detached by tensile stress for all Poisson’s ratios. 

The definition of the breakage regime – by either tensile or shear 
stress, in the base middle or at the boundary - is independent of flow 
velocity. For an identified breakage regime, the breakage flow velocity is 
determined by the strength-drag number κ(χ,υ) alone. For a given par-
ticle shape, the critical breakage velocity is proportional to the strength 
and particle size and is inversely proportional to viscosity. These con-
clusions are the consequence of the assumptions of a Newtonian fluid, 
elastic beam deformation, and the strength failure criteria. 

A mathematical model for colloidal detachment by breakage is a 
maximum retention function (MRF). This function closes the governing 
equations for migration of authigenic clays. 1D problem for fines 
detachment, migration, and straining allows for an exact solution. This 
allows determining MRF from the breakthrough particle concentrations 
during a coreflood with piecewise constant and increasing velocity. High 
match of 7 coreflood test data along with belonging of tuned parameters 
to commonly reported intervals validates the mathematical model for 
authigenic fines migration with breakage. 

Calculations of breakage velocity for 6 field cases show high like-
lyhood of authigenic particle breakage near to injection and production 
wells with consequent formation damage. 
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Appendix A. Stresses in elastic beam by Timoshenko’s model 

Under the model assumptions formulated in section 2.1, Timoshenko’s 3D solution for elastic deformation of a cylindrical beam (Fig. 2) shows that 
the normal stress σz reaches a maximum at the beam bottom, z = 0, and the two shear stresses τxz and τyz are independent of z. The normal and shear 
stresses at the beam base with applied external load Fd are33: 

σz =
FdbfMx

I
, σx = σy = τxy = 0 (A1)  
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τxz =
(3 + 2υ)
8(1 + υ)

Fd

I

(

r2
b − x2 −

(1 − 2υ)
(3 + 2υ)y

2
)

(A2)  

τyz = −
(1 + 2υ)
4(1 + υ)

Fdxy
I

(A3)  

where, σz is the normal bending stress at contact area, τxz is the shear stress acting on the z plane and towards the x direction, τyz is the shear stress 
acting on the z plane and towards the y direction, υ the is Poisson’s ratio, and I is the moment of inertia, which for circular cross-section is equal to πrb

4/ 
4. 

As expressed by Eq. (A1), the normal bending stress expands the matter at x < 0 reaching a minimum in the advance point x = -rb, y = 0 (Fig. 2a) 
and contracts at x > 0 reaching a maximum at the receding point x = rb, y = 0. Fig. 2b illustrates Eq. (A2) and corresponds to shear stress that opposes 
the external load Fd and is equal zero only in advance and receded points. Eq. (A3) is illustrated by Fig. 2c, showing the transversal shear stress. 

The stress tensor, as per solution (A1-A3) is: 
⎡

⎣
0 0 τxz
0 0 τyz

τxz τyz σz

⎤

⎦ (A4) 

The principal stresses are eigen values of the stress tensor (A4): 

σ1 =

σz +

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

σ2
z + 4

(
τ2

xz + τ2
yz

)√

2
, σ2 = 0, σ3 =

σz −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

σ2
z + 4

(
τ2

xz + τ2
yz

)√

2
(A5)  

where, σ1, σ2, σ3 are the principal stresses in decreasing order of magnitude, and 

σ1 > σ2 = 0 > σ3. (A6) 

The equation for largest Mohr circle for the case of σ2 = 0 is 
[
σ −

(σ1 + σ3

2

)]2
+ τ2 =

[
(σ1 − σ3)

2

]2

(A7)  

where σ and τ are tensile and shear stresses acting on unitary planes with different orientations. 
Maximum tensile and shear stresses in Eqs. (8, 9) correspond to points (σ3,0) and (σ1+ σ3)/2, (σ1- σ3)/2 in plane (σ,τ). Consequently, the maximum 

tensile and shear stresses are 

max σ = σ3,max τ =
σ1 − σ3

2
, (A8) 

respectively. 

Appendix B. Two-population balance model for colloidal-suspension transport 

We discuss deep bed filtration of two particle populations for detrital and authigenic fines. Mass balance and capture rate equations and Darcy’s 
law for both populations are:12,13,103 

∂
∂t
(ϕck + σk) +

∂
∂x

(ckαkUn) = 0 (B1)  

∂σk

∂t
= λkckαkUn, k = 1, 2, n = 0, 1, 2... (B2)  

Un = −
k0

1 + β1σ1 + β2σ2

∂p
∂x

(B3)  

where ϕ is the porosity, ck and σk are the suspended and retained concentrations for both populations, k = 1,2, λk are the filtration coefficients, αk are 
the drift-delay factors, Un is the flow velocity, k0 is the initial permeability, p is the pressure, and βk are the formation damage coefficients. Index k 
corresponds to the two populations; index n is attributed to the injection velocity at the n-th step of the test, corresponding to the switch from Un-1 to 
Un. The filtration coefficient for the first population is constant. The filtration coefficient for the second population is a blocking (Langmuir) function of 
retained second-population concentration103 

λ1 = const

λ2(σ2) =

⎧
⎪⎪⎨

⎪⎪⎩

λ2,0

(

1 −
σ2

σm

)

, σ2 < σm

0, σ2 > σm

(B4) 

Retained concentration is defined per unit volume of the rock, because it is determined by the difference in rock weights. Suspended concentration 
is defined per unit volume of the carrier fluid that fills in the pore space. Therefore, initial suspended concentrations for both populations are equal to 
the concentrations of mobilised fines after a velocity increase, divided by porosity 
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t = 0 : ck0 =
σk

cr(Un) − σk
cr(Un− 1)

ϕ
=

Δσk
cr(Un)

ϕ
, k = 1, 2, (B5) 

i.e., the detached concentration for either of populations after changing the flow velocity from Un-1 to Un is equal to the difference between the MRF 
values in those two velocities. 

Inlet boundary condition corresponds to the injection of particle-free water 

x= 0 : ck = 0, k = 1, 2 (B6) 

Breakthrough concentration is a total of those for both populations. The exact solution is88,89 

cn(x, t) = cn
1(x, t) + cn

2(x, t)

cn
1 =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

Δσn
1(Un)

ϕ
exp
(

−
λ1α1Un

ϕ
t
)

, x >
α1Un

ϕ
t

0, x <
α1Un

ϕ
t

cn
2 =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0, x >
α2Un

ϕ
t

σm

(

Δσn
2(Un)

/
σm

− 1
)

φ
{

1 −
σm

Δσn
2(Un)

exp
[

λ2α2Un

ϕ
t
(

1 −
Δσn

2

σm

)]}, x <
α2Un

ϕ
t

(B7)  
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Rock fines breakage by flow-induced stresses against drag: geo-energy applications 1 

Sara Borazjani, Abolfazl Hashemi, Cuong Nguyen, Grace Loi, Thomas Russell, Nastaran Khazali, Yutong Yang, 2 
Bryant Dang-Le, Pavel Bedrikovetsky 3 

School of Chemical Engineering, The University of Adelaide 5000, SA, Australia 4 

Abstract   The paper presents a strength-failure mechanism for colloidal detachment by breakage and 5 

permeability decline in reservoir rocks. The current theory for permeability decline due to colloidal detachment, 6 
including microscale mobilisation mechanisms, mathematical and laboratory modelling, and upscaling to natural 7 
reservoirs, is developed only for detrital particles with detachment that occurs against electrostatic attraction. We 8 
establish a theory for detachment of widely spread authigenic particles due to breakage of the particle-rock bonds, 9 
by integrating beam theory of particle deformation, failure criteria, and creeping flow. Explicit expressions for 10 
stress maxima in the beam yield a graphical technique to determine the failure regime. The core-scale model for 11 
fines detachment by breakage has a form of maximum retention concentration of the fines, expressing rock 12 
capacity to produce breakable fines. This closes the governing system for authigenic fines transport in rocks. 13 
Matching  of the lab coreflood data by the analytical model for 1D flow exhibit two-population particle behaviour, 14 
attributed to simultaneous detachment and migration of authigenic and detrital fines. High agreement between the 15 
laboratory and modelling data for 16 corefloods validates the theory. The work is concluded by geo-energy 16 
applications to (i) clay breakage in geological faults, (ii) typical reservoir conditions for kaolinite breakage, (iii) 17 
well productivity damage due to authigenic fines migration, and (iv) feasibility of fines breakage in various geo-18 
energy extraction technologies.     19 

1. Introduction                               20 

The geomechanics of rock failure under high stress with consequent permeability alteration is a wide and long-21 
studied topic in geo-energy engineering. An incomplete list includes mining operation studies in gas-bearing coals 22 
(Wang et al. 2022a, Xu et al. 2022), geo-engineering applications in granites (Kumari et al. 2019), loading of 23 
lamellar continental shales (Duan et al. 2022), cyclic hydraulic fracturing for geothermal reservoir stimulation (Li 24 
et al. 2022), drainage technology of CBM fields (Xue et al. 2022), mechanical failure of hydrate‑bearing sediments 25 
(Hou et al. 2022), and wellbore stability during drilling (Wang et al. 2022b).Yet, the studies of detachment of a 26 
single reservoir fines by breakage and the migration-induced permeability decline are not available. 27 

However, transport in porous and fractured media strongly depend on colloidal detachment, migration, straining, 28 
and consequent permeability decline (Chen et al. 2008, Teitelbaum et al. 2022, Cao et al. 2023). The permeability 29 
decrease yields well productivity and injectivity decline, while preferential permeability decline in high-30 
conductivity layers and patterns of natural reservoirs uniformises the flux and increases sweep efficiency 31 
(Bedrikovetsky 2013). Mineral dissolution and precipitation reactions during injection of CO2 or hydrogen into 32 
underground gas storages, cause fines mobilisation and migration; the resulting sweep enhancement leads to the 33 
storage capacity increase (Iglauer et al. 2015, 2021, 2022, Alzate-Espinosa 2023). Detachment of colloidal and 34 
nano particles highly affects oil and gas production under migration of natural reservoir fines, water injection into 35 
aquifers and petroleum reservoirs, geothermal energy recovery, coal bed methane production, storage of fresh and 36 
hot water in aquifers, propagation of contaminants, bacteria and viruses, invasion of ocean into aquifers, soil 37 
erosion and construction collapse, and analysis of seismic earthquake events (Zhao et al. 2014, Fox et al. 2018, 38 
Drummond et al. 2019, Hu et al. 2021, Lehman et al. 2021, Liao et al. 2021, Lu et al. 2021, Sun and Xiang 2021, 39 
Wurgaft et al. 2021).      40 

Typical migrating fines comprise clays, while silt, silica, and coal particles can be mobilised too (Fox et al. 2018, 41 
Farrell et al. 2021, Cao et al. 2023). Two types of natural fines are distinguished in the rocks: authigenic fines, that 42 
have been grown up on the grain surfaces during geological times and are bonded to the surface, and the detrital 43 
fines that have been carried by subterranean waters to a given reservoir point and attached to the rock surface 44 
(Wilson et al. 1977, Appelo and Postma 2004, Farrell et al. 2021). Detrital kaolinite is attached to the grain surface 45 
by electrostatic attraction (Fig. 1a), while the authigenic kaolinite bond the grain surface (Fig. 1b). The detachment 46 
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of detrital particles against electrostatic attraction and authigenic particles by breakage, under high velocities in 47 
pore throat is presented in Fig. 1c.  48 

                                                                       49 

a)                                                      b)                                                                 c) 50 

Figure 1. Detachment for detrital and authigenic clay particles: a) force (torque) balance at attached detrital fine; b) 51 
representation of attached authigenic particle by deformable beam (Obermayr et al. 2013); c) schematic for detachment against 52 
electrostatic attraction and by breakage at the pore scale. 53 

Current mathematical and lab modelling for detachment of detrital fines is based on the mechanical equilibrium 54 
of a particle situated on the solid substrate; Fig. 1a shows drag, electrostatic, lift, and gravity forces exerting on an 55 
isolated particle. Presence of a second phase adds capillary force, which is wettability dependent (Roshan et al. 56 
2016, Siddiqui et al. 2019). The linear-kinetics model for fines detachment assumes that detachment rate is 57 
proportional to the difference between current and equilibrium retention concentrations, with an empirical 58 
proportionality coefficient that is equal to the inverse of detachment time (Bradford et al. 2013, Johnson and 59 
Pazmino 2023). In the alternative theory, the maximum retention concentration of the attached fines, as a function 60 
of velocity, salinity, temperature, and pH, defines fines detachment (Bedrikovetsky et al. 2011, 2012). This 61 
maximum retention function (MRF) closes the system of governing equations for colloidal transport in porous 62 
media and yields several exact solutions for 1D flows (Polyanin 2002, Polyanin and Zaitsev 2012). The MRF 63 
model has been validated by extensive laboratory studies and is widely used for prediction of colloidal transport 64 
(Yuan and Shapiro 2011, Guo et al. 2016, Yuan and Moghanloo 2018, 2019, Zhai and Atefi-Monfared 2021).     65 

Detachment of authigenic fines by breakage under flows in porous media has been observed by Turner et al. 2016 66 
and Wang et al. 2020 during well acidizing, by Tang et al. 2016 and Othman et al. 2018 for cement dissolution in 67 
sandstones, by Hadi et al. 2019 for carbonate rock dissolution in water, by Mishra et al. 2016 during sand 68 
production, and by Liu et al. 2019 for hydraulic fracturing. Yet, a geo-mechanical analysis and mathematical model 69 
for authigenic particle detachment and migration is not available. 70 

The current paper fills the gap. A novel micro-scale model for authigenic particle detachment is derived by 71 
integration of beam theory of elastic particle deformation and strength failure with viscous flow model around the 72 
attached fines. Introduction of tensile-stress and tensile-shear diagrams allows determining the regime of particle-73 
rock-bond failure. The breakage condition has a form of breakage velocity versus micro-scale geo-mechanical 74 
parameters, which yields maximum concentration of authigenic particles versus velocity, that closes the system of 75 
governing equations. We successfully match 16 coreflood tests under piecewise-constant increasing rate by the 76 
analytical model for colloidal flow with breakage. The laboratory-based analytical model for particle detachment 77 
by breakage (i) shows feasibility of authigenic fines mobilisation in geological faults, (ii) allows calculating the 78 
fraction of detachable authigenic fines in natural rocks and estimation the range of breaking velocities, (iii) permits 79 
predicting of well productivity decline, and (iv) claims that fines breakage is feasible in major geo-energy 80 
technologies. 81 

The structure of the paper is as follows. Section 2 derives the microscale mechanical conditions of attached fines 82 
mobilisation by breakage. Section 3 defines maximum retention concentration (MRF) for authigenic fines as a 83 
rock-scale model for fines mobilisation by breakage and the analytical model for 1D flows. Section 4 matches the 84 
laboratory coreflood data by the analytical model and validates the breakage-detachment model. Section 5 85 
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investigates breakage of authigenic clays in geological faults. Section 6 determines the fractions of detachable 86 
fines and of authigenic particles using the analytical model. Section 7 recalculates lab results into the well-87 
productivity data. Section 8 investigates the feasibility of fines breakage in various technological geo-energy 88 
processes. Section 9 discusses the limitations of the developed breakage-detachment model. Section 10 concludes 89 
the paper.      90 

2. Model for beam deformation under creeping flow       91 

Derivation of the microscale model for fines detachment by breakage during viscous flow encompasses mechanical 92 
equilibrium of attached particle (section 2.1 and Appendix A), expressions for stress maxima  (section 2.2 and 93 
Appendix B), and graphical classification of the breakage regimes  (section 2.3).                        94 

2.1. Definition of mechanical equilibria of detaching particles 95 

The microscale model of a single fine detachment by breakage, presented in this section,  integrates beam theory 96 
for elastic cylinder deformation (Timoshenko and Goodier 1970) with strength failure criteria for particle-rock 97 
bond (Fjaer et al. 2008, Jaeger et al. 2009) and creeping flow around the particle (Tu et al. 2018). The model 98 
assumes negligible lift exerting the particle from the flux and low beam deformations under slow Darcy’s flows 99 
in porous media. We discuss spheroidal and thin-cylinder shapes for kaolinite, chlorite, and silica fines, and long 100 
cylinders for illite fines (Appelo and Postma 2004). A circular particle-rock contact area is assumed. The rock 101 
deformation outside the beam stem is significantly lower than beam deformation; this supports the assumption that 102 
maximum stress in the contact particle-substrate area due to drag is fully determined by the deformation of the 103 
cylindric beam with the base on substrate (Obermayer et al. 2013, Wagner et al. 2016, Chen et al. 2022) (Fig. 1b). 104 
Following the lab data by Abousleiman 2016, Han et al. 2019, Yang et al. 2019, Feng et al. 2020, Ren et al. 2021, 105 
brittle breakage of the particle-substrate bond is assumed.   106 

Drag Fd and its moment Mb for oblate spheroidal and cylindric particles are extensions of the Stokes formula that 107 
is valid for spheres (Ting et al. 2021, 2022). The dimensionless shape factors are calculated from numerical 108 
solution of Navier-Stokes flow around the particle: 109 

( ) ( ) ( ) ( )6 , 6 ,d f s d s b d M s f s d s M s s
bF rVf M F bf rVf bf

a
      = = = =                           (1) 110 

where a and b are the semi-major and semi-minor of spheroid, respectively, and αs is the aspect ratio. We derive 111 
the empirical formulae for drag and torque factors for long cylinders, given by Eqs (A1) and (A2), based on 112 
numerous runs of CFD software ANSYS/CFX. 113 

The drag and torque (1) determine an external load in Timoshenko’s solution for elastic beam, given by Eqs. (B1-114 
B4). More detailed formulation of 3D elasticity problem is available from Hashemi et al. 2023. The principal 115 
stresses σ1, σ2, and σ3 are calculated as eigen values of the stress tensor (B5); their maxima are determined using 116 
the Mohr circles and are determined by Eq. (B6). Finally, maximum tensile and shear stresses are: 117 

1 3
3max , max

2

 
  

−
= =

,         (2) 118 

The expressions for tensile and shear stresses over the beam base follow from the solution of elastic beam 119 
deformation (B1-B4); here axi are shown in Fig. 1b: 120 

( )

( )

( )

( )
( )

2 2

22 2 23

2

0

1 2 4 1 21
1

3 2 3 2
X X X Y XY

T

 
 

  

 
 − + = − + − − +   + +  

       (3) 121 



4 

 

( )

( )

( )

( )
( )

2 2

22 2 21 3

2

0

1 2 4 1 2
1

2 3 2 3 2
X X Y XY

S

   
 

  

 − +−
= + − − +  + +        (4) 122 

where T0 and S0 are the tensile and shear strengths, respectively.  Here the dimensionless groups reflecting the 123 
interaction between the creeping flow around an attached particle and elastic deformation inside the particle - 124 
strength-drag number κ, shape-Poisson number χ, and strength number η - are defined as 125 

( )

2

0

0 0 0

1 3 2
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d b M d s M b b

M b b
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 +
= = = = = = = 

+                            (5) 126 

The strength-drag number κ is proportional to the ratio between the tensile strength T0 and the average pressure 127 
imposed by drag and incorporates the bond δ and aspect αs ratios. The shape-Poisson number χ includes the bond 128 
δ and aspect αs ratios along with the Poisson’s ratio υ.  129 

Breakage of particle-rock bond is defined by the strength failure criterium, where either tensile or shear stress 130 
reaches the corresponding strength value; this maximum normalised stress becomes equal to one, while another 131 
normalised stress remains less than one upon the breakage (Jaeger et al. 2009):  132 

( ) ( ) ( )
2 2 2 2

3 1 3

1 1
0 0

, , ,
max 1, max 1

2X Y X Y

X Y X Y X Y

T S

  

+  + 

− −
        (6) 133 

2.2. Derivation of stress maxima  134 

Consider maxima of both tensile and shear stresses, which are given by Eqs. (3, 4). The detailed derivations are 135 
presented in Hashemi et al. 2023. If maxima points (Xm,Ym) are located inside the base circle, Xm

2+Ym
2<1, partial 136 

derivatives of both expressions (3, 4) over Y must be zero. It is possible to show that only along the middle of the 137 
beam base Y=0, partial derivatives over Y are equal zero and second partial derivatives over Y are negative. 138 
Therefore, all maxima inside the base circle Xm

2+Ym
2<1 are reached along the middle of the base, i.e., axis Y=0. 139 

Otherwise, tensile or shear stresses reaches maxima at the beam base over the boundary Xm
2+Ym

2=1. 140 

The stresses along the beam middle and its boundary are functions of variable X alone. The profiles for tensile 141 
stress in the middle of the beam, tensile stress at the beam boundary, and shear stress at the boundary are shown 142 
in Figs. 2a, 2d, and 2g, respectively. Figs. 2b, 2e, and 2h show the point Xm where maximum is reached, for those 143 
3 cases. Figs. 2c, 2f, and 2i present the maxima values.  144 

a) b) c) 145 

d) e) f) 146 
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g) h) i) 147 

Figure 2. Maximum dimensionless stresses at the beam base versus shape-Poisson number χ: a) Maximum tensile stress along 148 
the axes Y=0; b) Maximum tensile stress at the beam boundary; c) Maximum shear stress along the axes Y=0; d) Maximum 149 
shear stress along the beam boundary. 150 

Tensile stress T0(X,χ) reaches maximum in the advanced point Xm=-1 and then monotonically decreases for small 151 
shape-Poisson numbers. At the bifurcation value χ1=3.38 the profile reaches second maximum at Xm1=-0.33. For χ 152 
>χ1, maximum point moves to the right, and maximum increases. Maximum point Xm and corresponding tensile 153 
stress maximum T0

m depend on shape-Poisson number alone. The maximum point and its value are calculated 154 
from the conditions of zero first derivative and negative second derivative in X: 155 
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Profile of tensile stress over the beam boundary also depends on parameter ξ alone that incorporates χ and υ:  157 
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    (8) 158 

The profile for T1(X,ξ) reaches maximum at advanced point Xm=-1 and monotonically decreases for X>-1 from 159 
advanced point Xm=-1 for small ξ. From bifurcation value ξ=2 on, T1(X,ξ) loses monotonicity, maximum point Xm 160 
moves from advanced point Xm=-1 to the right.   161 

At low χ, maximum for shear in the base middle is reached at advanced and receded points. This occurs until 162 
bifurcation value χ=1, where Xm jumps into the origin Xm=0. For χ>1, the maximum point for shear stress in the 163 
base middle remains in origin and monotonically increases: 164 

( )0 0

0

1,            1 1,            1
; ;

0,          1,      1
m m

T
S X

S

 
 

  

  
= = = 

        (9) 165 

Maximum of shear over the boundary is lower than the shear maximum in the base middle for all values of shape-166 
Poisson numbers and Poisson’s ratio – S1

m(χ,υ)< S0
m(χ,υ) – and is not considered to fulfil failure criteria. 167 

Eqs. (7-9) show that stress maxima along the axis Y=0 are determined by aspect-Poisson number χ alone, while 168 
the maxima at the beam boundary are determined by both aspect-Poisson number χ and Poisson’s ratio υ. 169 

2.3. Classification of breakage regimes 170 

Depending on shape-Poisson number and Poisson’s ratio, either of three stresses (7), (8), or (9) can exceed the 171 
other two and fulfil the strength failure criteria (6). Let us first define the largest from the two tensile stress maxima, 172 
(7) or (8). Their equality T0

m(χ,υ)=T1
m(χ,υ) divides plane (χ,υ), which further in the text we call tensile stress 173 

diagram, into 5 regions. Black curve corresponds to ξ=2. Blue and red curves are calculated from Eqs. (7) and (8) 174 
for ξ>2:         175 
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and correspond to positive and negative values of the root in Eq. (10). Along the red curve, inequality ξ>2 holds, 177 
while domain V is located below black curve, so the red curve must be ignored. 178 

  179 

a)                                                                                               b) 180 

Figure 3. Classification of bond breakage regimes by tensile and shear stresses: a) tensile stress diagram; b) shear-tensile 181 
diagram. 182 

The black curve, the vertical straight line χ=χ1, and the blue curve divide (χ,υ) plane into 5 domains, depending on 183 
superiority of either of the two tensile stress maxima (Fig. 3a).  The three lines cross in one point (χ=χ1,υ=υ1) 184 
where υ1=0.125 is obtained from Eq. 10. 185 

Now let us determine whether shear S0
m exceeds maximum of two tensile stresses. Define the breakage regime 186 

function 187 
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( )
( ) ( ) ( ) 0 10

0

0

,
, ; , max , ,

m

m m m

m

T T
g T T T

S S

 
       


=  = =      (11) 188 

At breakage, maximum normalised stress is equal one. Therefore, as it follows from Eqs. (6), the breakage occurs 189 
due to tensile stress if g(χ,υ)>η. Otherwise, the breakage occurs due to shear stress. Further in the text, (χ,η)-plane 190 
with the curve η=g(χ,υ) is called the shear-tensile diagram (Fig. 3b). 191 

For all χ and υ values, breakage regime function exceeds one and does not exceed two. Depending on stress η and 192 
shape-Poisson numbers, and Poisson’s ratio, the breakage curve exhibits 4 cases presented in plane (χ,η): 193 

I - For strength ratios exceeding 2, particles are detached by shear stress for all values of χ and υ; 194 

II - For strength ratios below two and above one, the particles are detached by shear stress for shape-Poisson 195 
number χ that does not exceed the value determined by g(χ,υ)=η; 196 

III - For strength ratios below two and above one, the particles are detached by tensile stress for shape-Poisson 197 
number χ that exceeds the value determined by g(χ,υ)=η; 198 

IV- For strength ratios lower than one, particles are detached by tensile stress for all values of χ and υ.  199 

So, either of the 5 domains in tensile-stress diagram determines maximum tensile stress, and then either of the 4 200 
cases in tensile-shear diagram determines which stress causes the breakage. For either of three stress cases (7), (8), 201 
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or (9), the normalised stress is equal one, allowing calculating stress-drag number κ. For the cases of domination 202 
of normalised tensile stress in the middle, tensile stress on the boundary, and shear stress in the middle, the 203 
formulae for strength-drag numbers κ are: 204 
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3. Macroscale model for fines migration with detachment by breakage 208 

This section defines rock-scale model for detachment of authigenic fines by breakage (section 3.1) and its 209 
implementation into transport equations for the authigenic particles (section 3.2). 210 

3.1. Maximum retention function as a rock-scale detachment model            211 

Substitution of drag from Eq. (1) into the expression for strength-drag number (5) allows for exact expression for 212 
the breakage velocity: 213 

2
10

12

b b
cr

s M d f s

T r
U

f f r




 

−=

             (15) 214 

where κ is given by either of Eqs. (12-14). Consider the manifold of the particles attached to rock surface. The 215 
particles are stochastically distributed by fluid velocity around them near to asperous rock surface in pores of 216 
different forms and sizes, aspect, Poisson’s, and bond ratios, sizes, strength, and bond radii. However, Eq. (15) 217 
determines the critical breakage velocity for each particle, defining whether the particle remains attached or breaks 218 
off the rock at a given flow velocity U. The concentration of the particles attached to rock at a given velocity is 219 
called the breakage maximum retention function (MRF) σb

cr(U). MRF can be obtained by upscaling of Eq. (15) 220 
accounting for probabilistic distributions of coefficients δ,  rb, αs, and rs.    221 

The maximum retention function for detachment against electrostatic DLVO attraction for detrital particles is 222 
determined by the torque balance between drag and electrostatic DLVO forces (Bradford et al. 2013):  223 

( ) ( ) ( ) ( ) ( )6 , 6b f s d s M s e n d f s d s C eM rVf bf F h l F rVf F h     = = = = ,    (16) 224 

where h is the distance between the particle and substrate. 225 

Fig. 4 presents the energy profile for the DLVO forces (Israelashvili 2015). Fig. 4a shows the potential for coal 226 
fines and substrate with one energy minimum, while Fig. 4b shows two minima of the energy profile. During 227 
favourable attachment, the particle moves to the left from zero energy state to a single primary minimum. During 228 
unfavourable attachment, the particle moves to the left from zero energy to shallow secondary energy minimum 229 
and needs to overcome the energy barrier to get into primary energy minimum (Fig. 4b).  230 
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a b 231 

Fig. 4. DLVO energy profiles: a) coal fines and coal substrate;  b) kaolinite fines and silica substrate. 232 

Assuming that authigenic and detrital fines detach independently, the overall MRF is the total of individual ones: 233 

( ) ( ) ( ) ( ) ( )1,e b

cr cr cr n cr n cr nU U U U U     −= +  = −       (17) 234 

The total MRF defines the mobilised concentration by velocity increase from Un-1 to Un. After mobilisation, the 235 
detached fines migration is described by system of population balance accounting for particle capture by the rock. 236 
MRF defines initial concentration of detached particles after abrupt change of flow rate.  237 

3.2. Macroscale analytical model for colloidal transport in porous media 238 

1D problems for fines migration with any arbitrary particle capture (filtration) function λ(σs) and suspension 239 
function f(c) allow for exact solutions (Polyanin and Manzhirov 2006, Polyanin and Zaitsev 2012). In the case of 240 
continuous rate increase, MRF determines the sources term in mass balance, closing the governing system for 241 
colloidal-suspension transport (fines migration) in porous media (Bedrikovetsky et al. 2019). Here, for the sake of 242 
simplicity, we discuss the model with constant filtration coefficient λ=const and f(c)=c, in order to treat the limited 243 
literature information on the corefloods with piecewise-constant increasing velocity. 244 

Appendix C presents system of governing equations, which consists of the mass balance of suspended and strained 245 
particles (C1), straining rate (C2), and Darcy’s law accounting for permeability decline due to particle straining 246 
(C3). For the case the corefloods with piecewise-constant increasing velocity U0=0, U1, U2…, fines detachment 247 
occurs at moments of switching from velocity Un-1 to Un, n=1, 2, 3…, which is expressed by initial condition (C4). 248 
The exact solution for 1D flow problem is expressed by Eqs. (C6) and (C7). The exact solution allows for explicit 249 
expression of impedance (C9). Next section uses Eqs. (C-6) and (C9) to treat the lab data on breakthrough 250 
concentration c(1,t) and dimensionless pressure drop (impedance) J(t) measured during the multi-rate corefloods.   251 

4. Laboratory study and model validation 252 

Huang et al. 2017 used core sample from a coal seam reservoir located in the southern part of the Qinshui Basin 253 
(China) for coreflooding. The laboratory study was comprised of water injection with 2% (weight percent) of KCl 254 
into the anthracite coal core with permeability 21 mD and porosity 0.08. Core length was 5.16 cm. Fig. 5 shows 255 
lab data during application of eight injection rates. The breakthrough concentration and pressure drop across the 256 
core, have been measured during the overall test. Fig. 5a shows breakthrough concentration data and their matching 257 
by the model. Fig. 5b presents the history of impedance.  258 
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a) b) 259 

 c) d) 260 

 e) 261 

Fig. 5. Matching lab data on authigenic and detrital fines migration in coal cores: a) accumulated breakthrough concentrations 262 
for 8 flow rates; b) impedance; c) detached particle concentration under each of 8 rates; d) approximation of detached density 263 
function by the total of two log-normal distributions; e) maximum retention functions (MRFs) for detrital and authigenic fines, 264 
and the total MRF  265 

Fig. 5a shows exponential growth of the accumulated breakthrough concentrations, which corresponds to 266 
exponential decrease of the momentum breakthrough concentrations cn(x=1,t). This behaviour is typical for deep 267 
bed filtration of low-concentration colloids with constant filtration coefficient (Chen et al. 2008, You et al. 2015).  268 

The mathematical model (C1-C5) contains four dimensionless parameters – α, β, λ, and Δσn – which must be tuned 269 
for each flow rate Un, n=1,2…8. Table 1 presents the tuning results. Fig. 5c shows the tuned and measured values 270 
of detached particle concentrations. The probabilistic density of velocity distribution of the detached fines are 271 
presented in Fig. 5d. The PDF is bimodal, which is attributed to fines detachment by breakage and against 272 
electrostatic forces, where the particles are authigenic and detrital, respectively. The PDF allows the approximation 273 
by the total of two log-normal distributions with high accuracy. Fig. 5e shows two individual MRFs and their total, 274 
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which is MRF for the overall colloid. Eight experimental points for the total detached concentrations match well 275 
with the accumulated MRF curve. 276 

Table 1: The tuning result of matching accumulated concentration and impedance. 277 

U (m/s) 3.97×10-5 5.27×10-5 7.34×10-5 1.03×10-4 1.16×10-4 1.23×10-4 1.42×10-4 1.58×10-4 

α 4.7×10-3         4.7×10-3             4.7×10-3         4.7×10-3         4.7×10-3         4.7×10-3         4.7×10-3         4.7×10-3         

β 0.71×105     1.94×105     1.94×105     1.28×105     0.92×105     0.65×105     0.65×105     0.78×105 

λ (1/m) 647.87   639.15   625.5   606.49   598.64   593.73   582.32   572.69 

Δσ 3.03×10-6 2.97×10-6 2.02×10-6 2.16×10-6 2.18×10-6 1.62×10-6 9.45×10-7 1.02×10-6 

R2(Cacc) 0.92 0.95 0.93 0.78 0.94 0.91 0.92 0.92 

R2(J) 0.92 0.55 0.87 0.80 0.98 0.98 0.99 0.98 

Tensile strength T0 along with the bond radius rb can be calculated from Eq. (15) and the histogram for detachment 278 
velocity (Fig. 5d). Assume the typical value of coefficient of variation of the bond radius as Cv=0.03 (Tian et al. 279 
2022). Eq. (15) can be used for mean detachment velocity, which is taken from the breakage-velocity histogram 280 
in Fig. 5d – Ub

mean=1.21*10-4 m/s. Minimum value of detachment velocity – Ub
min=0.63*10-4 m/s – corresponds to 281 

minimum value of bond radius, which can be estimated as rb(1-3Cvrb). Applying Eq. (15) to mean and minimum 282 
breakage velocities allows calculating two unknowns T0=0.03 MPa and rb=3.0×10-7 m. Stability of calculations of 283 
tensile strength and bond radius from mean and minimum breakage velocities is determined by high difference in 284 
their values – Ub

mean is 1.92 times higher than Ub
min.     285 

Torkzaban et al. 2017 conducted lab tests on consolidated (sandstone) core sample from the Yarragadee Formation 286 
(Perth Basin, Western Australia). The laboratory study was comprised of water injection with concentrations 47 287 
mg/L of sodium chlorite and 9mg/L of calcium chlorite into the sandstone core with permeability 2697 mD and 288 
porosity 0.32. Core length was 7 cm. Fig. 6 shows lab data during application of six injection rates. Table 2 presents 289 
the results of tuning the model coefficients. The breakthrough concentration has been measured during the overall 290 
test. The data on pressure drop across the core are not available from the original paper. 291 
Fig. 6 shows lab data and their matching by the model (C1-C5) during application of six injection rates: 292 
breakthrough concentration data (Fig. 6a), detached concentrations at each rate (Fig. 6b), density distributions for 293 
detachment velocity for authigenic and detrital fines (Fig. 6c), and individual MRFs for authigenic and detrital 294 
fines along with overall MRF.  295 
Like in the previous test, the detachment velocity distribution has a clear bimodal structure, which also supports 296 
the two-population hypothesis. 297 

a) b) 298 
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c)  d) 299 

Fig. 6. Matching lab data on authigenic and detrital fines migration in sandstone cores: a) accumulated breakthrough 300 
concentrations for 6 flow rates; b) detached particle concentration under each of 6 rates; c) approximation of detached density 301 
function by the total of two log-normal distributions; d) maximum retention functions (MRFs) for detrital and authigenic 302 
fines, and the total MRF  303 

Table 2 presents the tuning results for dimensionless parameters – α, β, λ, and Δσk – which have been determined 304 
for each flow rate Uk, k=1,2…8. 305 

Table 2: The tuning result of matching accumulated concentration 306 

U, (m/s) 9.26×10-5 3.4×10-4 6.7×10-4 1.74×10-3 2.4×10-3 4.8×10-3 

α 4.1×10-2 4.11×10-2 4.11×10-2 4.13×10-2 4.15×10-2 4.2×10-2 

β 0 0 0 0 0 0 

λ, (1/m) 19.52 19.5 19.46 19.36 19.3 19.3 

Δσ 2.87×10-4 1.74×10-4 1.01×10-4 2.02×10-4 0.87×10-4 4.54×10-4 

R2(Cacc) 0.97 0.78 0.96 0.77 0.97 0.90 

Applying Eq. (15) for mean and minimum detachment velocities, which are taken from the histogram in Fig. 6c – 307 
Ub

mean=2.75*10-3 m/s and Ub
min=1.22*10-3 m/s, respectively – we obtain T0=0.56 MPa and rb=1.35×10-7 m.  308 

For both tests, the tuned parameters vary within common intervals, earlier presented in the literature (Chen et al. 309 
2008, Bradford et al. 2013, You et al. 2015, Guo et al. 2016). The obtained tensile strength for kaolinite is also 310 
typical (Han et al. 2019, Yang et al. 2019). The detached concentrations Δσcr(U) versus velocity for both kinds of 311 
particles increases at small rates from zero and declines at high velocities, which complies with typical form of the 312 
maximum retention curve (Bedrikovetsky et al. 2011, 2012).  High values of the coefficient of determination show 313 
high match between the experimental and modelling data, which validates the model.  314 

Close match by single-population model has been achieved for lab data of 16 corefloods with piecewise-constant 315 
increasing rates (Table 3). The tuned parameters have the same order of magnitude as those presented in Tables 1 316 
and 2. 317 

5. Breakage of authigenic clays in geological faults  318 

Mobilization and migration of authigenic clays cause the permeability decrease in geological faults and faulted 319 
zones, which is important for sealing capacities of CO2 and hydrogen storage, and for interpretation of various 320 
seismic events (Farrell 2021). Let us discuss whether authigenic clay detachment by breakage due to viscous water 321 
flux under fault conditions is feasible.  322 

Table 3. Flow velocities in faults in different basins 323 
No Refs Basin Velocity, m/s 

1 Matthai and Roberts 1996 Gulf of Mexico Basin, USA 3.2×10-6-3.2×10-4 

2 Liu et al. 2018 Anju Coal Mine, China 0.5×10-4-4×10-4 

3 Yu et al. 2020 Dongtan Coal Mine, China 1×10-3-1.2×10-2 
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4 Eichhubl and Boles 2000 Monterey Formation, 

Coastal California, USA 

0.01 

5 Maloszewski et al. 1999 Lange Bramke Basin, 

Germany 
0.15 

Table 3 presents water velocities in faults in different basins as reported in papers the referred papers. Papers by 324 
Matthai and Roberts 1996, Lui et al. 2018, and Yu et al. 2020 took the velocity values from the basin data to use 325 
in simulation, via paper by Eichhubl and Boles 2000 retrieved the velocity directly from tracer test, and paper by 326 
Maloszewski et al. 1999 inferred it by the size of entrained rock fragments. Maloszewski et al. 1999 present the 327 
probability distribution function (PDF) for velocity detachment by breakage and the velocities of water in faults 328 
as presented all 5 papers. The data for calculations are presented in Table 4 and taken from publications Ting et 329 
al. 2021 and Farrell et al. 2021. Ting et al. 2021 shows that particle radius, aspect ratio, bond radius and their 330 
variation coefficients, presented in Table 4, are the most influential parameters on PDF. 331 

Table 4. Particle parameters to calculate PDF for breakage velocity 332 
Parameter Mean value Coefficient of Variation (Cv) 

Particle radius rs, (µm) 2 0.17 

Aspect ratio αs 0.65 0.17 

Tensile strength T0, (Mpa) 0.2   - 

Bond radius rb, (µm) 0.16  0.02 

Fig. 7 shows that breakage of kaolinite in the case 1 almost does not occur; some authigenic fines are broken in 333 
the case 2. Significant part of authigenic fines is broken in the case 3. In the cases 4 and 5, all authigenic particles 334 
are detached by breakage. 335 

 336 

Fig. 7. Probability distribution function (PDF) for breakage velocity and flow velocities in the geological faults 337 

6. Determining the fractions of detachable clays and authigenic fines in rocks 338 

Tuning the model coefficients by matching the lab coreflood data by the analytical model for 1D deep bed filtration 339 
with constant filtration coefficient λ, given by Eqs. (C5-C9) allows calculating the fraction of detachable fines with 340 
respect to initial clay content in the rock (column 9 in Table 3), fraction of detached fines produced during 341 
corefloods (column 10), and fraction of authigenic fines in the overall detachable fines (11th column). Table 3 342 
presents the results of 16 coreflood data matching. Tests 1-3 have been performed by Ochi and Vergough 1998, 343 
test 4 – by Torkzaban et al. 2015, tests 5 and 6 – by Shang et al. 2008, tests 7, 8 – by Huang et al. 2017, tests 9, 10 344 
– by Huang et al. 2022, test 11 – by Guo et al. 2016, tests 12-14 – by Huang 2021, tests 15, 16 – by Hashemi et al. 345 
2022, 2023.  346 

The fraction of detachable fines in consolidated rocks and high-salinity water injection varies from 0.01 to 0.19% 347 
(Lines 1-3, 6-11, 15, and 16), which agrees with the previously published data (Russell et al. 2017). This percentage 348 
is so low due to small fraction of clay particles located at the rock surface, where they are accessible to water flux; 349 
vast majority of clays are located inside the rock skeleton and matrix. In grinded rocks and high-salinity water 350 
injection, the fraction increases up to 19-75% (Lines 12-14) due to high accessibility of grain surfaces to the water 351 
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flux in porous space. In high porosity sandstone and packed sediment, the fraction increases to 18 and 90% under 352 
low-salinity and deionized water injection (Lines 4 and 5, respectively) due to disappearance of DLVO particle-353 
rock attraction at low salinities.  354 

Table 3. The fraction of detachable kaolinite rocks, fraction of detached fines produced during corefloods, and fraction of 355 
authigenic fines in the produced particle concentration 356 

No 
Rock 

type 

Salini-

ty 

Clay 

fraction, 

Cc 

Poro-

sity, ϕ 

Prod

uced 

fines, 

∑Ca 

Detachab-

le fines, σ0 

∑Ca 

ϕ / 

σ0 

σ0/[Cc(1-

ϕ)]*100 

Authi-

genic 

fraction, 

σ0
b

/ σ0 

Umax/

Umin
b 

1 
Berea 

core 

0.5M 0.08 0.2 - 1.08×10-4 - 0.17 0.36 2.46 

2 0.1M 0.08 0.2 - 7.5×10-5 - 0.12 0.5 3.78 

3 0.01M 0.08 0.2 - 1.02×10-4 - 0.16 0.35 1.99 

4 
Sandsto

-ne core 

8×10-4 

M 
0.013 0.32 

1.55

×10-3 
1.65×10-3 0.3 18 0.41 3.98 

5 Packed 

sedi-

ment 

DI 0.03 0.45 
6.53

×10-3 
1.5×10-2 0.19 90 0 - 

6 0.5M 0.03 0.45 
4.57

×10-6 
9.9×10-6 0.21 0.06 0 - 

7 

Anthri-

cite 

coal 

core 

0.27M 4.64× 10-2 0.1 
4.62

×10-6 
1.63×10-5 0.03 0.04 0.48 2.51 

8 0.27M 4.64× 10-2 0.1 
4.58

×10-6 
1.86×10-5 0.02 0.04 0.5 1.19 

9 0.27M 4.64× 10-2 0.24 
3.62

×10-6 
4.04×10-6 0.21 0.01 0 - 

10 0.27M 4.64× 10-2 0.24 
5.92

×10-6 
7.35×10-6 0.19 0.02 0 - 

11 

Bitumi-

nous 

coal 

core 

0.01M 6.8× 10-2 2.4×10-2 
6.2×

10-7 
7.61×10-7 0.02 1.1×10-3 0.56 1.57 

12 
Grinded 

bitumi-

nous 

coal 

0.27M 0.13 0.38 
1.5×

10-2 
6.1×10-2 0.09 75 0.68 2.22 

13 0.27M 0.13 0.36 
4.45

×10-2 
1.63×10-2 0.98 19 0.83 2.00 

14 0.27M 0.13 0.33 
1.92

×10-2 
1.88×10-2 0.34 21 0.59 2.22 

15 Castle 

gate 

core 

0.6M 6.6× 10-2 0.24 
2.8×

10-5 
5.9×10-5 0.09 0.15 0.77 2.22 

16 0.6M 6.6× 10-2 0.24 
8.04

×10-5 
9.72×10-5 0.17 0.22 0.51 4.45 

The fraction of authigenic fines of the overall concentration of detached fines varies from 0.36 to 0.83. For those 357 
rocks, the ratio between the maximum rate at the coreflood and minimum breakage velocity exceeds one, 358 
indicating fines b) breakage (11th column in Table 3). Authigenic particles haven’t been observed in packed 359 
sediments and in artificial packed sediment cores (Lines 5,6 and 9, 10, respectively). In other 12 cases, the 360 
minimum breakage velocity is below the maximum velocity applied in the corresponding test, so authigenic fines 361 
have been observed in the production.     362 

The breakage velocity of authigenic fines is widely distributed – 11th column of Table 3 shows that the ratio of 363 
maximum and minimum breakage velocities varies from 1.2 to 4.5, i.e., the calculation method for tensile strength 364 
T0 and bond radius rb using Eq. (15) is stable. 365 
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The analytical model for 1D fines migration with constant particle capture (filtration) coefficient λ, given by Eq. 366 
(C6) for c(x,t), allows calculating the ratio between the stabilised accumulated concentration of produced fines and 367 
the detached overall detached concentration (8th column in Table 3): 368 

( )

0

1 exp
acc

Lc

L



 

− −
=

 ,          (18) 369 

so the ratio depends on the dimensionless filtration coefficient λL only. Plot of curve (18) and the points from 6th 370 
column are placed in Fig. 8a. The curve and the 16-test data show the clear tendency that the higher is the filtration 371 
coefficient the faster is the particle capture and the lower fraction of the mobilised fines is produced. The fraction 372 
varies from one for zero filtration coefficient, to zero where the filtration coefficient tends to infinity. Some point 373 
scattering and mismatch with the curve is explained by heterogeneous colloid, including varying particle properties 374 
and different forms and capture probabilities for detrital and authigenic fines.    375 

a) b) 376 
Fig. 8. Effects of particle capture by the rock on fines migration: a) fraction of produced fines in the detached concentration 377 
versus dimensionless filtration coefficient; b) impedance (reciprocal to normalised average permeability) versus filtration 378 
coefficient. 379 

The stabilised impedance is also calculated from the analytical model (C6-C9) for380 

( )
1

1 1
L

st

e
J t J

L



 


− −
→ = = +  − 

 
        (19) 381 

Besides the dimensionless filtration coefficient, the stabilised impedance (19) depends on formation damage 382 
coefficient β and the detached fines concentration Δσ, which explained the scattering of the points in Fig. 8b. The 383 
curve Jst(λL) increases from 1 at zero filtration coefficient to 1+βΔσ where filtration coefficient tends to infinity. 384 
Fig. 8b presents three curves corresponds to tuning of three lab cases; the curves correspond to points with the 385 
same colour. 386 

The above plots show how the number of produced fines and permeability decline vary with filtration coefficient 387 
– increase of filtration coefficient yields decrease of produced fines and growth of permeability damage. Several 388 
papers claim insignificant fines migration based on the data of low produced concentrations. Yet, low produced 389 
concentration could be due to high filtration coefficient, so fines migration must be indicated by the impedance 390 
increase along with the number of produced fines. 391 

Mineral dissolution chemical reactions weaken the rocks, decreasing strength in Eq. (15) and resulting in additional 392 
fines liberation in situ the reservoir yielding the additional sweep enhancement. Those increase the fraction of 393 
authigenic fines. The dissolution reactions make CO2 and hydrogen storages susceptible to fines breakage. 394 

 395 
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7. Effects of colloidal breakage detachment on reservoir and well behaviour 396 

1D radial problem for fines detachment and flow toward well allows for exact solution under constant production 397 
rate (You et al. 2015, 2019). Detached fines straining results in permeability decline and increase of the pressure 398 
drop between the well and the reservoir. Treatment of 16 coreflood tests, presented in Table 3, yields calculation 399 
of filtration and formation damage coefficients along with maximum retention functions for detachment against 400 
electrostatic forces and by breakage, like it was performed in section 4. Implementing these values into the solution 401 
for fines migration in radial flow permits the estimation of wellbore impedance as well as the relative impacts of 402 
authigenic and detrital fines on well injectivity. For the parameter values of case 16 in Table 3 the critical retention 403 
function and impedance are presented in Fig. 9a and 7b respectively. The red curves in this plot correspond to the 404 
experimental conditions of the test by Hashemi et al. 2023 (salinity, γ=0.6 M, viscosity, μ = 1 cp, and temperature 405 
T = 25°C). The critical retention function shows a clear distinction between the detachment of detrital particles at 406 
low velocity and detachment of authigenic particles for higher velocities. For this σcr(U) curve, the corresponding 407 
impedance in Fig. 9b is close to one, indicating negligible formation damage. This is a result of the high velocities 408 
required for particle detachment. 409 

The conditions of the experimental test are not indicative of those in most field injection scenarios. Due to explicit 410 
calculation of the critical retention function based on physical considerations, the effect of changing environmental 411 
conditions can be examined by changing relevant parameters. In this way the results of experiments can be 412 
extended beyond the conditions they were performed under. Here we consider three different scenarios covering 413 
a range of applications. 414 

The three cases considered are low salinity (corresponding to freshwater recharge wells), high viscosity 415 
(corresponding to the injection of fracturing fluid), and high temperature (corresponding to geothermal or deep 416 
petroleum wells). Changing salinity to 0.01 M decreases the velocities required to detach detrital particles but has 417 
no effect on authigenic particles, as illustrated by the critical retention function in Fig. 9a. Increasing viscosity 418 
increases drag and lift, increasing detachment of all particles. Lastly increasing temperature mostly affects detrital 419 
particles, as it decreases the electrostatic force, but it also results in a decrease in the viscosity, slightly affecting 420 
authigenic particles. All three cases result in larger values of impedance as shown in Fig. 9b. This demonstrates 421 
the importance of fines migration across a range of applications. 422 

 
 

(a) (b) 

 423 

Fig. 9. Formation damage during injection of water under different conditions: a) critical retention functions, b) impedance 424 

Changes of these system parameters clearly do not affect authigenic and detrital detachment uniformly. Thus, we 425 
consider the relative importance of each kind of detachment under the three reservoir conditions. Impedance curves 426 
showing the predicted impedance if particles detached only by DLVO (detrital) or breakage (authigenic) are shown 427 
in Fig. 10. At low salinity, breakage is negligible, and all formation damage occurs due to detrital particles which 428 
are weakly held to the rock’s surface at low γ. For high viscosity, both detrital and authigenic particles contribute 429 
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to formation damage, with more than half of the damage caused by breakage. Lastly, Fig. 8c shows that the 430 
formation damage at high temperatures results almost entirely from the weakening of electrostatic forces. 431 

a) b) 432 

c) 433 

Fig. 10. Impact on injectivity of detachment via two mechanisms: DLVO (detrital particles) and breakage (authigenic 434 
particles) under different conditions, a) low salinity water injection, b) injection of high viscosity fluid, c) injection under high 435 
temperatures 436 

Geological site selection for CO2 and hydrogen storage highly depends on well performance and storage capacity. 437 
Authigenic fines breakage along with detrital particle detachment can cause significant permeability reduction 438 
with detrimental well productivity and injectivity decline, but to storage capacity increase. High velocity in highly 439 
permeable layers and patterns yields higher fines detachment and permeability reduction, resulting in 440 
homogenisation of injectivity and productivity profiles and, finally, in enhanced sweep (Bedrikovetsky 2013). In 441 
the case of CO2 injection, sweep increase leads to enhancement of the pore volume where capillary, stratigraphic 442 
and chemical CO2 capture occurs, increasing the storage capacity. In the case of cyclic hydrogen injection and 443 
production, sweep enhancement results in increase of water-free hydrogen production.    444 

The competitive effects of well index decline and sweep enhancement with CO2 and hydrogen storage are in odds 445 
with each other: the higher is the injection rate, the higher is the sweep and storage capacity, but the higher is the 446 
well index decrease. The optimal injection and production rates can be determined using the mathematical 447 
modelling that includes Eqs. (12-15). 448 

8. Breakage of authigenic fines during well exploitation 449 

In this section we investigate whether fines breakage can occur in the vicinity of production and injection wells 450 
for different reservoir conditions. Table 4 presents the data for heavy oil production (Ado 2021), polymer injection 451 
(Gao 2021), dewatering of coal bed methane (CBM) reservoir (Shi et al. 2008), injection of supercritical CO2 into 452 
carbonate reservoir (Spivak et al. 1989), hydraulic fracturing using water as a fracturing fluid (HFW) (Presetio et 453 
al. 2021), hydraulic fracturing using high-viscosity fracturing fluid (HF) (Prasetio et al. 2021), natural gas 454 
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production (NG) (Peischl et al. 2015), water production from geothermal reservoirs (GWP) (Ishido et al. 1992), 455 
water injection into aquifers (WI) (De Lino 2005), and water production from aquifers (WP) at low and high rates 456 
(Kulakov and Berdnikov 2020). The data for calculations are taken from those literature sources. For all cases, 457 
spherical particle shape (αs=1) corresponds to kaolinite booklet; typical fine size is taken as rs= 2μm. 458 

The breakage velocity is calculated using Eq. (12-15) and is given in nineths column. The well rates are taken 459 
from the corresponding papers. Column nine shows the velocity on well walls for well radius rw=0.1 m.  460 

Table 4. Occurrence of fines breakage in well vicinity 461 
No 

Well type αs δ υ χ μ, (Pa.s) T0,(Mpa) 
Umin

b, 

(m/s) 
Uw, (m/s) 

1 
Heavy oil 1 0.05 0.25 [29] 6.54×10-4 0.30 0.2 1.01×10-6 

5.67×10-

6 

2 Polymer 1 0.05 0.24 [30] 6.57×10-4 0.04 0.2 6.69×10-6 8.8×10-5 

3 
CBM 1 0.05 0.35 [22] 6.27×10-4 1×10-3 0.2 3.57×10-4 

1.14×10-

5 

4 
CO2 1 0.05 0.21 [31] 6.67×10-4 1.49×10-4 0.2 8.51×10-4 

4.74×10-

5 

5 
HFW 1 0.05 0.33 [24] 6.32×10-4 1×10-3 0.2 8.93×10-4 

1.38×10-

2 

6 
HF 1 0.05 0.33 [14] 6.32×10-4 1 0.2 8.93×10-7 

1.38×10-

2 

7 
NG 1 0.05 0.23 [32] 6.6×10-4 1.21×10-4 0.2 2.72×10-4 

1.33×10-

3 

8 
GWP 1 0.05 0.25 [33] 6.54×10-4 1.2×10-4 0.2 1.49×10-4 4.44×10-

4 

9 
WI 1 0.05 0.286[34] 6.44×10-4 1×10-3 0.2 1.96×10-4 

7.02×10-

4 

10 
WPmin 1 0.05 0.34 [35] 6.29×10-4 1×10-3 0.2 1.34×10-4 

3.68×10-

5 

11 
WPmax 1 0.05 0.34 [35] 6.29×10-4 1×10-3 0.2 1.34×10-4 

3.32×10-

4 

The velocity on the well wall exceeds minimum breakage velocity for heavy oil production, polymer injection, 462 
both cases of hydraulic fracturing, production of natural gas and geothermal water, water injection into aquifers 463 
and water production from artesian well with high rate, so fines breakage can occur under those conditions. The 464 
velocity on well wall is lower than minimum breakage velocity for dewatering in CBM, CO2 injection, and water 465 
production with low rates.   466 

Similar effects of well injectivity and productivity as well as in situ bond strength decline by chemical reactions 467 
occur during geothermal exploitation, where fines detachment occurs due to DLVO forces decrease at high 468 
temperature, and in fractured reservoirs that are highly susceptible to fines breakage due to high flow velocity 469 
(Altree et al. 2019, Wang et al. 2022c). During water and CO2 injection in carbonate reservoirs, where rock 470 
dissolution yields massive release of various size particles, the effects of particle mobilisation by breakage is 471 
expected to be significantly more pronounced.     472 
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9. Discussions 473 

The current version of the breakage-detachment model assumes single-phase flow. Adding the capillary force 474 
exerting by menisci on the attached fines into torque balance (16) would cover the detachment by breakage during 475 
gas flow in shale rocks and CO2 and hydrogen storage (Roshan et al. 2016, Siddiqui et al. 2019). The appropriate 476 
two-phase flow model accounts for moving interface (Shapiro 2015, 2018). 477 

The model assumes brittle behaviour of the particle-substrate bond during breakage; the study of ductile bonds 478 
would complicate the failure criteria (6) and phase diagrams. Accounting for non-elasticity of the rock and non-479 
Newtonian fluid, the rheology yields in more complex expressions for stress maxima than (12-15); in this case the 480 
breakage regime will be velocity-dependent.   481 

This paper assumes single-population colloidal transport, given by Eqs. (C1-C3) with further separation of MRF 482 
into those by authigenic and detrital fines, while Hashemi et al. 2023 apply two-population balance model with 483 
two different filtration functions for authigenic and detrital populations. A more general approach would 484 
encompass multicomponent colloidal transport with non-linear fines straining (Bedrikovetsky et al. 2019).   485 

The analytical model for well inflow performance under fines migration using the model constants obtained from 486 
12 corefloods, where the authigenic fines mobilisation have been observed (Table 3), yields well index decrease 487 
up to 1.4 times. We expect significantly higher effects based on more representative corefloods. Besides, all 16 488 
tests have been performed in sandstones. Significantly higher formation damage is expected during waterflooding 489 
or CO2 injection in carbonates, where rock dissolution yields reduction of particle-rock bond radius with 490 
consequent bond breakage and massive fines release.   491 

Numerous geomechanics studies determine the strength and other failure parameters of the rocks, while the bond-492 
breakage criteria in Eq. (12-15) contain those for a single particle and substrate. Those measurements require 493 
significantly more sophisticated equipment (Su et al. 2022, Roshan et al. 2023). Currently, those parameters for 494 
mineral particles are unavailable. Derivation of the fine-breakage model may stimulate those experimental studies. 495 

The breakage-detachment models (11-15) and (17, C4) correspond to particle- and rock scales, respectively. 496 
Establishing a functional relationship between them would solve the problems of upscaling and downscaling with 497 
numerous experimental and industrial applications. 498 

10. Conclusions         499 

The model derivations for particle detachment by breakage, integrating the Timoshenko’s beam theory with CFD 500 
flow modelling and strength criteria, and applying the model to different geo-energy topics  allow concluding as 501 
follows. 502 

Maximum stresses are reached either at the beam base middle Y=0 or at its boundary. Breakage conditions, where 503 
either of tensile or shear stresses reaches the strength value, are determined by three dimensionless parameters: 504 
strength-drag number κ, aspect-Poisson number χ, and strength ratio η. The tensile-stress diagram in plane (χ,υ) 505 
determines which of tensile stresses is higher. The shear-stress diagram in plane (χ,η) determines 4 breakage 506 
regimes depending on aspect-Poisson number χ, Poisson’s ratio υ, and strength ratios η.  507 

The definition of breakage regime – by either tensile or shear stress - is independent of flow velocity. For an 508 
identified breakage regime, breakage velocity is determined by the strength-drag number κ(χ,υ) alone. For a given 509 
particle shape, the critical breakage velocity is proportional to strength and particle size, and it is inversely 510 
proportional to viscosity.  511 

The expression for critical breakage velocity allows determining the breakage maximum retention function MRF, 512 
which is a mathematical model for particle detachment by breakage of particle-rock surface bond. MRF closes the 513 
governing system for colloidal transport with breakage detachment. 514 
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The lab-based analytical model for fines breakage shows that under strong subterranean water fluxes, the 515 
authigenic fines mobilisation by breakage can occur in geological faults, resulting in permeability decline and 516 
affecting sealing capacities during CO2 and hydrogen injection for storage. 517 

Matching of 16 coreflood tests exhibits high agreement between the laboratory and modelling data. Besides, the 518 
model coefficient values as obtained by tuning, belong to their common intervals of variation. This validates the 519 
developed model for migration of authigenic and detrital fines in rocks.  520 

The matching allows determining the detachable fines fraction in the overall clay content, and the authigenic fines 521 
fraction in the detachable fines. The detachable fines fraction in consolidated rocks and high-salinity water 522 
injection varies from 0.01 to 0.19%. It increases up to 19-90% in grinded rocks or by deionised water injection. 523 
The authigenic fines fraction of the detachable clay particles varies in the interval 0.4-0.8.   524 

In 12 corefloods from 16, where authigenic fines have been found, the breakthrough curves during corefloods 525 
exhibit two-population behaviour, which is attributed to commingled production of the authigenic and detrital 526 
particles. Besides, size distributions of produced fines are bimodal.  527 

Analytical 1D model for axi symmetric flow allows recalculating coreflood tests with migration of authigenic and 528 
detrital fines into the well productivity curve, permitting estimating the formation damage due to fines migration. 529 

Calculations of minimum breakage velocities / well rates using Eq. (15) for typical values of the breakage-model 530 
parameters show high feasibility of rock fines breakage during heavy oil production, polymer injection, both cases 531 
of hydraulic fracturing, production of natural gas and geothermal water, water injection into aquifers and water 532 
production from artesian well with high rate. 533 

Appendix A. CFD calculations for drag and its torque 534 

The formulae for drag and torque factors in Eq. (1) for spheroidal and thin cylindrical particles are available from 535 
Ting et al. 2021. In this work, those factors for long thin cylinders, which model illite clay particles, are calculated 536 
for αs>1:  537 

( )( )
120.9014 1.599 2.265 1.752d s s sf   
−

= + + +
       (A1) 538 

( )( )
1

3 2 20.0002161 1.34 44.18 21.27 31.34 10.38M s s s s sf     
−

= + + + + +
    (A2) 539 

Appendix B. Stresses in elastic beam by Timoshenko’s model 540 

Stress distributions in cylindric elastic beam (Timoshenko and Goodier, 1970) are 541 
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The stress tensor, as per solution (12-15) is: 546 
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The principal stresses are eigen values of the stress tensor (B5): 548 

( ) ( )2 2 2 2 2 2

1 2 3

4 4
, 0,

2 2

z z xz yz z z xz yz       
  

+ + + − + +
= = =

    (B6) 549 

where, σ1, σ2, σ3 are principal stresses in order of decreasing of their values, and 550 

 1 2 30   = 
.           (B7) 551 

The equation for largest Mohr circle for the case of σ2=0 is 552 

( )
22

1 321 3
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−  +  
− + =    
                          (B8) 553 

where σ and τ are tensile and shear stresses acting on unitary planes with different orientations. 554 

Appendix C. Population balance model for colloidal-suspension transport in porous media 555 

We discuss deep bed filtration of the total particle population for detrital and authigenic fines. The state variables 556 
are the volumetric concentrations of suspended, attached and strained particle, c, σcr, and σs, respectively, and the 557 
pore pressure p. Mass balance and capture rate equations and Darcy’s law for the colloidal flux are: 558 
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where ϕ is the porosity, λ is the constant filtration coefficient, α is the drift-delay factor, Un is the flow velocity at 562 
n-th injection, k is the initial undamaged permeability, p is the pressure, and β is the formation damage coefficient. 563 
Index n is attributed to injection velocity, and U0=0. The filtration coefficient for the low-concentration fines 564 
population is constant. 565 

Initial suspended concentration is equal to concentrations of mobilised fines after velocity increase. It is posed at 566 
each moment ϕL/αUn-1 of the velocity switch from Un-1 to Un 567 

( ) ( ) ( )1

0:
cr n cr n cr n

n n

U U U
t t c

  

 

− − 
= = =        (C4) 568 

Here the overall MRF is a total of two individuals MRFs by Eq. (17). 569 

Inlet boundary condition corresponds to injection of particle-free water 570 

10, : 0n n nx t t t c+=   =           (C5) 571 
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The exact solution of the problem (C1-C5) can be found in handbooks Polyanin and Manzhirov 2006, or Polyanin 572 
and Zaitsev 2012. Breakthrough concentration is obtained by the method of characteristics: 573 
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     (C6) 574 

Breakthrough concentration becomes zero at the moment of the concentration front arrival at the moment ϕL/αUn. 575 
At this moment, all concentrations and pressure drop stabilise. Yet, even where the switch times tn+1-tn are lower 576 
than the arrival times, we neglect suspension concentration which was formed before the switch. 577 

Strained concentration is obtained integration of Eq. (C2) in t accounting for expression (C6): 578 
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The dimensionless pressure drop (impedance) J is defined as:  580 
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Th expression for impedance is derived from Eq. (C3) by integrating pressure gradient in x from x=0 to core length 582 
x=L: 583 
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Abstract
Fines detachment is an important component of methane production from Coal Bed Methane reservoirs.
Production of coal fines is widely observed during dewatering and simultaneous gas-water production.
The theory for fines detachment by drag against electrostatic attraction, model of the transport of those
detrital fines, and their validation by laboratory test is widely used for planning and design of Coal Seam
Gas developments. However, clay particles that naturally grow on coal grains and asperous parts of coal
surfaces (authigenic and potential coal fines) are detached by breakage. To the best of our knowledge, the
analytical theory for detachment of authigenic and potential coal fines is not available. The present paper fills
the gap. Based on Timoshenko's beam theory, we derive failure conditions for breakage of authigenic and
potential coal fines of the rock surface. It allows defining maximum retention function for fines breakage.
The maximum retention is incorporated into transport equation of mobilized fines, allowing developing
analytical models for linear flow of core flooding and radial flow of well inflow performance. Matching
of laboratory coreflood data from four laboratory studies show high agreement. The model coefficients
obtained by treatment of laboratory data allow predicting skin growth in production wells under fines
migration.

Introduction
Fines migration in CSG fields comprises a serious environmental and gas-production challenge. The
literature widely reports of two kinds of fines: so-called potential coal fines, which are a part of the coal
body and can be detached by breakage under a significant drag force exerted by the inflowing water, and
detrital coal fines, that are attached to the coal body by electrostatic forces. The potential coal fines include
coal particles and authigenic clays that break off from the rock skeleton by drag exerted by the water flow.

Figure 1 shows Scanning Electron Microscope (SEM) images of the detrital coal particles at the cleat
surfaces of coal rocks. The SEM images of authigenic coal fines are shown in Figure 2. It includes kaolinite
booklets, crystals of illite and iron sulphate minerals. It is assumed that authigenic coal particles have been
broken off the surface and transported in the rock, until an attachment site on the rock surface was met. This
is how an authigenic particle becomes detrital. Figure 3 shows SEM images of hairy illite particles broken
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2 SPE-210764-MS

by drag exerted by the flow of highly viscous fracturing fluid. Figure 4 shows authigenic kaolinite particles
in the Berea core, and the breakage after a critical fluid velocity.

Figure 1—SEM images of detrital coal fines and fracture surfaces (Huang et al. 2018)

Figure 2—SEM images of authigenic coal fines (a) booklets of kaolinite, (b) flaky illite
crystal, and (c) iron sulphate minerals growing from a coal fracture surface. (Nick et al. 1995)

Figure 3—SEM images of hairy illite broken after treatment with fracturing fluid. (Liu et al., 2019)
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Figure 4—SEM images of a) non-damaged kaolinite structure of Berea core, b) broken kaolinite
sheets of damaged Berea core that have undergone critical velocity test. (Shafian et al., 2021)

The detachment by breakage can be modelled on the pore scale by contact modelling of flow in coal cleats
and stress in the rock matrix. In Figure 5a, SEM images of the cleats with significantly non-uniform borders
are presented. Figure 5b show the digitalized solid and liquid domains for 2D modelling. Figures 5c,d show
large scale stress distribution, and its zoom near to the bond between the particle and coal rock surface. This
is the schematic of breakage modelling on the pore scale. Very similar study by the same team of authors
is shown in Figure 6. Figure 6a presents SEM image of sharp asperity in the cleat. Figure 6b shows stress
distribution in the rock along the cleat, and Figure 6c gives zoom of failure zones near to potential particles.

Figure 5—SEM photos potential fine generation at different coal cleats (a1,a2,a3), cleat and asperity
geometries used in numerical simulations (b1,b2,b3) and failure zones (in red) for each case as

a result of numerical simulation (c1,c2,c3), and zoom for failure zones (d1,d2,d3). (Bai et al. 2015)
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4 SPE-210764-MS

Figure 6—SEM photos potential fine generation at a coal cleat (a), cleat and asperity geometries used in
numerical simulations (in orange) and water is flowed through the cleat in blue (b), zoom for potential fine
particles and failure zones (in black) for each case as a result of numerical simulation (c). (Bai et al. 2016)

However, to predict water flow during CBM production, the microscale breakage model must be upscaled
to the core scale and incorporated into the flow equation. The traditional theory for coal fines migration,
where the detachment occurs by the drag exceeding the electrostatic attraction, is well developed. A theory
for potential coal fines, where the drag deforms the coal asperities and attached clays and detaches fines
by rock failure, is not available.

The objectives of this study are:

– derivation of microscale equations for fines generation by breakage using failure criteria;
– using analytical 1D linear fines-migration model to treat the lab data of corefloods with increasing

flow rate and measurements of produced fines and permeability decline; and
– laboratory-based modelling prediction of well productivity decline during dewatering of CBM wells.

The methodology comprises microscale break-off modelling, equations for core-scale transport and fines
migration, used to determine the model parameters from lab data and to predict well behaviour. The micro-
model developed is based on beam theory and comprises static rock deformation by the flow-through
water, construction of the Mohr's circles, and calculating the failure criteria by maximum tensile and shear
stresses, limited by the strength values. The failure condition determines the number of fines that detach
after application of each flow rate U, allowing determination of the Maximum Retention Function (MRF)
of potential coal fines.

The breakage micro-model is incorporated into transport equations that account for fines mobilisation,
migration, straining, and consequent permeability decline. Nonlinear 1D flows in linear (x,t) and radial (r,t)
geometries allow for analytical modelling.
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We performed the corefloods with piecewise-constant increasing flow rate with measurements of the
pressure drop across the core and breakthrough concentration of fines. The goal is the validation of the
breakage theory developed. The analytical linear flow model is used for tuning three model parameters. In
particular, we determine the ratio between the potential coal fines and coal detrital fines in the produced
suspension. The analytical radial flow model is used for lab-based prediction of well rate, water-cut,
produced fines, and pressure drawdown under dewatering and gas production in CBM reservoirs.

The experimental data treatment by the analytical model comprises eight series of the lab flooding data
with coal cores has been treated. Six tests exhibit detachment by both mechanisms, one - by breakage alone,
and one - against the electrostatic attraction. Close match between lab and model has been observed.

The present paper closes the gap in the theory of breakage, migration and formation damage of authigenic
coal particles and clays. The failure criteria derived are based on beam theory [18, 24, 37] and an analytical
solution for beam under stress, developed by S. Timoshenko [30], and Computational Fluid Dynamics
(CFD) solution of Navier-Stokes equations for flow around the attached fines. We derived an analytical
expression for maxima of tensile and shear stresses and present the classification of breakage regimes.

The novelty of this work encompasses the multiscale model for fines detachment by breakage, their
migration and consequent permeability impairment. This includes explicit formulae for fines production
and pressure drop increase in coal cores. Explicit formulae for CBM well productivity and fines production
during fines migration have also been developed.

The structure of the text is as follows. After section one of introduction, follows section two with
description of drag force and its moment in the moving viscous fluid. Section three presents Timoshenko's
3D solution, and introduction of three dimensionless numbers for beam loading. Section four calculated
maximum stresses. Section five, presents breakage criteria and classification of the breakage regimes.
Section six defines MRF. A brief description of the transport equation and analytical models for coreflood
and inflow well performance are given in section seven. Section eight presents laboratory methodology.
The results of laboratory data treatment are given in section nine. Section ten exhibits the results of well
behaviour prediction under migration of potential and authigenic coal fines. Section 11 discusses and
concludes the paper.

Fluid-particle interaction by drag and its moment.
Coal fines detachment by breakage is an important occurrence during methane production from Coal Beds.
Another event of the detachment in CBM production is mobilization of kaolinite/illite particles from the
coal surfaces. The detaching force is the drag exerting from the creeping viscous flow around the particle
(Fig. 7). The expression for drag force is a modification of Stokes formula, which is valid for particles
immersed in the flux moving with velocity V far away from liquid-solid boundaries:

(1)
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6 SPE-210764-MS

Figure 7—Schematic of equivalent beam for attached spheroidal particle

Here fd is the shape factor that accounts for irregular form particles and for attaching substrate. This force
is applied in the centre of mass of the particle. For irregular form particles, the shape factor fM is introduced
for the moment of the drag:

(2)

Here rs is an equivalent radius of the spherical particle with the same volume, b is small semi-axis of the
spheroidal particle, μf is the viscosity of fluid. Darcy's velocity for flow in porous media is determined with:

(3)

where, ϕ is the effective porosity.
For no-slip flow condition, the shape factors for drag force and moment for oblate spheroids, which

model kaolinite fines, are as follows [31]:

(4)

respectively. Here αs is the aspect ratio between the small and large axes of spheroid:

(5)

3D stress distribution in beam
Figure 7 shows the beam equivalent to spheroidal particle [18, 21]. Drag force which is applied to the centre
of spheroid becomes applied to the upper edge of the beam. It is assumed that the particle matter outside the
beam does not affect stress distribution inside the beam. The base of the particle and beam coincide, so the
conditions for detachment of the base are the same for the particle and the beam. Timoshenko's solution for
the beam deformation loaded by force Fd and applied to the upper edge of the beam assumes independence
of stresses of z, and exhibits maximum tensile stress in z at the cylinder base, i.e. at z=0,

(6)
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(7)

(8)

(9)

Here, σx, σy, σz are diagonal terms of 3x3 stress tensor, and τxz, τyz are non-diagonal terms.
Calculation of eigen values of the stress tensor provide the principal stresses, σ1, σ2, σ3 for the equations

(6-9). The maximum tensile and shear stresses are determined from the Mohr's circles:

(10)

(11)

where the dimensionless drag-strength- number κ and shape-Poisson number χ are defined as

(12)

From now on, κ is called the drag-strength number, and χ is the shape-Poisson number. The drag-strength
number is a function of tensile strength T0, the moment of inertia I, drag Fd, and radius of bond rb. The ratio rb/
a is called the bond ratio. The shape-Poisson number depends on bond ratio, aspect ratio, and Poisson's ratio.

Analytical expressions for tensile and shear stresses in the middle and at
the boundary of the beam base
We prove that maximum stresses inside the circle are reached along the middle Y=0. Therefore, we discuss
stresses just in the middle at Y=0, and at the bond boundary Y2=1-X2. Maxima of tensile and shear stresses
in the middle and at the bond boundary can be calculated explicitly. Maxima are calculated by zero first
derivative in X and negative second derivative. Maximum of tensile stress in the middle is determined by
the conditions of

(13)

where, χ1 is determined by the condition where maximum point X=Xm jumps from Xm=-1 to Xm1. These
values were found numerically χ1=3.4, Xm1=-0.33.

Maximum of tensile stress over the bond boundary is:

(14)

where,

(15)

To meet the failure criteria with respect to tensile stresses, we need to compare Tm
0 and Tm

1. The blue
curve in Figure 8a corresponds to their equality:
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8 SPE-210764-MS

(16)

Figure 8—Comparison between dimensionless tensile stresses in the middle and on
the beam boundary: a) determination of the critical Poisson's ratio whether the tensile

stresses are equal; b) the ratio between tensile stresses on the boundary and in the middle

Formulae (13-15) allow distinguishing six zones 0 to V in the plane (χ, υ). Figure 8a shows the
relationship between Tm

0 and Tm
1 in each zone.

Figure 8b shows profiles for the ratio between two tensile stresses over χ for three typical values of
Poisson's ratio υ from three intervals [0, υ1], [υ1, υ2], [υ2,0.5]. In this work, we assume that for rock minerals
υ does not exceed 0.5.

Explicit expression shear stress maxima are:

(17)

(18)

We prove that always Sm
0 is higher than Sm

1. Therefore, further in the analysis of particle failure we
compare two tensile stresses with shear stress in the middle. Shear stress in the middle is constant at χ<1,
so we introduce zone zero in plane (χ, υ).

Let us introduce dimensionless stresses in equation for Mohr circles:

(19)

Figure 9 shows Mohr circles that correspond to zone 0 and five points in the middle (X,0) where abscissa
X changes from −1 to 1. Figure 9a shows profiles for dimensionless tensile stresses that monotonically
decrease from 2 at X=-1 to zero at X=1. This corresponds to change of position of maximum tensile stress
in Figure 9b, which corresponds to left edge point of circles (-σ3,0) from −2 to zero. Maximum shear stress
that is equal to circle radius, decreases from 1 to min at X=0 and then increases back to one (Figure 9a).
This corresponds to movement of the top point of circles from maximum at X=-1 to min at X=0 and then to
max in the receded point. Abscissa of the circle centre is obtained from Eq. (19) and is proportional to σz,
which in turn is equal to X. This corresponds to movement of the circle centre from −1 at advanced point
to zero at the base beam centre and to one in receded point.
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SPE-210764-MS 9

Figure 9—Mohr circles for particles from zone 0 taken in five points in the middle of the beam base

Failure criteria
Let us discuss the case of breakage by tensile stress:

(20)

where T0 and S0 are tensile and shear strengths, respectively.
For tensile stress in the middle, the ratio is called the breakage regime function:

(21)

This is the condition of breakage by tensile stress. Figure 10 presents three types of g(χ) function that
corresponds to different intervals in υ in Figure 8a. Depending on which stress is higher the forms of function
g(χ) are different. Figures 10a,b,c correspond to Poisson's ratio varying from 0 to υ1. Consequently, g=2 in
zones zero and one. Figures 10d,e,f correspond to υ varying between υ1 and υ2. Figures 10g,h,i correspond
to Poisson's ratio varying from υ2 to 0.5.
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10 SPE-210764-MS

Figure 10—Breakage regime function g (χ) for different ν: a, b, c correspond to υ varying from zero
to υ1; d, e, f – to interval from υ1 to υ2; g, h, i– to interval from υ2 to 0.5. Breakage regime function for
three cases is presented in Figures a, d, and g. Three dimensionless stresses versus χ are shown

in Figures. b, e, and h. Figures. c, f, and i show the points Xm where stresses reach maximum.

For all χ, if strength ratio exceeds 2, failure occurs due to shear stress. For all χ, if strength ratio is below 1,
failure occurs due to tensile stress. If strength ratio varies from 1 to 2, failure is due to shear for lower values
of χ, while for large value of χ the breakage is due to tensile stress. The boundary value for χ is determined by

(22)

Let us express the drag-strength number via Darcy velocity Vϕ:

(23)

The above analysis determines maximum breaking stress allowing selecting equation (13), (14), or (17)
to calculate the drag-strength number. From here we calculate Darcy's velocity, which breaks a particle with
above mentioned parameters

(24)

Maximum retention function as a model for fines breakage
Following papers [3, 4, 31], we introduce maximum retention function for particle breakage along with
particle detachment against electrostatic forces. Introduced vector x consisting of parameters from the
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SPE-210764-MS 11

equation of mechanical equilibrium of a particle on the rock surface. As it follows from analysis presented
in sections 4 and 5, vector x has components of aspect ratio, bond ratio, tensile and shear strengths, viscosity,
and Poisson's ratio.

Consider uniform particle on an ideal substrate. It defines a unique value of critical velocity. So, for
velocities lower than critical, no particle is detached, and concentration of attached particle is equal to
its initial value. For any velocity above critical, all particles are detached. However, all laboratory tests
for injection of particle-free water exhibit gradual particle detachment. Usually, the detachment starts at
some low velocity, and finishes at some high velocity. Gradual particle detachment is explained by the
probabilistic distribution of particle properties. Consider mutual distribution of all components f(x).

Equation (24) show how to calculate critical Darcy velocity for a particle with all known parameters. Let
us determine the domain of parameters x, where velocity is lower than critical:

(25)

The concentration of remaining particles that are attached after flow with velocity U is

(26)

where σ0 is the concentration of removable particles. This function is called Maximum Retention Function
(MRF) and is a mathematical model for fines detachment. Concentration of attached particles by the flow
with velocity U is:

(27)

By this formula in the further laboratory test treatment we determine the concentration of detached
particles.

We assume that detrital and authigenic (potential) fines are detached independently. In this case, overall
maximum retention function is a total of those for authigenic and detrital particles:

(28)

Consequently, the concentration of detached particles while velocity regime changes from Un-1to Un is:

(29)

Linear and radial transport of detached fines
MRF (26) is substituted into equation of mass balance of attached, suspended, and strained particles
for colloidal-suspension-nano transport in porous media. This 3D system of equations is presented by
Bedrikovetsky et al. 2011, 2012, Chequer et al. 2021, Russell et al. 2018, and Yang et al. 2018. The exact
solution for 1D laboratory coreflood is obtained by Bedrikovetsky et al. 2011, Russell et al. 2018, and Yang
et al. 2017. This solution is used to treat the laboratory data on fines mobilisation in section 9. In Chequer
et al. 2021, the exact solution for 1D radial well inflow performance is obtained. This solution is used to
predict skin growth during oil production with fines migration in section 9.

Laboratory study
In this section, we describe characteristics of fluid and rock used, laboratory setup, characterisation of
effluents, and methodology of experimental study.

D
ow

nloaded from
 http://onepetro.org/SPEAPO

G
/proceedings-pdf/22APO

G
/1-22APO

G
/D

011S002R
004/3017421/spe-210764-m

s.pdf/1 by U
niversity of N

ew
 South W

ales user on 15 N
ovem

ber 2023



12 SPE-210764-MS

Materials
Sodium chloride solution with concentration 0.6 M was prepared from analytical grade NaCl with purity
99.7% (w/w) and degassed deionised water.

The core sample with the following dimensions was used in the present study: Lhalf-core = 2.500 cm; Loverall-

core = 5.072 cm; Dcore = 3.797 cm. This core was dried in the atmospheric oven at 60 °C for 24 hours for
dehydration. Then, it was placed in a vacuum desiccator and vacuumed to the residual pressure of 1 Pa.
After that, 0.6 M NaCl solution was introduced into the desiccator for core imbibition. Measured imbibition
porosity was = 24.4% and resulting pore volumes PVhalf-core = 6.913 cm3 and PVoverall-core = 13.749 cm3.

Laboratory setup
A schematic view and photo of an experimental apparatus for real-time permeability measurements with
all key elements are shown in Figures 11a, b, respectively.

Figure 11—(a) Schematic and (b) photo of laboratory set-up for the detachment of authigenic (potential) and detrital particles.

The core 1 was placed in a Viton sleeve 2, fixed there by two flow distributors 3 and placed inside a
high-pressure coreholder 4. Overburden pressure of 1000 psi was created by a manual pressure generator 5
by compressing distilled water 6, this pressure was measured by an absolute pressure transmitter 7. High-
performance liquid chromatography pump 8 delivered 0.6 M NaCl solution and suspensions 9 to the core
via an inlet valve 10. Inlet, middle and outlet pressures at the core were measured by two absolute pressure
transmitters 11, 12 and 13, respectively. Differential pressures across the half-core and the overall-core
were measured by differential pressure transmitters 14-17 via multiport valves 18-21. Data acquisition 22
and signal conditioning modules 23 delivered experimental parameters to a computer 24. Back-pressure
regulator 25 was setup at 300 psi from compressed air cylinder 26. Electrolytic conductivity sensor 27 with
a dedicated signal-conditioner 28 measured electrolytic conductivity of effluent suspensions. Effluent auto-
sampler 29 was used to collect effluents in plastic tubes 30. Suspended particle concentrations (in ppm)
sampling tubes were are measured by portable particle counter 31.

Characterisation of effluents
Effluent particle number and size distribution was measured by a portable POLA-2000 particle counter/
sizer. This instrument delivers the number of particles in effluent streams in the 0.5-to-15.0 µm particle size
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SPE-210764-MS 13

range with 15 equally spaced size intervals. For each particle size interval the total number of particles are
multiplied by the volume of one particle, and the sum of the respective volumes of particles was converted
to particle concentration expressed in parts-per-million (ppm).

Methodology of experimental study
The experimental program consisted of four sub-programs.

In the first sub-program, the core was saturated by 0.6 M NaCl solution at flowrate 0.2 mL/min, and
undamaged core permeability was measured. We carried out removal of fines by high-velocity corefloods
with the following flowrates – 0.2, 2, 20, 70 and 100 mL/min. The system was returned to initial low flowrate
(0.2 mL/min) after each elevated flowrate to check the effect of particle removal on core permeability.
During this procedure, effluents were collected and particle concentrations were measured. After that,
all effluent samples were mixed together (3,374 mL) and particle concentration of the overall effluent
suspension was measured (this gives the total volume of fines to be injected into the core during the second
sub-program).

The second sub-program dealt with re-injection of the effluent particles collected during the first sub-
program. We collected effluent particles and measured their concentrations which is known as breakthrough
concentration. Also, we monitored in real-time the variation of half-core and overall-core impedance with
pore volumes injected (PVI). As a result, an external filter cake was formed on the core inlet face. To remove
this filter cake, the core was immersed with its inlet face by approximately 2 mm deep in 0.6 M NaCl solution
located in ultrasound bath for about 2 minutes. Suspension with thus removed particles was added to the
remaining suspension left particle re-injection. The resulting suspension was diluted to make 5,000 mL by
addition of 0.6 M NaCl solution. The final particle concentration in the resultant suspension was measured.

In the third sub-program, we injected 0.6 M NaCl solution into the core to check if we have restored initial
core permeability by external cake removal. After that we re-injected suspension prepared in the second
sub-program. We monitored in real-time the variation of half-core and overall-core impedance with PVI.
This procedure has stopped after impedances 1.4 and 1.8 for the half-core and the overall-core, respectively,
were reached.

Removal of newly deposited fines was carried out in the fourth sub-program similar to that in the first
sub-program with three additional flowrates: 120, 170, and 200 mL/min. The last step in this sub-program
was injection of degassed deionised water to achieve appreciable fines removal with associated formation
damage. Effluents were collected and particle concentrations were measured.

Treatment of the laboratory data
This section presents the results of treatment of laboratory data on coal cores flooding from four papers [9,
11, 12, 13]. The mean value of the required parameters collected from literature. These parameters include
Poisson's ratio [6, 7, 22, 23, 28, 32, 38, 40], Young's modulus [8, 15, 19, 38, 39, 40], Shear strength [1, 2, 8,
23, 32], Tensile strength [1, 2, 14, 20, 22, 32, 38, 40], aspect ratio [16, 33, 36], pore size distribution [25],
particle size distribution [10, 29] and zeta potential [12,13]. The mean value for Poisson's ratio is 0.29, for
Young's modulus is 3 Gpa, for Shear and tensile strengths is 21 Kpa, and aspect ratio is 0.63.

Huang et. al. 2017, 2018. We consider detachment of fines by two different mechanisms against
electrostatic attraction and by breakage. However, often two mechanisms against electrostatic attraction
occurs in porous media - for detrital particles attaching primary and secondary minimum. Figure 12 show
Derjaguin, Landau, Verwey and Overbeek (DLVO) energy profile for the system coal-coal for the condition
of laboratory tests. The system has only primary energy minimum, attachment of coal particle to coal
substrate is favourable. The same corresponds to tests by Guo et al. 2016 and Huang et al. 2021. Figure
13a presents the dimensionless pressure drop across the core divided by velocity (impedance J). Figure 13b
presents cumulative breakthrough concentrations for each velocity. The figure presents the results for four
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14 SPE-210764-MS

core flooding SY2, SY3, SY4, and SY5 as performed under piece-wise constant increasing velocities. The
quality of match is very high for all tests.

Figure 12—DLVO energy profile (Data from Test# SY2 by Huang et al. 2017).

Figure 13—Tuning for Test# SY2, SY3, SY4, SY5
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SPE-210764-MS 15

Figures 14 and 15 present calculation of maximum retention function. In figures 14a and c are calculated
concentration of detached particle by formula 29 for tests SY2 and SY3. Figures 15a, 15c present calculation
of detached particles for tests SY4 and SY5. Figures 14b and d present maximum retention function by
DLVO (red), by breakage (blue) and the overall maximum retention function (black dashed).

Figure 14—Results for Test# SY2, SY3 (Data by Huang et al. 2017)

Figure 15—Results for Test# SY4, SY5. First one matched only with breakage and it was not possible
to match with DLVO, second one matched with both and it is hard to decide which one is acceptable.
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16 SPE-210764-MS

Guo et al. 2016. The results of coreflood under four different velocities are presented in Figure 16a and b.
High quality of match can be observed. Figure 17a shows calculations of concentration of detached particle
due to velocity alternations, and maximum retention functions in Figure 17b.

Figure 16—Tuning for paper Guo2016.

Figure 17—Results for Guo2016.
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SPE-210764-MS 17

Huang et. al. 2021. The breakthrough concentrations and impedance under ten different velocities are
shown in figure 18 for three artificial porous media with different size grains. Three porous media have
been engineered from coal particles with 19, 60,102 μm by sieving. High quality match has been observed.
Figures 19b, d, and f show plots of maximum retention function by DLVO, breakage and overall detachment.

Figure 18—Tuning for Test# 19 µm, 60 µm, 102 µm.
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18 SPE-210764-MS

Figure 19—Results for Test# 19µm, 60µm, 102µm.

In all above-mentioned tests besides high quality of matching, variation of tuned parameters varies in
common intervals of their values, obtained from the literature. For all processes two stage fines detachment
has been observed.

Laboratory-based analytical-model predictions of skin growth in production
wells due to fines migration
In this section, we predict skin factor growth in production wells due to fines detachment, migration, and
straining accounting for both detrital and authigenic fines.

The analytical solution for radial oil flow towards the well under fines migration is presented in work [5].
First, we use the model parameters obtained in coreflood tests by Huang et al. 2017, presented in Figures 13
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SPE-210764-MS 19

and 14. Tuning of lab data by the model revealed the percentage of detrital (40%) and authigenic (60%) of
fines particles. Figure 20a skin factor for detrital fines only (red curve) and authigenic particles only (blue
curve). The black curve corresponds to independent detachment of fines against electrostatic attraction and
by breakage. Lab data shows that the critical detachment velocity for breakage is two times higher than for
detachment against electrostatic attraction. So, if lab tests were finished at low rates, where fines haven't
broken off yet, only 40% of the overall skin would be predicted.

Figure 20—Prediction of well performance. Parameters used are: β = 20000, λ = 20
1/m, α = 1×10−2, , , , ,

, . (Data from Test# SY2 by Huang et al. 2017)

Figure 20b compares skin growth by detrital and authigenic fines. The critical breakage velocity
is significantly higher, than the mobilisation velocity for detrital fines. Therefore, authigenic fines are
mobilised in smaller well vicinity than the detrital ones, so the skin due to detrital fines is higher. However,
the bulk of the damage is localised in thin well vicinity, so the difference is not high.

Figure 21 presents the skin based on lab tests by Huang et al. 2021. The overall skin is the total of two
individual skins due to detachment of detrital and authigenic fines. In this case, the bulk of skin is reached
by authigenic fines due their large initial concentration if compared with detrital particles (Figure 21a).
Figure 21b show higher impact of detrital fines into the overall skin, because they detach in a larger zone
around the well.

Figure 21—Prediction of well performance. Parameters used are: β = 10, λ
= 2 1/m, α = 1 × 10−1, , , , ,

, . (Data from Test# 19μm by Huang et al. 2021)
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20 SPE-210764-MS

Conclusions
Transformation of the theory of authigenic and potential fines in coal beds, treatment of the laboratory data
and analytical-model and lab-based well behaviour prediction allows drawing the following conclusions.

1. Mathematical analysis of the analytical solution for stresses in beam theory allows concluding that
particle breakage can occur due to tensile stress either in the middle or at the boundary of the beam
base, or by shear stress in the middle.

2. Timoshenko's solution for the beam depends on two dimensionless numbers: drag-strength number
κ, Poisson's ratio υ, and shape-Poisson number χ. Analytical expression for maximum stresses at the
beam base are derived. Five areas I, II, III, IV, V distinguish different formulae for maximum tensile
stress in the middle of the beam and on its boundary and allow determining maximum tensile stress.

3. The determined maximum tensile stress can be compared with maximum shear stress using the
breakage regime function, allowing calculating the failure criterion. Here, four breakage regimes can
be distinguished: if tensile-shear ratio exceeds two, breakage is going on by shear stress; if tensile-
shear ratio is lower than one, breakage is going on by tensile stress. Two different regimes can be
distinguished when the tensile-shear ratio is between one and two. The above methodology allows for
applying of maximum tensile and shear strength criterion for an attached particle, which is represented
by an equivalent beam.

4. The critical detachment velocity that breaks a particle of the coal surface is determined by the value
κ of the drag-strength number. The explicit formula determines critical velocity via particle aspect
ratio and bond ratio.

5. Explicit integral formulae express probabilistic distribution of critical detachment velocity via
distribution of the particle properties. The accumulated velocity distribution determines particle
concentration which remain attached for any given velocity. This function reflects the fines generation
capacity of rocks and it is called maximum retention function.

6. Breakage velocities for authigenic/potential fines in coal beds are two times higher than those for
detrital particle detachment.

7. The model coefficients obtained from coreflood data are used for well behaviour prediction. Ignoring
breakage of authigenic fines can lead to significant underestimation of skin factor in production wells.
This error is large at high concentration of attached authigenic particles.
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Fines migration during coal bed methane production: 
mathematical and laboratory modelling, field cases 
Abolfazl HashemiA,*, Bryant Dang-LeA, Cuong NguyenA, Grace LoiA and Nastaran KhazaliA  

ABSTRACT 

Fines migration in coalbed methane (CBM) fields comprises a serious environmental and 
gas-production challenge. The literature widely reports two kinds of fines: potential coal fines, 
which are a part of the coal body and can be detached by breakage under a significant drag force 
exerted from the inflowing water, and detrital coal fines, which are attached to the coal body by 
electrostatic forces. The theory for detrital coal fines migration is well developed. A theory for 
potential coal fines, where the drag deforms the coal asperities and detaches fines by rock failure, 
is not available. The objectives of this study are (1) to derive the governing equations for fines 
generation by breakage using failure criteria, and (2) to predict well productivity during dewatering 
and gas production using laboratory-based modelling. The micro-model developed is based on 
beam theory and comprises static rock deformation by the flow-through water and calculating 
failure criteria by tensile and shear stresses. The failure condition determines the number of fines 
that detach after the application of each flow rate, allowing determining the maximum retention 
function of potential coal fines. The breakage micro-model is incorporated into filtration equations 
that account for fines mobilisation, migration, straining and consequent permeability decline. Eight 
series of lab flooding data with coal cores have been treated. The close match between the lab and 
model validates the model developed. The model allows predicting productivity decline due to 
permeability reduction by fines breakage and straining.  

Keywords: authigenic particles, breakage, coal fines, clay, detachment, fines migration, impedance, 
maximum retention function, porous media, skin factor, stress. 

Introduction 

There are two types of particle fines attached to porous media surface. The first type is 
detrital particles which are already broken off their growing environment and trans-
ported and then attached to a substrate by an electrostatic force (Fig. 1a). The second 
type is called authigenic or potential fines, which have grown and have physical bond to 
a substrate. Fig. 1b–d are scanning electron microscope (SEM) photos of kaolinite 
booklets, flaky illite and iron sulfate minerals growing from a coal fracture surface 
(Nick et al. 1995). The authigenic coal fines are in the form of asperities in the coal 
cleat. In Fig. 1e, the SEM photo of one coal cleat is numerically simulated (Bai et al. 
2015). The white colour is the cleat and the rest is the coal body. After fluid flow through 
the cleat, the created stress inside the body of the coal has been indicated using different 
colours. The red colour indicates that the stress is higher than a critical value, thus failure 
happens. As can be seen in the figure, the base of the asperity has failed and the particle 
can be detached. Although it is difficult to observe the detachment of the authigenic 
particles in lab, there are some images indicating the breakage of authigenic particles.  
Fig. 1f reports the breakage of hairy illite particles after the injection of fracturing fluid 
(Liu et al. 2019). 

There are numerous studies on modelling of the detachment of detrital particles from 
a substrate by drag force against the electrostatic attraction (Bedrikovetsky et al. 2011,  
2012; Bradford et al. 2013). However, there is no model for the fluid velocity required to 
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(a) (b)

(c) (d)

(e) (f )

Fig. 1. SEM images of (a) detrital coal fines on a fracture surface ( Huang et al. 2018), (b) booklets of kaolinite, (c) flaky illite 
crystal, (d) iron sulfate minerals ( Nick et al. 1995), (e) coal cleat used in numerical simulation ( Bai et al. 2015), and (f) hairy illite 
broken after treatment by fracturing fluid ( Liu et al. 2019).   
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detach an authigenic particle by breakage from a substrate. 
This paper fills the gap by presenting a novel mechanism 
of detachment of authigenic particles in porous media. 
The theory for breakage detachment includes a novel 
mathematical model, laboratory procedure compatible 
with mathematical model and upscaling from pore to core. 
This theory integrates elastic beam theory (Timoshenko and 
Goodier 1951) with failure criteria and interaction between 
viscous flow and particle deformation. In the following sec-
tion, we present the methodology to calculate detachment 
velocity for detrital and authigenic particles and the concept 
of maximum retention function (MRF) is developed. The 
complete derivation of the equations can be found in  
Hashemi et al. (2023). 

Methodology 

Detachment velocities 

The detachment of detrital particle is described by a well- 
developed theory. Detrital particles are attached to a sub-
strate by a vertical electrostatic force (Fe). The electrostatic 
force is obtained using the Derjaguin, Landau, Verwey and 
Overbeek (DLVO) theory (Israelachvili 2011). The creeping 
viscous flow creates a horizontal drag force, Fd. Applying 
torque balance for the horizontal drag force and the vertical 
electrostatic force leads to the following equation to calcu-
late the injection velocity for detachment of detrital particle 
(see Hashemi et al. 2023): 

µ
U F l

r f bf
=

6
e e n

f s d M
(1)  

Here ϕ is porosity, ln is the lever arm for the electrostatic 
force, μf is the viscosity of the fluid, rs is an equivalent radius 
of the spherical particle with the same volume, fd and fM are 
the shape factors for drag force and moment, b is the lever 
arm for drag force and equals to the semi-axis dimension of 
the particle vertical to flow direction. We assume the parti-
cle has a spheroidal shape and the equations for the shape 
factors can be found in Ting et al. (2021). 

Fig. 2 shows a spheroidal authigenic particle bonded to a 
substrate. The detachment happens when the bond breaks. 
So to study the detachment, we should know the stresses 
created by the fluid drag force in the bond plane. The 
material of the particle is brittle and shows linear elastic 
behaviour. We assume a cylindrical beam with a base at 
the substrate that extends to the centre of the particle. It is 
further assumed that the fluid drag force is applied at the 
top of the beam in the form of a shear force. The stresses 
for this type of beam are presented by Timoshenko and 
Goodier (1951). The detachment of the particle is obtained 
from the analysis of stresses at the base of the beam (i.e. σz, 
τxz, τyz at z = 0) and applying maximum possible tensile 
and shear stresses as the failure criteria. So the injection 

fluid velocity to detach authigenic particles is calculated 
as follows: 

µ
U T r

f f r
=

12
b 0 b

2

s M d f s
(2)  

Here, δ is the ratio of the bond radius and horizontal semi- 
axis dimension (i.e. rb/a), T0 is the tensile strength of the 
material, αs is the aspect ratio (i.e. b/a) and κ is the 
strength-drag number defined in Hashemi et al. (2023). 

Maximum retention function 

Considering a single value for each parameter in Eqns 1 or 2, 
one value for each detachment velocity (critical velocity) is 
obtained. If we consider a normal distribution for each 
parameter, a distribution for each velocity is obtained. 
Fitting a probability distribution to the velocity distribu-
tions, one function is created for detrital particles i.e. fe(U) 
and one for authigenic particles i.e. fb(U). Following  
Bedrikovetsky et al. (2011, 2012), we introduce the maxi-
mum retention function (MRF). Having the distributions for 
critical velocities, it is possible to obtain at each velocity (U) 
how many particles remained attached to the substrate. The 
amount of attached particles is called MRF and is defined as: 

U f U u f U u( ) = ( )d + ( )d
U Ucr e

0 e
b

0 b (3)  

Here σe
0 and σb

0 are the initial concentration of detrital and 
authigenic particles, respectively. The amount of detached 
particles (Δσn) can be calculated using Eqn 3 after replacing 
the bounds of the integrals with two consecutive velocities 
Un−1 and Un. Here, n is the number of injection rates 
and U0 = 0. 

Spheroidal
particle

Beam

Mb

2rb

Fd

Z

a

bA
X

X

X
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Oσz

τxz

τyz

Substrate

Fig. 2. Schematic of equivalent beam for attached spheroidal particle.  
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Results and discussion 

To treat lab data, the detachment velocity is incorporated 
into the filtration equations. In Russell et al. (2018), the 
filtration equations have been solved to obtain fines mobi-
lisation, migration and straining and the consequent perme-
ability decline. The coreflood tests with piecewise-constant 
increasing flow rate were collected from the literature. In 
total, eight core flood tests on coal rock were analysed. In 
this text, we only present the results of test#SY2 from  
Huang et al. (2017). The cumulative particle concentration 

at the outlet and normalised pressure drop across the core 
divided by velocity (impedance J) are plotted for each injec-
tion rate. The cumulative particle concentration and imped-
ance are matched with the related equations (Fig. 3a, b). 
Consequently, for each flow rate, four tuning parameters are 
obtained; i.e. the concentration of detached particles Δσn, the 
drift delay factor α, the filtration coefficient λ and the for-
mation damage coefficient β. 

The obtained Δσn from laboratory data are matched with 
Δσn obtained from Eqn 3 and six tuning parameters are 
obtained. The tuning parameters are the initial concentration, 
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Fig. 3. Tuning of (a) accumulated concentration, R2 = 0.91 and (b) well impedance, R2 = 0.88. Matching of (c) the 
concentration of detached particles, R2 = 0.7 and (d) MRF, R2 = 0.99. Prediction of (e) the impedance and (f) the skin 
factor for radial flow around the wellbore.   
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the mean value and the standard deviation of the probability 
distribution function for detachment velocities of both detrital 
and authigenic particles. The best tuning parameters should 
give us a good match of both Δσ and MRF. Fig. 3c, d present 
matching of Δσ and MRF. It is expected to detect the detach-
ment of detrital particles at low injection rates and authigenic 
particles at higher rates. So, we first try to match all the lab 
data with just the first part of Eqn 3. If it is not possible to 
match the last points, we apply the second term in Eqn 3. 

Having obtained the formation damage coefficient (β) and 
following the equations derived by Russell et al. (2018) for 
radial flow around a wellbore, the skin growth can be pre-
dicted. For this test, the percentage of initial concentration of 
detrital and authigenic particles are 52% and 48%, respectively. 
Consequently, the well impedance and skin factor due to the 
detrital particle is slightly higher than the authigenic particles 
(Fig. 3e, f). The total well impedance or skin factor is the 
summation of impedance or skin factor created by two mecha-
nisms. Moreover, because the detachment velocity for authi-
genic particles is higher, the related skin happens close to the 
wellbore where the velocity is higher. While for detrital parti-
cles the skin growth can happen deeper into the formation. 

Conclusion 

Development of the theory for the detachment of authigenic 
or potential fines in coalbed methane (CBMs), treatment of 
the experimental data and prediction of well skin factor 
allows drawing the following conclusions:  

1. The developed theory takes into account the shape of the 
particle and the mechanical properties of the material. 
Assuming a distribution of parameters allows obtaining 
the distribution of detachment velocities for both types of 
particles.  

2. Using the concept of maximum retention function (MRF) 
enables us to upscale the detachment model from pore to 
core and well scales.  

3. Analysing eight coreflood tests shows that the detachment 
velocities for authigenic/potential fines in coal beds are 
usually two times higher than those for detrital particles.  

4. Detachment of authigenic fines can have significant 
effect on skin factor in wells. The effect depends on the 

initial concentration and the velocity range achievable in 
well production or injection. Moreover, the skin growth 
due to authigenic particles happens mostly close to the 
wellbore where the fluid velocity is higher but detrital 
particles can create skin deeper into the formation. 
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10. Discussion 

The expansion of the theory of fines detachment in porous media to include authigenic particles 

marks a significant advancement in the field. Prior to this development, literature primarily 

focused on detrital particle detachment, referring to particles attached to a substrate solely 

through electrostatic forces. However, authigenic particles, which are chemically bonded to a 

surface through geological processes such as growth or cementation, were not thoroughly 

addressed in existing literature. A comprehensive review revealed a lack of analytical solutions 

for these particles. Thus, the primary objective of this study is to address this gap by providing 

analytical insights into the detachment behavior of authigenic particles. 

Inspired by the Bonded-Particle Model, we assume that a small cylindrical beam links 

the surface to the midpoint of the particle, with the fluid drag force acting solely upon 

this beam. Employing a linear elastic material model, stress at the beam's cross-section 

is determined using Timoshenko and Goodier’s solution. Additionally, we propose a 

simple failure criterion where points break when subjected to certain limits of tensile 

or shear stress. By employing this criterion, we analytically solve the problem, 

determining both the fluid velocity required to break the first point and the 

corresponding location of this initial failure. We hypothesize that once the first point 

breaks, the bond weakens, leading to instantaneous failure of adjacent points and 

subsequent detachment of the particle. 

By establishing the relationship between breakage velocity and particle properties, we 

can employ this equation across a spectrum of particle distributions, thereby deriving a 

distribution for breakage velocity. Utilizing this velocity distribution, we can integrate 

successive velocities to quantify the extent of particle detachment. Our research team 
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has pioneered this methodology for detrital particles, denoting it as the Maximum 

Retention Function. Extending the application of this approach, the current study 

incorporates authigenic particles into the Maximum Retention Function (MRF) theory. 

This framework facilitates the assessment of fines detachment following fluid injection 

up to specific velocities for each rock sample. Furthermore, through mathematical 

analysis, we align the data to estimate the total detachable fines. 

In this study, Chapter 3 delves into the Maximum Retention Function (MRF) theory 

and its extensive application in modeling fluid flow within porous media. Chapter 4 

marks our inaugural publication on the detachment of authigenic particles, employing 

a 2D beam theory approach. Chapter 5 provides a comprehensive derivation of the 

analytical solution for the 3D beam theory. In Chapter 6, we merge our theoretical 

framework with field data, demonstrating its applicability in enhancing our 

understanding of fines migration phenomena. Chapters 7, 8, and 9 explore various real-

life applications of this theory in geophysics/geo-energy reservoirs, Coal Seam Gas 

(CSG) extraction, and Coalbed Methane (CBM) extraction, respectively. 

The developed theory provides a dependable means of estimating the fluid drag 

necessary for particle detachment, yet it exhibits considerable sensitivity to two key 

parameters: the tensile strength of the bond and the distribution of bond radius. 

Obtaining accurate values for these parameters through experimentation is crucial for 

refining the model's predictive accuracy. For instance, employing high-resolution 

scanning techniques may allow for the precise examination of fine particles, enabling 

the determination of breakage surface and radius, thereby facilitating the calculation of 

the bond's tensile strength. Conversely, laboratory tests can provide data on the tensile 
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strength of the bond, which in turn can inform calculations regarding the distribution 

of bond radius. 

Moreover, a significant insight from this study pertains to the impact of fluid velocity 

on particle detachment. Elevated fluid velocities within porous media amplify the 

significance of authigenic particle detachment, highlighting the dynamic interplay 

between fluid dynamics and particle behavior. 

11. Future works

This study lays the groundwork for further exploration into the detachment of authigenic 

particles in porous media, presenting numerous avenues for future research expansion. Several 

potential areas of investigation include: 

• We assumed that the bond comprises a linear elastic material. Expanding this research to

incorporate elastic-plastic bond materials would offer a broader understanding of particle

detachment behavior. Additionally, the torque balance applied in this study should be extended

to encompass the plasticity characteristics of the material, providing a more comprehensive

analysis of particle detachment mechanisms.

• We take beam cross-section as a cylindrical beam. This may not always be the case. This study

can be easily extended to square cross section of the beam and the results can be compared.

• To date, there have been no laboratory studies that visually document the mechanical

detachment of authigenic particles under the influence of fluid drag forces. A potential avenue

for future research involves conducting experiments using specialized cameras capable of

capturing the detachment of particles due to fluid drag forces.
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• We applied the maximum tensile and shear failure criteria in our analysis. However, there is

potential to explore alternative failure criteria, which may offer a deeper understanding of the

underlying physics of the problem. While incorporating different failure criteria could result in

more complex solutions, it could also lead to a more comprehensive model that better captures

the intricacies of the problem at hand.

• The findings of this study have potential applications on larger scales, such as cylindrical

columns in buildings. Given the concerns surrounding column failure, our analytical solution

offers precise predictions for both the failure force and the initial failure point. Therefore, it

would be advisable to conduct large-scale laboratory tests to validate our findings and ensure

their applicability in real-world scenarios.
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11. Conclusions

Derivation of mechanical equilibrium breakage condition on microscale for authigenic 

particles, development of upscaling procedure for any colloidal-suspension-nano detachment 

of authigenic and detrital fines, and treatment the laboratory data by analytical models for 1D 

transport problems allow drawing the following conclusions. 

1. For detrital fines, where drag and lift detach fines against electrostatic and capillary forces,

probability distribution for physical constants contained by the particle-scale mechanical 

equilibrium of attached particles explains gradual fines detachment during corefloods with flow 

rate increase. The upscaled procedure developed consists of derivation of PDF for detachment 

velocity from individual PDFs of mechanical-equilibrium coefficients, and defining MRF as a 

product of Cumulative Distribution Function (CDF) for detachment velocity and the detachable 

concentration. The resulting stochastic model allows for direct calculation of maximum 

retention function that fully determines the detachment rate, from PDFs of the physical 

mechanical-equilibrium constants. The stochastic model encompasses detachment by rolling, 

sliding, and lifted particles. The stochastic model is represented by MRF of velocity, salinity, 

pH, and temperature. 

2. The stochastic model is based on observation that constant coefficients in mechanical

equilibrium conditions for attached particles yield stepwise MRF. The model reflecting 

observed in laboratory gradual fines detachment and continuous MRF, assumes probabilistic 

distribution for all micro scale parameters. We discuss normal distribution for all parameters, 

with the minimum value set to zero for each parameter. The parameters include particle radius, 
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pore size, aspect ratio, zeta potentials for particle and rock, lever are ratio, and their standard 

deviations.  

PDF detachment velocity can be approximated by log-normal distribution with high accuracy. 

Therefore, MRF has the form of CDF for log-normal distribution. So, MRF is three-parametric, 

which includes the mean and standard deviation of CDF for log-normal distribution, and the 

detachable concentration.   

3. The sensitivity analysis shows that the most influential parameters for the mean and standard

deviation of detachment velocity are the aspect ratio and pore radius. The less influential are 

variation of lever-arm ratio and particle radius.  

An increase in particle radius, pore size, aspect ratio, and lever arm ratio leads to a decrease in 

mean detachment velocity, whereas higher zeta potentials for both particles and rock result in 

its increase. Variations of those 5 parameters result in increase of mean detachment velocity. 

Increase in all five parameters decreases standard deviation of detachment velocity, while 

increase in their standard deviations results in increase of standard deviation of detachment 

velocity.   

4. For four coreflood tests on detrital fines detachment, high accuracy of the agreement between

the lab data and predictions by the stochastic model have been observed. The micro-scale 

tuning parameters (lever-arm ratio and its standard deviation) as well as macroscale filtration 

and formation damage coefficients, drift-delay number and detachable concentration vary in 

the common intervals. This validates the stochastic model for fines detachment. 
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5. For authigenic fines, where the detachment occurs due to breakage, the micro-scale release

conditions are achieved by integration of 3D elastic beam theory, failure maximum stress 

criteria given by tensile/shear strength, and CFD-based modelling of viscous creeping flow, 

that in reality does detach the particles.  

Breakage conditions, where either the tensile or shear stresses reach the strength value, are 

determined by three dimensionless groups: the strength-drag number (κ), the aspect-Poisson 

number (χ), the strength ratio (η), as well as Poisson’s ratio (υ). 

6. Stress maxima are reached at the base of the particle, either at the central axis, Y=0 or at the

base boundary, X2+Y2=1. 

Stress maxima along the axis Y=0 are determined by the aspect-Poisson number χ alone, while 

the maxima at the beam boundary are determined by both the aspect-Poisson number χ and 

Poisson’s ratio υ. Equality of tensile stress maxima at the beam base axes and boundary 

separates the plane (χ,υ), which is called the tensile stress diagram, into five domains, where 

one tensile maximum exceeds the other.   

Shear stress maximum at the central axis of the particle base is always higher than that at the 

boundary.  

7. Employing Timoshenko and Goodier’s stress equations, a novel breakage regime for a

circular bond at the base of the beam is analytically derived. The breakage regime – by either 

tensile or shear stress – is determined by breakage function g(χ,υ), which is the ratio of stress 
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maximum of two tensile maxima and maximum shear. The breakage regime depends on the 

shape-Poisson number, Poisson’s ratio, and the ratio η between tensile and shear strengths. The 

breakage occurs by tensile failure if g(χ,υ)>η, i.e., where the point (χ,η) is located below the 

curve g(χ,υ) in the shear-tensile diagram (χ,η). If the strength ratio exceeds 2, particles are 

detached by shear stress for all values of χ and υ. For strength ratios below two and above one, 

the particles are detached by shear stress for shape-Poisson numbers χ such that η exceeds 

g(χ,υ); for lower aspect-Poisson ratios, particles are detached by tensile stress. For strength 

ratios below one, the particles are detached by tensile stress for all Poisson’s ratios.  

8. The definition of the breakage regime – by either tensile or shear stress, in the base middle

or at the boundary - is independent of flow velocity. For an identified breakage regime, the 

breakage flow velocity is determined by the strength-drag number κ(χ,υ) alone. For a given 

particle shape, the critical breakage velocity is proportional to the strength and particle size and 

is inversely proportional to viscosity. These conclusions are the consequence of the 

assumptions of a Newtonian fluid, elastic beam deformation, and the strength failure criteria.  

9. During bond breakage under increasing velocity, the particles of all shapes detach in order

of decreasing of their radii, i.e., the large particles break first. For particles of the same volume, 

the breakage velocity versus aspect ratio is non-monotonic for spherical particles – very flat or 

almost spherical particles are detached at low flow velocities while the highest flux detaches 

particles with intermediate aspect ratio. However, for long cylinders, the product of drag and 

moment factors by the aspect ratio versus aspect ratio is a monotonically decreasing function, 

and the lower the aspect ratio the higher the breakage velocity. 
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10. A mathematical model for colloidal detachment by breakage is a Maximum Retention

Function (MRF), derived from the formula for breakage flow velocity. 

The breakage MRF allows closing the governing equations for migration of authigenic clays 

with bond failure. The total MRF for authigenic and detrital fines can be determined from 

breakthrough particle concentration during a coreflood with piecewise constant and increasing 

velocity. The determination of the MRF is based on the analytical model for fines mobilisation, 

migration, and straining (size exclusion). Matching the breakthrough curve allows determining 

the MRF along with the filtration coefficient for straining and drift-delay factor.  

11. With simultaneous detachment of authigenic and detrital fines, the MRF is the total of those

obtained from mechanical equilibrium conditions for detachment against electrostatic 

attraction, and by breakage. For weak DLVO particle-rock attraction and high bond strength, 

the total MRF has a velocity plateau, where all detrital particles are already detached and 

authigenic particle breakage hasn’t started yet. For high electrostatic attraction and low bond 

strength, the velocity intervals for detachment by both causes overlap, and the plateau 

disappears.  

For MRF with a plateau, the initial percentage of authigenic and detrital fines is calculated 

directly from the plateau height. For MRF without plateau, the percentage of authigenic and 

detrital fines is calculated by tuning the MRF coefficients. 

12. The model for fines detachment by breakage is validated by the coreflood with 7 constant-

rate injections by the two-population feature of produced particle concentrations. High match 
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of the breakthrough concentrations and pressure drop using the two-population model, tuned 

coefficients within commonly reported intervals, as well as bimodel size distributions of 

produced fines all support the validity of the proposed formulation. 

13. Calculations of breakage velocity and its comparison with field data indicates that breakage

of authigenic particles can occur during CO2 injection for storage, polymer injection into 

oilfields, leak-off of highly viscous fracturing fluids during well fracturing, and waterflooding 

in carbonate oilfields. Fines detachment by breakage during heavy oil production, dewatering 

of coal seams, and well fracturing by water is unlikely. 
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