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Abstract

In this paper we describe the relationship between characters of finitely generated
torsion-free nilpotent groups of class 2 and their completions. In particular we give
a detailed description of this connection for the discrete Heisenberg group.

————— S

1. Introduction

We consider a discrete group G which is nilpotent, finitely generated and torsion-
free. If G is the Mal’cev completion of G, the theory of characters of G is well
understood [6]. How then do we relate the character theory of G to that of G with
the aim of finding a simple description of the characters of G? In fact, the situation
is not simple even in the case when G has nilpotence class 2 since not all characters of
G extend to those of G nor do all characters of G restrict to those of G. To be specific
this paper is concerned with comparing the characters of the discrete Heisenberg
group

1 m p
G=<[0 1 n | :mmnp€eZ
0 0 1
with those of its completion
B 1 a c
G=<1|0 1 b | :a,bceQ
0 0 1

In Section 2, we cover all basic concepts, notation and related matters. In Section 3,
we give some important facts related to the so-called AIC groups of [3]. Next in
Section 4 we introduce the concept of an induced trace of a discrete countable

1 On leave from The Department of Mathematics, Bandung Intitute of Technology, JI1.Ganesha
10, Bandung 40132, Indonesia.
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nilpotent group of class 2. In Section 5, we develop the main theory in which we

deal with a discrete group G which is of class 2, finitely generated and torsion-free.

Finally, in Section 6, using the main theorem in Section 5, we describe some relations

between characters of the discrete Heisenberg group and those of its completion.
All groups in this paper are assumed to be discrete and countable.

2. Notation, terminology and related matters

For subsets A and B of a group G we write | A, B] to denote the group generated
by elements of the form [a,b]:=a"'0"'ab, a € A, b € B. We write Z(G) and 1g
respectively to be the centre and the identity element of G. If G/B is a quotient
group, we write Z(G/B) for the centre of G/B, and Z(G/B)={r € G :[x,G] C B},
where [z, G| :={[z,g]:g9 € G}. We shall write ¥| 4 to denote the restriction of ¢ to a
set A, and B(G) for the set of all bounded complex functions on G. If G is an abelian
group, G~ is the dual of G, that is, the set of all complex homomorphisms from G to
the unit circle.

We recall that a group G is nilpotent if its upper central series defined by
ZNG)=Z(G), and Z¥"'Y(GQ)={r € G:|z,G] C Z¥@Q)} for k € {1,2,...}, termin-
ates after a finite number of steps in G.

A group G is called complete if, for every integer n & 0 and every a € G, the equation
2™ = a has a unique solution. It is known that every torsion-free nilpotent group can
be embedded in a complete torsion-free nilpotent group (|4, page 18]). A minimal
complete torsion-free nilpotent group containing a given torsion-free nilpotent group
G is termed a Mal'cev completion of G (it is unique up to isomorphism), or shortly
a completion of G, and denoted by G. In fact, any element of G is an element some
power of which lies in G (|11, page 256]).

Assume now that the group G is discrete. A positive definite function p:G— C
satisfying ¢(g1g2) = ©(g291) for all g1,92 € G (¢ is central) and p(1g) =1 is called a
trace of G. The set Tr(G) of all traces of G’ equipped with the pointwise topology is
a compact convex set. The extreme points of this set (i.e. those f which cannot be
written as a convex combination of two different traces) are called characters of G.
We denote the set of all characters of G by Ch(G). A character ¢ € G is said to be
Jauthful if k(p)={z € G:p(x)=1}=(1g).

If ¢ is a faithful character of G then, for all g€ G, h e Z(G), p(gh)=p(g)p(h).
Notice that, if ¢ is a character of G, then ® with ©(g)=¢(g), where g:=gk(y),
defines a character of G/k(¢). If g€ G and h€ Z(G/k(p)), then B(gh) =5(g)7(h),
and therefore p(gh) = @(g)@(h).

For a group G, let G be the normal subgroup consisting of all elements with finite
conjugacy classes, that is the set of all z such that 2% :={g~'zg: g € G} is finite. Then,
G is said to be flat if, for every x € G, 2% is a coset of some subgroup of G. The group
is termed a group with absolutely idempotent characters (AIC) if, for every character
@ of G we have |p|* = ||, that is |p(g)| = 1 or |¢(g)| =0 for all g (|3, page 182]). (This
is equivalent to saying that for every character ¢ of G, ¢ = 0 off Z(G/k(p)).) 1t is
straightforward to see that every nilpotent group of class 2 is AIC, and it is well
known that every complete nilpotent group is AIC (|5, theorem 4.2]).

Let H be a normal subgroup of a group G. Suppose that G acts on Tr(H) by
conjugation, that is, if g € G and p € Tr(H), g-@:=p? where p?(h):=p(g 'hg),h€ H.
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A trace ¢ € Tr(H) is called G-invariant if p9 = p for all g € G. 1t is well known that, if
@ is an G-invariant trace of H, then g on G with @|g = ¢ and @ is 0 off H, is a trace of
G (see [16]), and therefore it is easy to show that ¢ extends to some character of G. If
H is not necessarily normal and Ng(H) is its normalizer in G, for a character ¢ of H,
we write Stab,,(G) for the stabilizer of ¢ in G, that is Stab,(G)={g € N¢(H) : 9 = ¢}.

3. Some facts about AIC nilpotent groups
The AIC groups appear to be the most tractable non-abelian nilpotent groups from
the point of view of character theory. Here we give some facts about these groups.
We shall use them in the sequel.

Facr 3-1. Let G be a nilpotent group. Then G is AIC if and only if. for all ¢ € Tr(G),
if |p| =1 on Z(G/Ek(p)), then ¢ = 0 off Z(G/k(p)).

Proof. The part («<=) is obvious. We show the part (=). Let ¢ € Tr(G). Without loss
of generality we can assume that ¢ is faithful. Note that Tr(G) is metrizable since G
is countable. By Choquet’s theorem ([13, page 19])

o= / ¥ du() (3-1)

Ch(G)

where 4 is a probability measure on Ch(G). Suppose that || = 1 on Z(G). From
(3-1) we note that

olz@ = / Ylzc) du(¥).
Ch(@)

Since ¢ is extremal on Z(G), it follows from |13, proposition 1-4] that

supp(p) € {¥ € Ch(G) Y|z = ¢lz@)}-

Now let 1 € Ch(G) such that ¥|z) =¢|z). As ¢ is faithful, we have k() N
Z(G)=(1¢g). Since G is nilpotent, it follows that k() =(1¢), and hence =0 off
Z(G) because G is AIC. Hence ¢ = 0 off Z(G).

ProrosiTioN 3-2. Let G be a group and ¢ € Tr(G). Consider the following statements :
(i) ¢ is a character of G,
(ii) || = 1on Z(G/k(¢)):
(iil) ¢ is @ homomorphism on Z (G [k(p)).
Then (ii) and (iii) are equivalent, and (i) tmplies (ii). If G is an AIC nilpotent group,
then all statements are equivalent.

Proof. The equivalence between (ii) and (iii) is obvious. The fact that (i) implies
(i) is also obvious. Suppose that ¢ satisfies condition (ii). By Fact 3-1, ¢ =0 off
Z(G/k(p)). But then the argument in the proof of Fact 3-1 also shows that ¢ is a
character of G since it follows from ¢ = f(‘h(G) ¥ du(y) that ¢ =1 for some 1 € Ch(G).
Thus (i) holds.

The following proposition characterizes the elements of Ch(G) when G is AIC and
nilpotent.
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ProrosiTioN 3-3. Let G be an AIC nilpotent group. Then a complex function ¢ is a
character of G if and only if there exists a normal subgroup B <G and faithful character
(injective homomorphism) x on Z(G/B) such that

)~ {x@ if 5 Z(G/B)
0 otherwise.

Proof. The part (=) is obvious. For the part (<), since @ is a trace of G, then it is
a character by Proposition 3-2.

ProvrosirioN 3-4. Let H be a wilpotent group and N be a subgroup. Let 1) be a
character of H, and p:=1|n. Suppose that N is AIC. Then ¢ is a character of N if and
only if Z(N/k(p)) € Z(H/k(1)))

Proof. The part (<) follows from Proposition 3-2 since ¢ is a homomorphism
on Z(N/k(p)). For the part (=), suppose on the contrary that there exists an
x € Z(N/k(p)) \ Z(H/k()). By Proposition 3-2, |p(x)| = [¢p(x)| = 1. This contradicts
the fact that |1(z)| < 1 ([5, proposition 2.6]).

JOROLLARY 3-5. Let G be a torsion-free nilpotent group. Then, every ¢ character of G

extends to a character of GZ (G). If G is AIC, every character of GZ (G) restricts to a
character of G.

Proof. The first statement is straightforward, while the second one follows from
Proposition 3-4.

4. The induced trace of a nilpotent group of class 2

Let N be a normal subgroup of a nilpotent group H of class 2. We discuss here the
concept of an induced trace of H by a trace of V. This clearly has connections with
induced representations. However, for simplicity, we ignore the connections here.

ProposiTioN 4-1. Let H be a group and N be a subgroup (which is not necessarily
normal tn H). Let ¢ be a trace of N. Suppose that, for all x € H, we define ¥ on H by

. o(h~'zh) if h'zh e N
Y*(h) = ,
0 otherwise.

If M is an invariant mean on B(G), then ¢ with
px)=M@*), zeH
s a trace.

Proof. We shall show first that ¢ is positive definite. Since for ay, as,...,a, €C,
hi,hs, ..., hy, € H we have

Zaa] whh (Zaa‘ﬂ/)hh 1)
4,j=1 1,7=1

it suffices to show that Z;tjzi aiajwh"hfl >0. Let € H, and g;:=x"'h; for every
i€ {1,2,...,n}. Let Nx;, Nxs,..., Nx,, be different right cosets of N such that
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U Ng;= U, Nz,. Let forevery k € {1,2,...,n0}, St ={91, 92, ..., 9n} N Nz, and
write Sy ={gx,i:7=1,2,...,|Sk|}. Since d)hih;l(:ﬁ) =0 ifg,»g;1 ¢ N, we have

n 0
p ! ra% .
Z aiaﬂbhihj (z)= Z Z ak,iak,jcp(gk,igk,;)-
=1 k=1 gi,i,gk,; €Sk
But forevery k€ {1,2,....no} andi € {1, 2., [Su[}. gii = weswp for some wi; €N,

so that gkﬂ-gk = Wk, Zwk . Therefore

o

Somut =3 Y aaselm)) >0

i,j=1 k=1 ije{1,2,...,|Sk|}
as @ is a positive definite function on N.
We shall next show that ¢ is central. Fix x,y € G. Let ;9" be the left translation
of ¥® by y. Let h be an arbitrary element of H. If h~'(yzy~')h € N , then
GO (h) ="y~ h) = o((y~ h) ey h)
= (b~ (yay~")h) = v (h).
If h=Y(yxy=')h & N then

A () =0y~ ) =0 =4 (h).
Therefore,
Slymy ") =M (Y™ ) = M(,0") = M(¥") = d(x)
forall z,y € H.
We need the following two facts.
Facr 4-2. (|8, page 38]). Let G be a topological group and f be a continuous function
m B(G). If f is weakly almost periodic, then all invariant means on B(G) agree at f.

Facr 4-3. (|14, theorem 3.1]). Let G be a topological group. Then a continuous
Sfunction f e B(G) is weakly almost periodic if and only if lim;lim; f(z;y;) and
lim; lim; f(x,y;) are equal whenever they both exist.

We also recall that every nilpotent group G has an invariant mean on B(G) (|7,
page 517]).

ProprosiTioN 4-4. Let H be a nilpotent group of class 2, N <H and ¢ € Tr(N). Sup-
pose that for all x € H, " is as in Proposition 4-1. Then all invariant means on B(H)
agree on P”.

Proof. In view of Fact 4.2, we shall show that, for all x € H, ¥* is weakly almost
periodic, and for this we will employ Fact 4-3. Suppose now that there exists sequences
(h;) and (g;) in H such that lim; lim; ¢5; (g;) and lim; lim; ¥y (g;) both exist. We will
show that they are the same. It is enough to consider this for x € N. Then we have

Y (higs) = (gj_'h‘_]xhigj)
= ¢(g; 'al, hilg;)
(gj :Ugj x, h; )
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so that, since lim; ¥*(h;g;) exists, we have
lim i * (higy) = limlim (g, '2g;) (2. i)
= lim (@([x, i) lim w(gjlng))
= (lilm o([z, hi])) <lijm gp(g;lxgj)) .
We also have the same limit for lim; lim; ¥*(h;g;).
We now have the following definition.

DeriNiTION 4-5. Let N, H and ¢ be as in Proposition 4-4. An induced trace ¢ T8
of H by ¢ is defined by

¢ 1N (@)=M@"), zeH

where M is an invariant mean on B(H).

We next consider the following lemma whose proof is a simple modification of that
of [9, theorem 18.10].

LeMMA 4-6. Let G be a countable group. Suppose that S is a subspace of B(G) on
which all left invariant means of B(G) agree If M is a left invariant mean of B(G

then there exists an increasing sequence ( of Sinite subsets of G with U2, U,, = G and
M(f)= lim U Z flg
n—o0 | | =
Jorall feS.

THrEOREM 4-7. Let H be a discrete, countable, nilpotent group of class 2. Let N <« H
and ¢ € Tr(N). Then

p(x) ifz € A(p: N, H)
0 otherwise

¢ TN (96):{

where A(p; NyH)={x € N :p(|z,h])=1,Yhe H}.

Proof. Since N < H, * =0 if z ¢ N. We now consider the value of ¢ 7 on N.
By Lemma 4-6, there exists an increasing sequence (F},) of finite subsets of H with
US| F,, = H such that for all z € H,

P 1N (@)= lim |F| > Wk
heF,

If h € H, then @}, with ¢, (z)=¢(|z,h]), z € N, is a complex homomorphism on the
abelian group N/[N, G]. blnce

P (h) = e(h™'xh) = p(x[x, h]) = p(z)e([z, h]),
we have

H —
P TN (@)= (@) lim — |F| Y enla)
heF,
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As H is discrete, I''=Cl{y), : h € H} is a compact group, and
Jim = 3 @) = [ ) d
heF,

where pr is the normalized Haar measure on I'. Now let
A(p; NyHy={x € N :v(z) = 1,Vy €T}
If x € A(: N, H), then clearly [.~(x)d, (v) = 1. If x ¢ A(¢); N, H), then ~(x) # 1 for
some vy €', and
[ @ =20 [ 25 00 )
so that [.7(x)d,. () =0. Therefore we find that, for z € N,

pla) if € Alp: N, H)
0 otherwise

¢ TN (:c):{

where A(p; N, H) is given by
A(p; N, H)={x € N:p([z,h]) =1,Vh € H}.

5. The main results

We recall that all groups we are considering here are assumed to be discrete and
countable.

THEOREM 5:-1. Let H be a nilpotent group of class 2, N <« H and ¢ € Ch(N). Then,
o 18 is a character of H if and only if, for all x & N, there exists some h € H such that

[x,h]€N and ([z,h])£1. (5-2)

Proof. Let ¢ 18 be a character of H. By Proposition 3-3, there exists a subgroup
B<H such that Z(H/B) C A(p; N, H) C N, and for x € Z(H/B), ¢(z) =1 if and only
if € B. Now let x ¢ N. Then there exists an hy € H such that |z, h| ¢ B. Since
[z,ho| € Z(H/B), |x,hy] €N and ¢(|x, hy]) 1, so that the condition (5-2) holds.
Suppose, conversely, that the condition (5-2) is satisfied. Set B:=k(p) N A(p; N, H).
If he H, be B, then

p(h™'bh) = p(b[b, h]) = @(b)p([b, h]) = 1.
As A(p; N, H) < H, it follows that B< H. If x € A(p; N, H), then
|z, H] C k(o) N A(p: N, H) = B,

so that A(p: N, H) C Z(H/B). Let x € Z(H/B). that is o([z, h]) = 1 for all he H.
Then, it follows from condition (5.2) that £ € N, and hence x € A(p; N, H). Therefore
A(p; N,H)=Z(H/B). Now we notice that A(p; N, H) C Z(N/k(¢)), so that ¢ is a
complex homomorphism on Z(H/B) satisfying, for x € Z(H/B), p(z) = 1 if and only
if € B. Hence ¢ T is a character.

LEMMA 5-2. Let S be a nilpotent group and A QS such that |S,S|C A. Let ¢y,
s € Ch(S) with ¢, and s agreeing on A. Then there exists v € (S/A)” such that
1= Y.



532 Harvyono TANDRA AND WiILLIAM MORAN

Proof. This is an immediate consequence of |5, lemma 2.2].

LemMA 5-3. Let H be a nilpotent group of class 2 and N <H. Let ¢ € Ch(N), and write
Sy for Staby,(H). Then, for every 1p € Ch(S,) such that |n = ¢, Tgi s a character
of H.

Proof. If 24S,, then there exists n€ N such that @z~ 'nx)+p(n), that is
o(lz,n])*=1 or ¢([x,n]) + 1. Thus, according to Theorem 5-1, Tgw is a character.

In view of Lemma 5-3, we have a map s: ¢ — s(p), where
s()={¢ € Ch(H):¢ =1 1§ for some ¢ € Ch(S,) with 9|y = ¢}.

Then we have the following lemma.
Lemma 5-4. For all ¢ € Ch(H), ¢ € s(p) for some ¢ € Ch(N).

Proof. Let ¢ € Ch(H). We will set ¢ € Ch(N) and ¢ € Ch(S,) such that ¢|y=¢
and ¢ =1 Ti. Let N; be the subgroup generated by Z(H/k($)) and N. Let ¢, be
a character of Ny which extends ¢y :=¢|zm/ks). We shall show that p:=¢ |y is a
character of N. By Proposition 3-4, it suffices to show that Z(N/k(v)) C Z(N;/k(¢1)).
Let 2 € Z(N/k(p)). Let g:=[]¥in;, where [] is a finite product, ¢; € Z(H/k(¢)) and
n; € N. Then we have

erllz, g1) = o1 (1o, T tim)

= [ ez ez, ni)
o | I EXAE(ERA)
= 1.

Thus x € Z(N{/k(p1)), and we have proved that ¢ is a character of N. Now let
g€ Z(H/k($)) and z € N. Then [g, 2] € N N k(1) C k(). so that

o9~ "'zg) = e(z[z, g]) = p(@)@([, g]) = ().

Thus Z(H/k(¢)) C S,, and hence N; C S,,. Observe that Ny <.S,,. We shall now show
that ¢ is Sy-invariant. Let g € S, and z:= [[¢;n; € Ny, where [] is a finite product,
l; € Z(H/k(¢)) and n; € N. Notice that Z(H/k(p)) C Z(N,/k(p1)) and [Ny, H] C
Z(Ny). Thus we note that

er@) = [Tente (TTm:)

and

ez, g)) = [ [ g [ [ e1(ni g1) = [ [ o1 (Imis gD
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Hence we have

ei1(9”'zg) = @1 ()¢ ([, g])

= H% )1

= ¢i(w),
which shows that ¢, is Sw—invariant. Let 1 be a character of S, which extends ¢;.
Since ¢ and ¢ agree on Z H/k: )and [H, H| C Z(H/k(¢)), we observe that
A Sy, {mGS (|, H]) = (1)} = ZH/k:
Therefore ¢ = T{;L € s(gp)‘

Let H be a nilpotent group of class 2, and N < H such that [H, H| C N. Let s be
the map defined earlier, and for ¢ € Ch(V), let

S(N/IH H) W)= | st

YE(N/|H,H])™
Then § defines a map from (N/[H, H])”—orbits of Ch(N) onto
D:={s((N/[H, H])"¢):¢ € Ch(N)}.

THEOREM 5-5. For such N and H, we have the following facts.

(i) The map 5 is a 1-1 correspondence, and ® is a decomposition of Ch(H).

(i) For every o€ Ch(N) such that {x€ H:p([x,H])=(1)}=[H, H], s(p) is a
singleton, that is s(p) = {18}, Moreover, if ¢ =~yp, for some v€ (N/|H, H))
then s(py) = s(p2).

(In case Z(H) C N, the theorem also works if we replace the group [H, H] with Z(H).)

Proof. We shall show (i). Let ¢, and ¢, be characters of N such that

S((N/IH, H]) 1) NS(N/[H, H|)"¢2) + .
Then s(yi1¢1) N s(12p2) = & for some v;,v: € (N/[H, H]|)". Suppose that TS7 o=
s Tgmoz for some 9 € Ch(S,,) and ¢, € Ch(S,,) with ¥(|n =711 and ¥s|n = Yaips.
Since [H, H| C N, ¢y and 9, agree on [H, H], so that v,¢( and vz agree on [H, H].
Hence, by Lemma 5-2, there exists v € (N/[H, H]) such that v,0; =7y2. Thus
(N/|H,H]) @1 =(N/|H, H])” 2. We conclude that all elements in © are mutually
disjoint sets and 5 is a 1-1 correspondence. By Lemma 5-4, © is a decomposition of
Ch(H).

We shall now show (ii). Let ¢ € Ch(N). Since all v's, where ¥ € Ch(S,) and
YN = ¢, agree on [H, H| C N, it follows that all A(¢y:S,, H)'s are the same, that is
{zeS,:¢(z,H|)=(1)}. According to the given condition, this common set is con-
tained in N, and hence equal to {x € N : ¢([z, H]) = (1)} = A(¢; N, H). Thus s(¢) has

exactly one element, that is p T4. If ¢, =y, f01 some such 7, since ¢; and @, agree
on [H, HJ, it is clear that s(y) = s(ps2).
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Let G be a finitely generated, torsion-free, nllpotent group of class 2, and G be its
completion. It is important to note that Z(G) Z(G) (|12, theorem 1]). We abbreviate
for Z(G) and Z (G) respectively as Z and Z. We then have the following notation and
facts for the next theorem:

Ch((G)={p € Ch(G): p(Z) = (1
Chy(G ) {p € Ch(G):

Chi(GZ)={¢ € Ch(GZ):(Z) = (1)},
Chy(GZ)={¢ € Ch(GZ):9(Z) + (1)},
Chy(GZ)={) € Ch(GZ):(Z) * (1),%(Z) = (1)},

hi(G):={p € Ch(G): ¢
(hZ(G) {¢ € Ch(G): $(Z
hy(G)={¢ € Ch(G): $(Z) % (1), 6(Z) = (1)}.

Facr 5-6. Let G be a torsion-free, nilpotent group of class 2.
(i) Every character in Chy(G) extends uniquely to a character in Chy (GZV ), and every
character in Chl(GE ) extends to a character in Chy(G).
(i1) Hwvery character in Chy(G) extends to a character in Chy(GZ).
(iii) Hvery character in Chl(GZ) (resp. Chg(GZ)) restricts to a character in Chy(G)
(resp. Che(G)), and every character in Chy (é) restricts to a character in Chy(GZ).

Proof. For the first part of (i), let ¢ € Ch;(G). Define ¥ with (gz)=p(g). g€ G,
= Ifgi,9:€G, 2z, 2o € Z such that g, z; = g229, then g;lgl = zzzfl €eZNG=Z, %0
that (g, 'g1) = @(222; ') =1, and hence P(g,2;) = P(g222) as @ is a homommphlsm We
see therefore that © is a well defined homomorphism on Z GZ/k =GZ.so that g ®
is a character in Ch, (GZ) which extends ¢. This @ is unique, for 1f¢ € Ch, (GZ) such
that 1|¢ = ¢, then ¥ = 4% for some v € (GZ/G) by Lemma 5-2, and hence vz =1,
which implies v = 1. For the second part of (i), let 1 € Ch, (GZ) Asy(Z ) (1), ¥ is
é—invariant, so that by Fact 3-2, this extends to some character of G. Part (ii) follows
immediately from the first part of Corollary 3-5. The first part of (iii) follows from
the second part of Corollary 3-5, while the second part is 0bv10u% according to Pmpo

sition 3-4, for if ¢ € Chy(G) and ¢:=¢| 3, then Z(GZ/k()) C G = ZG/k:

Let s;, 5y and ® be the maps s, 5 and decomposition ® defined earlier, where, at
this point N and H are G and GZ respectively, and instead of the (G/[G, G]) -orbits
we rather consider the (G/Z) -orbits (see the comment following Theorem 5-5). Also,
let s5, 52 and Dy be the same maps and the decomposition, with N = GZ and H = G
where we consider the (GZ/Z)A—orbits instead of the (QZ/[G, G1)”-orbits. We now
define a (GZ/G)A * —action on Dy as follows. If 6 € (GZ/G)™ and ¢ € Ch(GZ),

8 52((GZ) Z) ) =52((GZ | Z2)"60)).

Consider Ch(G) decomposed into Ch(G) and Chy(G); Ch(GZ) into Ch1(GZ~),
Olla(GZ) and Ch)(GZ); Ch(G) by Ch, (G) Chz(G) and Ch)(G). Since every 1) € Ch(GZ)
and ¢ € 5(¢) agree on Z, we have ¢ € Chi(GZ) if and only if s(¢)) C Ch{(G), and
1 € Chy(GZ) (resp. Ch, (G'Z)) if and only if s(1)) C Chy(G) (resp. Chy(G)). Let D,
and D » denote the images of 5 restricted to (G/Z) —orbits of Ch(G) and Chy(G)
respectively. Let D, ; and D, » denote the images of 5, restricted to GZ/E) “—orbits
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of Ch(GZ) U Chfz(GZ) and Chy(GZ) respectively. Notice that {911,912} and
{D2,1,D2,5} decompose D, and D, respectively.

For each ¢ €Ch(G) (resp. Chy(G)) we shall fix ¥ as a representative of those
members of Chy(GZ) (resp. Chy(GZ)) which extend . Also, for each ¢ € Ch{(GZ) we
shall fix ¢ as a representative of those members of Ch;(G) which extend .

TurEOREM 5-7. Let G be a finilely generated, torsion-free, nilpotent group of class 2,
and let G be its completion. Then we have the following correspondences.
(i) There is a 1-1 correspondence between Chy(G) and the G/GZ “—orbit space of
Chy(G) according to the map

o — (G/GZY

where P is a representative of those members of Ch (G) which extend .

(ii) Suppose that G satisfies [z, G| = Zfor all x & Z. Then there is a 1-1 correspond-
ence between the GZ/Z “—orbit space of Ch(G) and the GZ/G * —orbit space
of {Ch{(G)} U Chy(G) U Chy(G). Specifically:

(a) the (GZ/Z) “—orbit space of Ch((G), which is the singleton {Chy(G)}, corres-
ponds with the (GNZ/G)A x —orbit space of {Ch((G)} U Ch}(G). which is the
singleton {{Chy(G)} U Chy(G)}: and

(b) the GZ/Z foﬂm‘ space of Chy(G) corresponds in a 1-1 way wilh the

GZ/G * —orbit space of (‘h_(G) according to the map

(GZ)ZY ¢ — (GZ]G)" % 52().
Proof. We shall first show (i). By the first part of each Fact 5-6(i) and Fact 5-6(iii),

the map ¢ — P is a 1-1 correspondence between Ch;(G) and Ch,(GZ). Noting the
second part of Fact 5-6(i), we have a map r: qp — r(¢), Y € Ch|(GZ), with

={¢€Chi(G): dlaz = ¥},

that is, by Lemma 5-2, 7(v)) G/GZ ~9. Clearly, this map is injective. It follows
from the second part of Fact 5-6(iii) that this map is a surjection from Chl(GZ) onto
G/GZ -orbits of Chy (G) and hence (i) follows.

We shall now show (ii). Suppose that G satisfies |z, C:’J =Z for all z ¢ Z. Then we
notice that for all 1) € Chy(GZ)UChLY(GZ),

{zeG:¢(z,G) = (1)} =[G,G] =

and by Theorem 5-5(ii), s2(¢) is a singleton, so that we can identify it as an element of
Chy(G) G)UChy(G ) For convenience, we first show part (b). Consider the dual (GZ/Z)~
of GZ/Z G/(GN Z)= G/Z which acts both on Chy(G) and Chy(GZ). First note
that we have a 1-1 map from (GZ/Z) -orbits of Chy(G) onto D, », with

(GZ)2Y 0 —5i(GZ]2) ) = (GZ/G)(GZ|2)" P
(The equality follows immediately from Fact 5-6(ii), the definition of s and
Lemma 5-2.) Let {¢a faca be a set of all representatives of (GZ/Z) -orbits of Chy(G).

For every a € A, let g, denote a representative of the characters in Chy(GZ) which
extend ¢, . Then we notice that

D, ={(GZ/G)(GZ|Z) B, :ac A}
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which is a decomposition of Chg(GZ). Next, we also have a 1-1 map from (GZ/Z) =
orbits of Cha(GZ) onto Ds s = Chy(G), with
(GZ)Z)% — 5:((GZZ) ) = salt).
(The equality follows from Theorem 5-5(ii).) Then the relation
(GZ/GY(GZ|2) 9 = (GZ| 2 (GZ|G) 7 — ®((GZ/G)"9) = (GZ/G) "+ 5:(7)

defines a map o from ®, » onto (GZ/G) “x-orbits ChQ(é). Hence the map o 05, is the
desired 1-1 correspondence for part (b). B

For part (a), let us fix ¢, € Ch(G). Since GZ/Z =G/Z, it follows that (GZ/Z)AQO() =
Ch{(G). Then we have the following association:

Chi(G) = (GZ)Z) oy — 51(GZ/ 2 pu) = (GZ)G)(GZ ] Z) 5.
(The equality follows immediately from Fact 5-6(i), the definition of s and
Lemma 5-2.) Here, {(GZ/G) (GZ/Z) 3} =D, ={Ch(GZ) U Chy(GZ)}. We also
have a map from (GZ /Z) -orbits of Ch,(GZ)UCh,(GZ) onto D, ; = {Ch,(G) }UChL(G),
with
(GZ)2) — %:((GZ/Z)4).
where EQ(LC?Z/E)’M), by Fact 5-6(i) and Lemma 5-2, is equal to Chy(G)ify € Chl(~G2)

(since (GZ/Z) "¢ =Chy(GZ)). and equal to s,(1)) (which is a singleton in Chy(G)) if
1 € Chy(GZ). Then we have a map 7 from Dy, onto (GZ/G) *-orbits of {Ch{(G)} U

Chy(G), with

(GZ|GYGZ]Z) By — {Ch(G)} U U 52(6%y)
se (GZ/G)A\{I(GZ/G)A}

{Ch(G)} U Ch}(G)

(GZ]G) "% {Chy(G)}.

Thus, the map 7035 is the desired map for part (a).

6. Characters of the discrete Heisenberg group and of its completion

Consider the discrete Heisenberg group G, that is

1 m p
G=<¢|0 1 n|:mmnp€eZ
0O 0 1

This is finitely generated, torsion-free and nilpotent of class 2. Then the completion
Gof Gis

N 1

G=4¢10

0

S = 2

c
b|:a,b,ceQ
1

That G arises (implicitly or explicitly) in various situations in analysis. It effect-
ively gives rise to the irrational rotation C*-algebras ([15]). In fact these are quotient
algebras of the C*-group algebra of G. Its completion G is the rational Heisenberg
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group. Whereas the character theory of G is complicated by subgroups of finite in-
dex (in Z but then also in G), no such subgroups exist in G and so the character
theory of the rational Heisenberg group is in principal much simpler. Of course the
dual of Q is involved in the description of Ch(é) and this complicates it but this
object is just another abelian compact group. Thus to understand the relationship
between the “simpler” character theory of the rational Heisenberg group and the
more complicated theory of the integer Heisenberg group helps elucidate the latter.

For that G, we shall look at the characters in both Ch(G) and Ch(G) and the rela-
tion between them. Since Ch(G) = Prim(C*(G)) and Ch(G) = Prim(C*(G)) (see [3, 5]),
we also have the same relationship between primitive ideals of C*(G) and C*(G) as
between the characters of these two groups.

We first consider the following fact.

FA( T 6-1. Let G be a torsion-free nilpotent group with centre of rank 1
i) If @ is a character of G, then k(o) = (1g) @fand only if Z(G/k(p)) = Z(G).
(ii) If @ is a character of G. then either Z(G/k(@)) = Z(G) or k(@) D Z(G)

Proof. For (i), the palt (=) is obvious. For the part (<), let k(p) #+ (1¢). Choose
some zy € Z*(G) \ Z(G). Since k(¢) N Z(G) is of finite index in Z(G), there exists a
positive integer n such that

for all g€ G. This implies z{l € Z(G/k(yp)) for some n. Since G is torsion-free, so is
Y(G)/Z(G) (see Warfield [17, 2.2]), so that zf ¢ Z(G). Hence Z(G/k(v)) D Z(G).
For (ii), suppose that Z(G) C Z(G/k(®)). As G/k(p) is nilpotent, we have
Z(G/k(@) N ZQ(é) > Z(G).
Now choose ¥, € (Z(G/k(@) N Z2(G)\Z(G). Then there exists ge? such that
Yo, 9] F1a. As Z(Q) is of rank 1, let Z(G) (z()) Since [yo, 9] € Z(G), it follows

that [yo, g|" € Z(G) for some n, so that [y, g|" = 2% for some k =% 0. Writing g = y* for
some y € G, we have

[0, ] = Yo,y ] —Z<l)c~

Since G'is torsion-free, [y, y|" = zp. Now let z € Z(é). Then z* = 2" for some £ and
m # 0. Writing y™ = u* for some u € G, we have

25 = [y, y1™™ = (Yo, y™ 1" = [Yo, u']™ = [0, u]™

Thus, z = [yo, u] = [yo, u"| as G is torsion-free. This shows that Z(é) C [yo, é] Since
YEZ G/k , we have Z(G) C k().

Fact 6-1 is helpful in reducing the computation of characters of torsion-free nilpo-
tent groups with centre of rank 1. The characters of the discrete Heisenberg group G
are well understood (|2, 10]), so are the characters of G (see |1, example 2-4]). With
the aid of Fact 6-1 and Proposition 3-3, we can also find the characters of both G
and G.

A faithful character ¢ of G is of the form

e>mivp ifm=n=20

0 otherwise

p(m,n,p) = {
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where 7y, is an irrational number mod Z; while a non-faithful character ¢ of G is of
the form

ezm(a%%%ﬂﬂp) ifm,neqZ, pe’Z

0 otherwise

p(m,n,p)= {

where «, (3, ¥y are real numbers mod Z, v, = s/q for some s, q € Z with (s,q) = 1.
Let Q™ be the dual of the rationals Q. (See [9, 25.4], for the dual of Q.) Then a
character @ of G is of the form

d(c) ifa=b6=0

0 otherwise

a@a@={

for some 6 €Q™; or
o(a, b, c) = di(a)dz(b)

for some 4y, 6, € Q™.
Using Theorem 5-7, we shall now see how characters of G correspond to those of
G. We write the following for convenience:

Ch((G) = {(e, 3,0), : 0, BER/Z}
and

Cha(G) = {(e, B, )0 v, BER/Z,y € Q/Z,~ ¢ L}
U {(0,0,9):v€ (R/Z) \ (Q/Z)}.

A triple with a subscript n’ indicates that this is non-faithful, and that with a
subscript " indicates that this is faithful. Now let (Q7); be the subset of Q™ consisting
the faithful elements. Let (Q7)s be the subset of Q7 containing every non-faithful
element such that the restriction to Z is not equal to 1, and (Q7)3 be the subset of
Q" containing every non-faithful element such that the restriction to Z is equal to 1.
Then we note that

Chy(G) = Q" x Q" x (6),

Chy(G) = ((0) x (8) x Q7)) U((0) x () x (Q7)2),

and

Chy(G) = (8) x (8) x ((Q7)s\(9)

where Ch(G), Chy(G), Chy(G) are notation defined earlier, and 6 is the trivial homo-
morphism in Q™. By Theorem 5-7(i), all characters in Ch(G) correspond in a 1-1 way
to all (Q/Z)” x (Q/Z)” x (#))-orbits of Ch(G) according to the map

(o, 3,000 — ((Q/Z)” x (Q/Z)” x (B))(a, 3,0).

By Theorem 5-7(ii)(a), (Z~ x Z~ x (0))-orbits of Ch((G) (which is the single orbit
{Ch{(G)}) corresponds to ((0) x (8) x (Q/Z)7)-orbits of {Ch(G)} U Chy(G) (which is
the single orbit {{Ch;(G)} U Ch}(G)}) according to the map

(R/Z x RJZ x (0)), — {Q x @ x ()} U (6) x (6) x (Q/Z)"\{6}).
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By Theorem 5-7(ii)(b), all (Z~x Z~ x (0))-orbits of Chy(G) correspond in a 1-1 way to
all ((0) x (0) x (Q/Z)7)-orbits of Chy(G) according to the map

(Z™X L™ x (0))(, B,7)n = (R/Z X R/Z x {y}) — (0) x (0) X (Q/Z)” * 5((cx, B, 7))
and
(Z™X 27 % (0))(0,0,7)r = ((8) x (8) x {7})r — (0) x (8) x (Q/Z)"* 5((0,0,7)).
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