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We study the phase transition from two-flavor nuclear matter to quark matter. A mean field model, constructed
at the quark level, is used to give the equation of state for nuclear matter, while the equation of state for color
superconducting quark matter is calculated within the NJL model. It is found that at low temperature, the phase
transition from nuclear to color superconducting quark matter will take place when the density is of order
2.5ρ0–5ρ0. At zero density, the quark phase will appear when the temperature is larger than about 148 MeV.
Within the mean field treatment, the phase transition from nuclear matter to quark matter is always first order,
whereas the transition between color superconducting quark matter and normal quark matter is second order.

DOI: 10.1103/PhysRevC.75.045202 PACS number(s): 21.65.+f, 25.75.Nq, 12.38.Mh, 12.39.−x

I. INTRODUCTION

Hadronic matter is expected to undergo a phase transition to
quark matter at high temperature and/or high baryon density.
Quark matter may exist in the core of neutron star where the
density is high or it may be produced in the laboratory in
heavy ion collisions. In quark matter, the presence of a weak
attraction between the quarks will result in the formation of
a condensate of quark pairs. Pairs of quarks cannot be color
singlets, and in QCD with two flavors of massless quarks, the
Cooper pairs favor the formation of a color 3̄, flavor singlet
condensate. The color superconductivity of quark matter has
been discussed in many places in the literature (see, for
example, [1–4] and references therein).

The phase diagram for chiral symmetry restoration, in-
cluding possible color superconductivity, for quark matter
containing just u and d quarks, was discussed in Refs. [5,6],
where a rich phase structure was obtained. It was shown
that at high temperature, chiral symmetry was restored via
a second-order phase transition. At low temperature, the phase
transition was first order and at this time, a new phase with
a condensate of Cooper pairs appeared. However, we should
notice that this phase transition is not a transition from hadronic
matter to quark matter but a transition from chiral symmetry
breaking quark matter to chiral symmetry restored quark
matter. We know that in the real world, there is no quark matter
at low density and temperature, rather the chiral symmetry
breaking quark matter should be replaced by hadronic matter.
Therefore, when studying the phase diagram, the equations of
state (EOS) of hadronic matter are needed.

To study the properties of hadronic matter we need
phenomenological models, since QCD cannot yet be used
directly. The symmetries of QCD can be used to constrain the
hadronic interactions and models based on SU(2)L × SU(2)R
symmetry and scale invariance have been proposed. These
effective models have been widely used to investigate nuclear
matter and finite nuclei, both at zero and at finite temperature
[7–9]. Papazoglou et al. extended the chiral effective models
to SU(3)L × SU(3)R , including the baryon octet [10,11].

As well as models based on hadronic degrees of freedom,
there are others based on quark degrees of freedom, such
as the quark meson coupling model [12,13], the cloudy bag
model [14], the Nambu-Jona-Lasinio (NJL) model [15] and
the quark mean field model [16], etc. Several years ago, a
chiral SU(3) quark mean field model based on quark degrees
of freedom was proposed by Wang et al. [17,18]. In this model,
quarks are confined in the baryons by an effective potential.
The quark-meson interaction and meson self-interaction are
based on SU(3) chiral symmetry. Through the mechanism
of spontaneous symmetry breaking the resulting constituent
quarks and mesons (except for the pseudoscalars) obtain
masses. The introduction of an explicit symmetry breaking
term in the meson self-interaction generates the masses of
the pseudoscalar mesons, which satisfy the relevant PCAC
relations. The explicit symmetry breaking term in the quark-
meson interaction gives reasonable hyperon potentials in
hadronic matter. This chiral SU(3) quark mean field model
has been applied to investigate nuclear matter [19], strange
hadronic matter [17], finite nuclei, hypernuclei [18], and
quark matter [20]. Recently, we improved the chiral SU(3)
quark mean field model by using a microscopically justified
treatment of the center of mass correction [21]. This new
treatment has been applied to the study of the liquid-gas
phase transition of asymmetric nuclear matter as well as
strange hadronic matter [22,23]. By and large the results are
in reasonable agreement with existing experimental data.

As we know, the phase transition between hadronic matter
and quark matter can only occur at high density or temperature.
As the density grows, one expects that the nucleons will begin
to overlap. This is expected to be a source of short distance
repulsion and correlations. Such effects are also encountered
in atomic physics and a method of estimating the effect was
introduced in Ref. [24]. This was later applied in the context
of dense nuclear matter by [25] and we also use this method to
estimate the importance of the effect. As we will show later,
this procedure generates a repulsive interaction between the
nucleons and increases their chemical potentials in nuclear
matter.
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In this paper, we study the phase transition from nuclear
matter to quark matter. The effect of nucleon finite size is
considered in nuclear matter and color superconductivity is
discussed in quark matter. Since this is the first time we study
the volume effect on the phase transition in our model, we
restrict our investigation to just two flavors, without including
strange quarks or hyperons. The paper is organized in the
following way. Section II sets out the formalism of the NJL
model which is applied to describe quark matter. In Sec. III
we introduce the SU(3) quark mean field model which is used
to describe nuclear matter—although in this work only the
nonstrange sector of the model is required. The effect of finite
nucleon size is discussed in this section. The numerical results
are presented in Sec. IV. Section V is the summary.

II. NJL MODEL

In order to study the color superconductivity of quark
matter, we choose the NJL model, within which it is simple to
incorporate the diquark condensate in the Lagrangian. The
Lagrangian density for the SU(2) NJL model [26] can be
written as

£1 = ψ̄
i

α(iγ µ∂µ − M)ψα
i + G1

[
ψ̄

i

αψα
i ψ̄

j

βψ
β

j

− ψ̄
i

αγ5(τa)ji ψ
α
j ψ̄

k

βγ5(τa)lkψ
β

l

] − B ′, (1)

where M is the current mass matrix of the u and d quarks, τa

(a = 1 − 3) are the Pauli matrices. B ′ is the parameter which
will give a reasonable bag constant, B, in quark matter. In
order to describe the diquark condensate, the interaction of the
color 3̄ fermion bilinears should be added. This four-fermion
interaction can be written as

£2 = G2
[
(ψ̄

T
)iβCγ 5εαβγ εij ψ̄

j

γ

]
(ψT )kρCγ 5εαρσ εklψ

l
σ , (2)

where C denotes the charge conjugation matrix. In the above
equations, G1 and G2 are the coupling constants.

From the above Lagrangian, the thermodynamic po-
tential 
, which determines the field equations can be
obtained. It is convenience to introduce bosonic collec-
tive fields into the functional integral to make the four
fermion interaction into a fermion-boson coupling. We
follow Ref. [5] to employ a Hubbard-Stratonovich trans-
formation, in which the collective fields are introduced
into the functional integral by inserting the following
identities:

1 = N1

∫
Dφqexp

{
i

∫
d4p

(2π )4

(
φq

2
− G1ψ̄

i

αψα
i

)

× 1

G1

(
φq

2
− G1ψ̄

i

αψα
i

) }
, (3)

1 = N2

∫
D∗

qDqexp

{
i

∫
d4p

(2π )4

×
(

∗α
q

2
− G2

[
(ψ̄

T
)iβCγ 5εαβγ εij ψ̄

j

γ

])

× 1

G2

(
α

q

2
− G2(ψT )iβCγ 5εαβγ εijψ

j
γ

) }
. (4)

The quadratic terms in Eqs. (3) and (4) cancel the original four-
fermion interaction. As a result, the four-fermion interaction
is cast into a Yukawa interaction between fermions and
collective fields and a mass term for the collective fields.
The fermionic fields then appear only quadratically and can
be integrated out exactly, leaving an effective action for the
bosonic collective fields alone. Having done the Gaussian
integral for the fermions, the thermodynamic potential 
q

reads


q[φq,q ; T ,µ] = 1

4G1
φ2

q + 1

4G2
2

q + B ′ + i

2
ln det


γ µpµ + γ 0µq − (mq + φq) �q

�∗
q [γ µpµ + γ 0µ0 − (mq + φq)]T


 .

(5)

Disregarding the γ matrix, the matrix of the last term of the
above equation is 12 × 12. �q is a 6 × 6 matrix whose matrix
elements are (�q)iα,jβ = Cγ 5qεij ε

3αβ , where i, j are flavor
indices and α, β are color indices.

The thermodynamic potential can be obtained by using
imaginary time Green function method, with p0 = (2n +
1)π/β (β = 1/T ). After performing the sums of the
Matsubara frequencies, the thermodynamic potential 
 is
written as


 = 1

4G1
φ2 + 1

4G2
2 −

∑
τ=u,d

∫
p2dp

π2

×
{
Eτ + T ln(1 + e−β(Eτ −µτ )) + T ln(1 + e−β(Eτ +µτ ))

+
√

ζ 2
τ+ + 2 + θ (ζτ−)

√
ζ 2
τ− + 2

+ 2T ln(1 + e−β
√

ζ 2
τ++2

)

+ 2T ln(1 + e−βθ(ζτ−)
√

ζ 2
τ−+2

)

}
+ B ′, (6)

where ζτ± = Eτ ± µτ ,Eτ = √
m∗2

τ + p2 with m∗
τ = mτ0 + φ

and θ (x) is a step function defined as

θ (x) =
{

1 x > 0

−1 x < 0.
(7)

The quark condensate 〈ψ̄ψ〉 is related to φ via φ =
−2G1〈ψ̄ψ〉.
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In the four fermion interaction, form factors are not included
[5]. Following Ref. [6], we introduce a cutoff, �q to regulate
the above integral. After minimizing the thermodynamic
potential with respect to φ and , the following gap equations
can be obtained:

m∗
τ = mτ0 + 4G1

∫
m∗

τp
2dp

π2Eτ

{
1 − nF (Eτ ) − n̄F (Eτ )

+ ζτ+√
ζ 2
τ+ + 2

τ

[1 − 2nd (ζτ+)]

+ θ (ζτ−)ζτ−√
ζ 2
τ− + 2

τ

[1 − 2n̄d (ζτ−)]

}
, (8)

τ = 4G2

∫
p2dp

π2

{
τ√

ζ 2
τ+ + 2

τ

[1 − 2nd (ζτ+)]

+ θ (ζτ−)τ√
ζ 2
τ− + 2

τ

[1 − 2n̄d (ζτ−)]

}
, (9)

where nF (Eτ ) and n̄F (Eτ ) are the quark and antiquark
distributions, respectively, expressed as

nF (Eτ ) = {exp[(Eτ − µτ )/T ] + 1}−1, (10)

n̄F (Eτ ) = {exp[(Eτ + µτ )/T ] + 1}−1. (11)

The function nd (ζτ+) and n̄d (ζτ−) are defined as

nd (ζτ+) = {
exp

[√
ζ 2
τ+ + 2

τ /T
] + 1

}−1
, (12)

n̄d (ζτ−) = {
exp

[
θ (ζτ−)

√
ζ 2
τ− + 2

τ /T
] + 1

}−1
. (13)

From the thermodynamic potential 
, the pressure and quark
density can be obtained as pQ = −
 and ρτ = ∂
/∂µτ . One
can define baryon density as ρN = 1

3 (ρu + ρd ). In the chiral
limit, the current quark mass mu0 = md0 = 0. In this case,
Eq. (8) has a trivial solution m∗ = 0. The gap equation for q

also has a trivial solution  = 0. Therefore, for the massless
quark, at some range of chemical potential or baryon density,
there exist four sets of solutions: A. m∗ �= 0, �= 0; B.
m∗ �= 0, = 0; C. m∗ = 0, �= 0; D. m∗ = 0, = 0. The
system favors being in the phase with lowest thermodynamic
potential. By comparing the thermodynamical potentials, one
finds that the system will be in the phase with m∗ �= 0, = 0
at low chemical potential (temperature) and in the phase with
m∗ = 0 at large chemical potential (temperature). However, at
low chemical potential (temperature), the system cannot be in
the quark phase but in the hadronic phase. Therefore, we need
to replace the EOS for chiral symmetry breaking quark matter
by that for hadronic matter.

III. NUCLEAR MATTER

For hadronic matter it is possible to work from the quark
level, as in the quark meson coupling model or even in the NJL
model. However, in the NJL model it is essential to incorporate
the effect of confinement (for example through proper time
regularization) in order to avoid a chiral collapse [15]. In the

present work we adopt the more common hybrid approach and
use the SU(3) quark mean field model in the hadronic phase.
In that model the total effective Lagrangian is written

Leff = Lq0 + LqM + L�� + LVV + LχSB + Lms

+Lh + Lc, (14)

where Lq0 = q̄iγ µ∂µq is the free part for massless quarks.
The quark-meson interaction LqM can be written in a chiral
SU(3) invariant way as

LqM = gs(�̄LM�R + �̄RM+�L)

− gv(�̄Lγ µlµ�L + �̄Rγ µrµ�R)

= gs√
2
�̄

(
8∑

a=0

saλa + iγ 5
8∑

a=0

paλa

)
� − gv

2
√

2
�̄

×
(

γ µ

8∑
a=0

va
µλa − γ µγ 5

8∑
a=0

aa
µλa

)
�. (15)

In the mean field approximation, the chiral-invariant scalar
meson L�� and vector meson LVV self-interaction terms are
written as

L�� = −1

2
k0χ

2(σ 2 + ζ 2) + k1(σ 2 + ζ 2)2

+ k2

(
σ 4

2
+ ζ 4

)
+ k3χσ 2ζ − k4χ

4 − 1

4
χ4

× ln
χ4

χ4
0

+ δ

3
χ4ln

σ 2ζ

σ 2
0 ζ0

, (16)

LVV = 1

2

χ2

χ2
0

(
m2

ωω2 + m2
ρρ

2 + m2
φφ2

)
+ g4(ω4 + 6ω2ρ2 + ρ4 + 2φ4), (17)

where δ = 6/33; σ0, ζ0 and χ0 are the vacuum expectation
values of the corresponding mean fields σ, ζ , and χ .

The Lagrangian LχSB generates nonvanishing masses for
the pseudoscalar mesons

LχSB = χ2

χ2
0

[
m2

πFπσ +
(√

2m2
KFK − m2

π√
2
Fπ

)
ζ

]
, (18)

leading to a nonvanishing divergence of the axial currents
which in turn satisfy the partial conserved axial-vector current
(PCAC) relations for π and K mesons. Pseudoscalar, scalar
mesons and also the dilaton field χ obtain mass terms by
spontaneous breaking of chiral symmetry in the Lagrangian
(16). The masses of u, d, and s quarks are generated by the
vacuum expectation values of the two scalar mesons σ and ζ .

In the quark mean field model, quarks are confined in
baryons by the Lagrangian Lc = −�̄χc�. χc(r) is a
confinement potential, i.e., a static potential providing the
confinement of quarks by meson mean-field configurations. In
the numerical calculations, we choose χc(r) = 1

4kcr
2, where

kc = 1 GeV fm−2. The Dirac equation for a quark field �ij

under the additional influence of the meson mean fields is
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given by

[ − i �α · �∇ + βχc(r) + βm∗
i ]�ij = e∗

i �ij , (19)

where �α = γ 0 �γ , β = γ 0, the subscripts i and j denote the
quark i (i = u, d, s) in a baryon of type j (j = N,�,�,�).
The quark mass m∗

i and energy e∗
i are defined as

m∗
i = −gi

σ σ − gi
ζ ζ + mi0 (20)

and

e∗
i = ei − gi

ωω − gi
φφ, (21)

where ei is the energy of the quark under the influence of
the meson mean fields. The effective baryon mass can be
written as

M∗
j =

∑
i

nij e
∗
i − E0

j , (22)

where nij is the number of quarks with flavor “i” in a
baryon j and E0

j is adjusted to give a best fit to the free
baryon mass.

Based on the previously defined quark mean field model
the Lagrangian density for nuclear matter is written as

L = ψ̄(iγ µ∂µ − M∗
N )ψ + 1

2∂µσ∂µσ + 1
2∂µζ∂µζ

+ 1
2∂µχ∂µχ − 1

4FµνF
µν − 1

4ρµνρ
µν

− gωψ̄γµψωµ − gρψ̄Bγµτ3ψρµ + LM, (23)

where

Fµν = ∂µων − ∂νωµ and ρµν = ∂µρν − ∂νρµ. (24)

The termLM represents the interaction between mesons which
includes the scalar meson self-interaction L�� , the vector
meson self-interaction LVV and the explicit chiral symmetry
breaking term LχSB, all defined previously. The Lagrangian
includes the scalar mesons σ, ζ and χ , and the vector mesons
ω and ρ. The interactions between quarks and scalar mesons
result in the effective nucleon mass M∗

N . The interactions
between quarks and vector mesons generate the nucleon-vector
meson interaction terms of Eq. (23). The corresponding vector
coupling constants gω and gρ are baryon dependent and satisfy
the SU(3) relationship: g

p
ρ = −gn

ρ = 1
3g

p
ω = 1

3gn
ω.

At finite temperature and density, the thermodynamic
potential is defined as


 = − kBT

(2π )3

∑
N=p,n

∫ ∞

0
d3�k{ln(1 + e−(E∗

N (k)−νN )/kBT )

+ ln(1 + e−(E∗
N (k)+νN )/kBT )} − LM, (25)

where E∗
N (k) =

√
M∗2

N + �k2
. The quantity νN is related to the

usual chemical potential, µN , by νN = µN − gN
ω ω − gN

ρ ρ.
The energy per unit volume and the pressure of the system are,
respectively, ε = 
− 1

T
∂

∂T

+ νNρN and pH = −
, where ρN

is the baryon density.
The mean field equation for meson φi is obtained by the

formula ∂
/∂φi = 0. For example, the equations for σ, ζ are

deduced as

k0χ
2σ − 4k1(σ 2 + ζ 2)σ − 2k2σ

3 − 2k3χσζ − 2δ

3σ
χ4

+ χ2

χ2
0

m2
πFπ −

(
χ

χ0

)2

mωω2 ∂mω

∂σ

−
(

χ

χ0

)2

mρρ
2 ∂mρ

∂σ
+ ∂M∗

N

∂σ
〈ψ̄ψ〉 = 0, (26)

k0χ
2ζ − 4k1(σ 2 + ζ 2)ζ − 4k2ζ

3 − k3χσ 2 − δ

3ζ
χ4

+ χ2

χ2
0

(√
2m2

kFk − 1√
2
m2

πFπ

)
= 0, (27)

where

〈ψ̄ψ〉 = 1

π2

∫ ∞

0
dk

k2M∗
N

E∗(k)
[nn(k) + n̄n(k)

+ np(k) + n̄p(k)]. (28)

In the above equation, nN (k) and n̄N (k) are the nucleon and
antinucleon distributions, respectively, expressed as

nN (k) = 1

exp[(E∗(k) − νN )/kBT ] + 1
(29)

and

n̄N (k) = 1

exp[(E∗(k) + νN )/kBT ] + 1
(N = n, p). (30)

In the vacuum, the thermodynamic potential can have another
solution where σ = 0, ζ = 0 and χ = 0. The energy
difference of these two kinds of vacua is

E = LM (σ = 0, ζ = 0, χ = 0) − LM (σ = σ0,

ζ = ζ0, χ = χ0). (31)

It is interesting that the calculated value E is close to the
bag constant of quark matter. (The numerical values of E

are listed in Table II.)
In the same way, the equations for the vector mesons, ω and

ρ, can be obtained:

χ2

χ2
0

m2
ωω + 4g4ω

3 + 12g4ωρ2 = gN
ω (ρp + ρn), (32)

χ2

χ2
0

m2
ρρ + 4g4ρ

3 + 12g4ω
2ρ = 1

3
gN

ω (ρp − ρn), (33)

where ρp and ρn are the proton and neutron densities,
expressed as

ρN = 1

π2

∫ ∞

0
dkk2[nq(k) − n̄q(k)](N = p, n). (34)

In nuclear matter, when the density is high, the volume
of the nucleon is important. The nucleon cannot be treated
as a point-like particle. The excluded volume effect has been
considered in Ref. [25]. The key point is that the pressure of
a system with excluded volume is the same as that of a point
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particle system, pH (T , µ̃), if the chemical potentials of these
two systems have the following relationship:

µ = µ̃ + v0pB(T , µ̃), (35)

where v0 is the volume of a nucleon. pB(T , µ̃) is the pressure
generated by baryons, i.e., pB(T , µ̃) = pH − LM . The
baryon density, entropy density and the energy density of the
system (without meson contribution) are given by the usual
thermodynamic expressions. We find the following relations:

ρB =
(

∂pB

∂µ

)
T

=
(

∂pB

∂µ̃

)
T

∂µ̃

∂µ
= ρ̃B

1 + v0ρ̃B

, (36)

SB =
(

∂pB

∂T

)
µ

=
(

∂pB

∂T

)
µ̃

+
(

∂pB

∂µ̃

)
T

(
∂µ̃

∂T

)
µ

= S̃B

1 + v0ρ̃B

, (37)

εB = TSB − pB + µρB = ε̃B

1 + v0ρ̃B

. (38)

When the effect of the finite volume of the nucleon is included,
the scalar density, 〈ψ̄ψ〉, in Eq. (26) becomes

〈ψ̄ψ〉 = 1

π2(1 + v0ρ̃B)

∫ ∞

0
dk

k2M∗
N

E∗(k)

× [nn(k) + n̄n(k) + np(k) + n̄p(k)]. (39)

The phase transition from hadronic matter to quark matter is
determined by the following conditions:

pH = pQ, µp = 2µu + µd, µn = µu + 2µd. (40)

We should mention that at finite temperature, gluons make
an important contribution to the pressure of quark matter.
The gluon contribution to the pressure of quark matter is
expressed as

pg = 8

3π2

∫ ∞

0
dk

k3

ek/kBT − 1
. (41)
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B
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FIG. 1. Effective quark mass and superconducting energy gap
calculated in the NJL model versus baryon density at zero tempera-
ture.

TABLE I. Parameters of the SU(3) quark mean field model.

R(fm) k0 k1 k2 k3 k4 gs gv g4

0 3.97 2.18 −10.16 −4.15 −0.14 4.76 8.70 15.0
0.6 3.95 1.83 −10.16 −4.56 −0.10 4.76 8.70 15.0
0.75 3.94 1.40 −10.16 −5.13 −0.03 4.76 8.70 15.0

IV. NUMERICAL RESULTS

In the NJL model, �q is chosen to obtain the quark
condensate 〈q̄q〉 = −250 MeV. G1 is determined by the
bold quark mass in vacuum mq = 350 MeV. There is
some uncertainty in the coupling constant G2. The instanton
interaction suggests G2/G1 = 1/2, while in Ref. [5], this ratio
is 3/4. In our calculations we choose G2/G1 = 0.6, which is
close to that of Ref. [6]. The parameter B ′ is determined by
choosing the bag constant of quark matter to be 209 MeV,
i.e., pQ(m∗

q = 0, µq = 0) = −(209MeV)4. The numerical
values of these three parameters are �q = 634.7 MeV, G1=
5.6 GeV−2, and (B ′)1/4 = 605.7 MeV. As for the nuclear mat-
ter phase, the parameters in the Lagrangian, which are shown
in Table I, are determined by the saturation properties and
the meson masses in vacuum. The corresponding nuclear
matter properties and scalar meson masses are listed in Table II.

In Fig. 1 we plot the nonzero solutions for the effective
quark mass and energy gap versus baryon density at zero
temperature. From the figure, one can see that the effective
quark mass decreases continuously to zero with the increasing
density. The energy gap also changes continuously with the
density. However, at low temperature, the effective quark mass
cannot decrease to zero continuously, as shown in Fig. 1.
The energy gap cannot change continuously either—there is
a first order phase transition. We have mentioned in Sec. II
that there are four kinds of solutions to Eqs. (8) and (9). At
a given chemical potential the system will be in the phase
with the lowest thermodynamic potential (highest pressure). In
Fig. 2 we plot the pressure versus quark chemical potential for
the four kinds of solutions at zero temperature. The solid,
dashed, dotted, and dash-dotted lines are for m∗ = 0, = 0
(phase D); m∗ = 0, �= 0 (phase C); m∗ �= 0, �= 0
(phase A) and m∗ �= 0, = 0 (phase B), respectively. At
small chemical potential, the system will be in the phase B:
 = 0,m∗ �= 0. At large chemical potential, the system will
be in the phase C:  �= 0,m∗ = 0. The phase transition takes
place when the chemical potential is about 342 MeV. Because
this chemical potential is smaller than the effective quark mass
in phase B, the density of this phase is zero. The effective mass
and the energy gap versus chemical potential are shown in

TABLE II. Nuclear matter properties and scalar meson masses
in the SU(3) quark mean field model.

R
(fm)

ρ0

(fm−3)
E/A

(MeV)
M∗

N/MN K
(MeV)

(E)1/4

(MeV)
mσ

(MeV)
mζ

(MeV)

0 0.16 −16.0 0.742 303 220.2 487.8 1168.0
0.6 0.16 −16.0 0.731 359 215.5 490.0 1173.4
0.75 0.16 −16.0 0.713 473 209.5 491.6 1181.2
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FIG. 2. Thermodynamic potential of quark matter versus quark
chemical potential, µq , at zero temperature. The solid, dashed, dotted,
and dash-dotted lines are for m∗ = 0,  = 0, m∗ = 0,  �= 0, m∗ �=
0,  �= 0, and m∗ �= 0,  = 0, respectively.

Fig. 3. At the transition point, µq = 342 MeV, the changes in
these quantities are discontinuous.

With increasing temperature the energy gap will decrease.
Figure 4 shows the energy gap versus density at different
temperatures. When the temperature is larger than about
52 MeV the Cooper pairs cannot form and the energy gap
disappears. Figure 5 shows the corresponding phase diagram.
The solid and dashed lines indicate first and second order phase
transitions, respectively. At low temperature, the transition
from phase B to phase C is of first order. The transition
from phase C to phase D is second order. This means that the
two p-µ curves, corresponding to phase C and D, turn into a
single curve at the transition point. We should mention that the
result of the second order phase transition is an artifact of the
mean field approximation. Early in 1974, Halperin, Lubensky,
and Ma showed that the superconducting to normal phase
transition cannot be the second order [27]. In fact, this phase
transition must be of the first order when gauge field fluctuation
is included [28–31]. At high temperature the effective mass
drops to zero continuously. The two p-µ curves of phase B
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FIG. 3. Effective quark mass and superconducting energy gap
versus quark chemical potential at zero temperature.
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FIG. 4. Superconducting energy gap versus baryon density at
different temperatures.

and D turn into one curve smoothly and they do not cross each
other as at low temperature.

However, this phase diagram is for the transition from quark
matter to quark matter, not for the transition from nuclear
matter to quark matter. In nuclear matter the “elementary
particles” are protons and neutrons. The equations of state
for quark matter and nuclear matter are different. The energy
per baryon for nuclear matter is shown in Fig. 6, where
nucleon volume effects are considered. The three curves
correspond to the nucleon radius R = 0, 0.6 fm and 0.75 fm,
respectively. The inclusion of finite volume effects makes the
EOS for nuclear matter harder and generates a strong repulsive
interaction between nucleons.

The p-µ curves for nuclear matter and quark matter at zero
temperature are shown in Fig. 7. The three solid curves are
for nuclear matter and the two dashed lines for quark matter.
If the nucleons are treated as point particles, there is no phase
transition between nuclear matter and quark matter in this
model. The chemical potentials for the nucleons are always
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FIG. 5. T-µ phase diagram for quark matter. The solid line stands
for the first order phase transition and dashed lines stand for the
second order phase transition. B, C, and D correspond to the different
phases explained in the text.
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FIG. 6. The energy per baryon of nuclear matter versus baryon
density. The radius of the nucleon is chosen to be 0, 0.6 fm and
0.75 fm, respectively.

smaller than the corresponding sums of quark potentials.
When the volume effects are included, the nucleon chemical
potentials will be increased and there is a first order phase
transition between color superconducting quark matter and
nuclear matter. The T -µ phase diagram for the transition
between nuclear matter and quark matter is shown in Fig. 8.
The solid and dashed lines indicate first and second order phase
transitions, respectively. The letter H indicates the hadronic
phase of nuclear matter. When the chemical potential is zero,
the nuclear matter will turn into quark matter at temperature
T = 148 MeV. At low temperature, the phase transition from
nuclear matter to color superconducting quark matter will
take place when the nucleon chemical potential, µN , is about
1.5–1.7 GeV.

Figures 9 and 10 show the T -ρ phase diagram for R =
0.6 fm and 0.75 fm, respectively. Since the phase transition is
of first order, the densities of nuclear matter and quark matter
are different. There is a coexistence state, M, in the figures. For
the case of R = 0.6 fm, at zero temperature, when the nuclear
density is about 0.76 fm−3, quark matter starts to appear with
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FIG. 7. Pressure of nuclear matter and quark matter versus
chemical potential. The solid lines are for nuclear matter and dashed
lines are for quark matter.
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FIG. 8. T-µ phase diagram for nuclear matter and quark matter.
The solid lines are for first order phase transition between nuclear
matter and quark matter. The dashed line is for the second order
phase transition between superconducting quark matter and normal
quark matter. H is for the phase of nuclear matter and C and D are for
the quark phases.

density around 1.17 fm−3. For the case R = 0.75 fm, the
corresponding densities of nuclear matter and quark matter are
0.44 fm−3 and 0.85 fm−3. From our calculation, we conclude
that at low temperature, when the nuclear density is of order
2.5ρ0–5ρ0, where ρ0 is the saturation density of symmetric
nuclear matter, there will be a phase transition. Since the phase
transition between color superconducting quark matter and
normal quark matter is of second order, the density remains
the same during the phase transition.

In our calculation, most parameters are fixed by well known
physical quantities. Besides the nucleon radius R, there is
only one parameter, the bag constant, which will sensitively
affect the transition density and temperature. We discuss how
the bag constant affects the transition temperature at zero
baryon density. From Fig. 11, one can see that with increasing
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FIG. 9. T-ρ phase diagram for nuclear matter and quark matter.
The radius of nucleon is chosen to be 0.6 fm. H is for the phase of
nuclear matter. M is for the mixed phase. C and D are for the quark
phases.
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FIG. 10. T-ρ phase diagram for nuclear matter and quark matter.
The radius of the nucleon is chosen to be 0.75 fm. H is for the phase
of nuclear matter. M is for the mixed phase. C and D are for the quark
phases.

temperature, the pressure of nuclear matter at zero baryon
density increases very slowly. Until the temperature is around
180 MeV, the pressure remains low. However, for quark matter,
the pressure increases very fast when the temperature is larger
than about 90 MeV. This is because the quark mass is much
smaller than the nucleon mass. If the bag constant lies in the
range 180 < B1/4 < 230 MeV, the transition temperature at
zero baryon density is in the range 130 < T < 170 MeV. In
other words, if the transition temperature is about 150 MeV
the bag constant will be around (210 MeV)4 which means that
our choice of bag constant is reasonable.

V. SUMMARY

We have investigated the phase transition from nuclear
matter to quark matter. The SU(3) quark mean field model,
including nucleon volume effects, has been applied to get the
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FIG. 11. Pressure of nuclear and quark matter at zero baryon
density versus temperature. The solid lines are for quark matter with
the different bag constants. The dashed line is for nuclear matter.

EOS of nuclear matter. Color superconducting quark matter
has also been studied, using the NJL model. The parameters in
the models are determined by well known physical quantities.
We now summarize the main results.

The phase transition between nuclear matter and quark
matter is of first order. There is no critical temperature
above which the phase transition is of second order. The
so-called second order phase transition is a transition from
chiral symmetry breaking quark matter to chiral symmetry
restored quark matter. However, in the real world, at low
density or temperature, there is no chiral symmetry breaking
quark matter, but rather one has nuclear matter. Therefore, the
phase transition from nuclear matter to quark matter is always
a first order transition, since the EOS of nuclear and quark
matter are different.

The effects of the finite volume of the nucleon are very
important, especially at high density. The volume effects
generate a strong repulsive interaction between the nucleons
and increase their chemical potentials. The transition density is
sensitive to the nucleon radius. In our numerical calculations,
we chose R = 0.6 fm and 0.75 fm. At low temperature,
when the nuclear density is of order 2.5ρ0–5ρ0, the color
superconducting quark phase will appear with a density
0.4 fm−3 larger than that of nuclear matter.

Besides the nucleon radius, the phase transition is also
sensitive to the bag constant B. If the bag constant is in the
range 180 MeV < B1/4 < 240 MeV, the transition temperature
will be 130 MeV < T < 170 MeV. The bag constant B can be
explained as the energy difference, E, between two kinds of
vacua. In the SU(3) quark mean field model, the calculated
E is reasonable, giving a transition temperature around
150 MeV.

At low temperature, when the density increases, the nuclear
matter will always turn into color superconducting quark
matter. When the temperature is larger than about 52 MeV,
the superconductivity phase disappears. The transition from
normal quark matter to color superconducting quark matter is
of second order, while the transition from nuclear matter to
quark matter is of first order.

In conclusion, we note that our discussions concerning
the order of the phase transitions investigated here have been
based upon mean field theory. In fact, for the transition from
superconducting quark matter to normal quark matter, with
the gluon field fluctuation, this transition must be of the first
order. It clearly will be important to explore such effects in the
current model. In addition, we have presented results without
any consideration of strangeness. As strange quarks may be
expected to appear at perhaps 2.5 to 3 times normal nuclear
matter density (for matter in beta equilibrium, as in a neutron
star), it will also be of interest to extend the present model to
include strange quarks.
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