
Efficient Embeddings of Meshes and
Hypercubes on A Group of Future Network

Architectures

Yawen Chen

The School of Computer Science

The University of Adelaide

28 November, 2008



Contents

Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

Acknowledgments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

Publications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

1 Introduction 15

1.1 Network Embedding . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

1.1.1 Definitions and Embedding Metrics for Network Embedding . . 15

1.1.2 Embeddings of Meshes and Hypercubes . . . . . . . . . . . . . 19

1.1.2.1 Meshes . . . . . . . . . . . . . . . . . . . . . . . . . 19

1.1.2.2 Hypercubes . . . . . . . . . . . . . . . . . . . . . . 20

1.1.3 Challenges for Embedding on Double-loop Networks . . . . . . 22

1.2 Network Embedding on Optical Networks . . . . . . . . . . . . . . . . 24

1.2.1 WDM Optical Networks . . . . . . . . . . . . . . . . . . . . . 24

1.2.1.1 WDM Technology and RWA Problem . . . . . . . . 24

1.2.1.2 Optical Architectures for Parallel Computing . . . . . 27

1.2.2 Embedding from Logical Topology to Physical Topology . . . . 31

1.2.3 Challenges for Embedding Hypercubes on WDM Optical Net-

works . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

1.3 Main Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

1.3.1 Embedding Meshes/Tori on Double-loop Networks . . . . . . . 35

1.3.2 Embedding Hypercubes on WDM Optical Networks . . . . . . 36

1.4 Impact of This Research . . . . . . . . . . . . . . . . . . . . . . . . . 38

1.5 Thesis Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

1



2

2 Embedding of Meshes and Tori on Double-Loop Networks 40

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

2.2 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

2.2.1 Double-loop Networks . . . . . . . . . . . . . . . . . . . . . . 42

2.2.2 Meshes and Tori . . . . . . . . . . . . . . . . . . . . . . . . . 43

2.3 Construction of P-shape on Double-loop Networks . . . . . . . . . . . 44

2.3.1 Motivation for Construction of P-shape . . . . . . . . . . . . . 44

2.3.2 Parameters of P-shape for Double-loop Networks . . . . . . . . 47

2.3.2.1 Base m1 and Height m2 . . . . . . . . . . . . . . . . 47

2.3.2.2 Shift τ . . . . . . . . . . . . . . . . . . . . . . . . . 48

2.3.2.3 Copy Distance h . . . . . . . . . . . . . . . . . . . . 48

2.3.3 Node Distance . . . . . . . . . . . . . . . . . . . . . . . . . . 50

2.4 Embedding of Meshes on P-shape of DL(N ; 1, s) . . . . . . . . . . . . 50

2.4.1 Pshape(m1,m2, τ, h) for DL(N ; 1, s) . . . . . . . . . . . . . 51

2.4.2 Node Mapping Function . . . . . . . . . . . . . . . . . . . . . 52

2.4.3 Expansion, Dilation and Congestion . . . . . . . . . . . . . . . 54

2.4.3.1 Expansion . . . . . . . . . . . . . . . . . . . . . . . 54

2.4.3.2 Dilation and Average Dilation . . . . . . . . . . . . . 54

2.4.3.3 Congestion . . . . . . . . . . . . . . . . . . . . . . . 56

2.4.4 Case Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

2.4.4.1 s < m1 . . . . . . . . . . . . . . . . . . . . . . . . . 57

2.4.4.2 s > m1 . . . . . . . . . . . . . . . . . . . . . . . . . 58

2.5 Embedding of Tori on P-shape of DL(N ; 1, s) . . . . . . . . . . . . . . 58

2.6 Construction of P-shape for DL(N ; s1, s2) . . . . . . . . . . . . . . . . 60

2.6.1 Pshape(m1,m2, τ, h) for DL(N ; s1, s2) . . . . . . . . . . . . 61

2.6.2 Pshape(m1,m2, τ, g · h) for DL(N ; s1, s2) if gcd(s1,m1) 6= 1 . 62

2.7 Extended P-shape on DL(N ; 1, s) and DL(N ; s1, s2) . . . . . . . . . . 65

2.8 Comparison . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

2.8.1 P-shape vs. L-shape . . . . . . . . . . . . . . . . . . . . . . . 66

2.8.2 P-shape Embedding vs. Simple and Snake-like Embedding . . . 67



3

2.9 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

2.10 Application Extensions . . . . . . . . . . . . . . . . . . . . . . . . . . 69

2.10.1 Large Meshes . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

2.10.2 Embedding Other Topologies on Double-loop Networks . . . . 70

2.10.3 Other Application Extensions . . . . . . . . . . . . . . . . . . 70

3 Embedding of Hypercubes on Array-based WDM Optical Networks 71

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

3.2 Bidirectional Hypercube and Unidirectional Hypercube . . . . . . . . . 74

3.3 Hypercubes on WDM Linear Arrays . . . . . . . . . . . . . . . . . . . 75

3.3.1 Bidirectional Hypercubes on Linear Arrays . . . . . . . . . . . 76

3.3.1.1 Lower Bound . . . . . . . . . . . . . . . . . . . . . 76

3.3.1.2 Wavelength Assignment Algorithm . . . . . . . . . . 76

3.3.2 Unidirectional Hypercubes on Linear Arrays . . . . . . . . . . 78

3.3.2.1 Lower Bound . . . . . . . . . . . . . . . . . . . . . 78

3.3.2.2 Wavelength Assignment Algorithm . . . . . . . . . . 79

3.4 Hypercubes on WDM Rings . . . . . . . . . . . . . . . . . . . . . . . 81

3.4.1 Bidirectional Hypercubes on Bidirectional Rings . . . . . . . . 81

3.4.1.1 Lower Bound . . . . . . . . . . . . . . . . . . . . . 81

3.4.1.2 Wavelength Assignment Algorithm . . . . . . . . . . 82

3.4.2 Unidirectional Hypercubes on Bidirectional Rings . . . . . . . 84

3.4.2.1 Lower Bound . . . . . . . . . . . . . . . . . . . . . 84

3.4.2.2 Wavelength Assignment Algorithm . . . . . . . . . . 85

3.4.3 Bidirectional Hypercubes on Unidirectional Rings . . . . . . . 87

3.4.3.1 Lower Bound . . . . . . . . . . . . . . . . . . . . . 87

3.4.3.2 Wavelength Assignment Algorithm . . . . . . . . . . 87

3.4.4 Unidirectional Hypercubes on Unidirectional Rings . . . . . . . 88

3.4.4.1 Lower Bound . . . . . . . . . . . . . . . . . . . . . 88

3.4.4.2 Wavelength Assignment Algorithm . . . . . . . . . . 88

3.5 Hypercubes on WDM Meshes and Tori . . . . . . . . . . . . . . . . . 90



4

3.5.1 Bidirectional Hypercubes on WDM Meshes . . . . . . . . . . . 91

3.5.1.1 Lower Bound . . . . . . . . . . . . . . . . . . . . . 91

3.5.1.2 Wavelength Assignment . . . . . . . . . . . . . . . . 91

3.5.2 Unidirectional Hypercubes on WDM Meshes . . . . . . . . . . 93

3.5.2.1 Lower Bound . . . . . . . . . . . . . . . . . . . . . 93

3.5.2.2 Wavelength Assignment . . . . . . . . . . . . . . . . 94

3.5.3 Bidirectional Hypercubes on WDM Bidirectional Tori . . . . . 94

3.5.4 Unidirectional Hypercubes on WDM Bidirectional Tori . . . . . 96

3.5.5 Bidirectional Hypercubes on WDM Unidirectional Tori . . . . . 96

3.5.6 Unidirectional Hypercubes on WDM Unidirectional Tori . . . . 96

3.6 Comparisons . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

3.7 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

3.8 Application Extensions . . . . . . . . . . . . . . . . . . . . . . . . . . 99

3.8.1 Realizing All-to-all Communication . . . . . . . . . . . . . . . 100

3.8.2 Large Hypercubes . . . . . . . . . . . . . . . . . . . . . . . . 100

3.8.3 Realizing Hypercubic Networks . . . . . . . . . . . . . . . . . 100

3.8.4 Other Application Extensions . . . . . . . . . . . . . . . . . . 101

4 Embedding Hypercubes on Optical WDM Chordal Rings 102

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

4.2 Hypercubes on Chordal Rings of Degree 3 . . . . . . . . . . . . . . . . 103

4.3 Hypercubes on Chordal Rings of Degree 4 . . . . . . . . . . . . . . . . 108

4.3.1 Symmetric Embedding . . . . . . . . . . . . . . . . . . . . . . 108

4.3.2 Cyclic Permutation Embedding . . . . . . . . . . . . . . . . . 111

4.4 Comparisons . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

4.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116

4.6 Application Extensions . . . . . . . . . . . . . . . . . . . . . . . . . . 117

4.6.1 Embedding Hypercubes on Chordal Rings of Degree n . . . . . 117

4.6.2 Realizing All-to-all Communication on Chordal Rings . . . . . 117



5

5 Lattice Embedding for Parallel FFT (Dimensional Hypercube) on WDM

Linear Array 118

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

5.2 Lattice Embedding of Parallel FFT on WDM Linear Arrays . . . . . . . 121

5.2.1 Lattice Embedding . . . . . . . . . . . . . . . . . . . . . . . . 121

5.2.2 Wavelength Assignment . . . . . . . . . . . . . . . . . . . . . 123

5.3 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

5.4 Application Extensions . . . . . . . . . . . . . . . . . . . . . . . . . . 127

6 Conclusion and Future Work 128

6.1 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

6.1.1 Embedding Meshes/Tori on Double-loop Networks . . . . . . . 128

6.1.2 Embedding Hypercubes on WDM Optical Networks . . . . . . 130

6.2 Future Research . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131



List of Figures

1.1 A 4× 4 mesh . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

1.2 An 8-node hypercube . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

1.3 A WDM network consisting of wavelength routers interconnected by

point-to-point fiber-optic links [1] . . . . . . . . . . . . . . . . . . . . 25

1.4 Difference between congestion and RWA [133] . . . . . . . . . . . . . 31

2.1 Geometric representation of i and its neighbors for DL(N ; 1, s) and

DL(N ; s1, s2) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

2.2 DL(16; 1, 3) and its L-shape . . . . . . . . . . . . . . . . . . . . . . . 43

2.3 Tessellations of the geometrical plane using L-shape and P-shape . . . . 44

2.4 Embedding of M(4, 4) on DL(16; 1, 4). . . . . . . . . . . . . . . . . . 45

2.5 Embedding of M(4, 4) on DL(16; 1, 3) in parallelogram tiles . . . . . . 45

2.6 Embedding for row and column edges of M(4, 4) on DL(16; 1, 3) . . . 46

2.7 Embedding of M(4, 4) on DL(16; 1, 5) in parallelogram tiles. . . . . . 46

2.8 Embedding for row and column edges of M(4, 4) on DL(16; 1, 5). . . . 47

2.9 Tessellation of the plane using P-shape and the lattice points occupied

by node 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

2.10 Pshape(m1,m2, τ, h) . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

2.11 Row and Column Consecutive Zone . . . . . . . . . . . . . . . . . . . 53
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Abstract

Meshes and hypercubes are two most important communication and computation struc-

tures used in parallel computing. Network embedding problems for meshes and hyper-

cubes on traditional network architectures have been intensively studied during the past

years. With the emergence of new network architectures, the traditional network em-

bedding results are not enough to solve the new requirements. The main objective of

this thesis is to design efficient network embedding schemes for realizing meshes and

hypercubes on a group of future network architectures. This thesis is organized into two

parts.

The first part focuses on embedding meshes/tori on a group of double-loop networks

by evaluating the traditional embedding metrics, since double-loop networks have been

intensively studied and proven to have many desirable properties for future network ar-

chitecture. We propose a novel tessellation approach to partition the geometric plane

of double-loop networks into a set of parallelogram tiles, called P-shape. Based on

the characteristics of P-shape, we design a simple embedding scheme, namely P-shape

embedding, that embeds arbitrary-shape meshes and tori on double-loop networks in a

systematic way. A main merit of P-shape embedding is that a large fraction of embed-

ded mesh/torus edges have edge dilation 1, resulting in a low average dilation. These

are the first results, to our knowledge, on embedding meshes and tori on general double-

loop networks which is of great significance due to the popularity of these architectures.

Our P-shape construction bridges between regular graphs and double-loop networks,

and provides a powerful tool for studying the topological properties of double-loop net-

works.

In the second part, we study efficient embedding schemes for realizing hypercubes

on a group of array-based WDM optical networks by analyzing the new embedding met-

ric of wavelength requirement, as WDM optical networking is becoming a promising

technology for deployment in many applications in advanced telecommunication and

parallel computing. We first design routing and wavelength assignments of both bidi-

rectional and unidirectional hypercubes on WDM optical linear arrays, rings, meshes
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and tori with the consideration of communication directions. For each case, we iden-

tify a lower bound on the number of wavelengths required, and design the embedding

scheme and wavelength assignment algorithm that uses a provably near-optimal number

of wavelengths. To further reduce the wavelength requirement, we extend the results

to WDM ring networks with additional links, namely WDM chordal rings. Based on

our proposed embedding schemes, we provide the analysis of chord length with optimal

number of wavelengths to realize hypercubes on 3-degree and 4-degree WDM chordal

rings. Furthermore, we propose an embedding scheme for realizing dimensional hyper-

cubes on WDM optical arrays by considering the hypercubes dimension by dimension,

called lattice embedding, instead of embedding hypercubes with all dimensions. Based

on lattice embedding, the number of wavelengths required to realize dimensional hyper-

cube on WDM arrays can been significantly reduced compared to the previous results.

By our embedding schemes, many communications and computations, originally de-

signed based on hypercubes, can be directly implemented in WDM optical networks,

and the wavelength requirements can be easily derived using our obtained results.

Keywords: Network Embedding, Parallel Computing, Optical Networks, Mesh,

Hypercube, Double-loop Networks
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